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ABSTRACT

The motion of bubbles and drops through tubes in gravity- and pressure-driven flows is intensively studied numerically and experimentally.
The Bretherton asymptotic expressions predict axisymmetric bubbles movement at low velocities. They describe the dependence of capillary
(Ca) and Bond (Bo) numbers on the system parameters but are valid only in the ranges 0<Ca< 0.005 and 0.84<Bo< 1.04. This paper
investigates the gravity-induced motion of bubbles with free or tangentially immobile interfaces in pressure-driven flows. We derive the exact
solution of the hydrodynamic problem using the lubrication approximation in the zero- and first-order approximations for pressure and fluid
velocity. The respective boundary value problem for the bubble shape is solved numerically to obtain the wetting film thickness, h, between
the bubble and the capillary and the dependence of the capillary numbers on the flow parameters and magnitude of gravity. The proposed
model expands the applicable solution ranges by 400 and 38 times, respectively (0<Ca< 2 and 0<Bo< 7.5), validated with available exper-
imental data. The model’s simplicity and transparency open the possibility to generalize this approach including determining new physico-
chemical properties of liquids and interfaces.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0070619

I. INTRODUCTION

The transport of bubbles and drops through capillaries and
porous media plays an important role in many technological and bio-
logical systems: enhanced oil recovery;1–3 the movement of red blood
cells;4,5 pulmonary airway reopening;6–8 motion of discrete bubbles in
porous materials;9 biomechanics and microfluidic devices;10–12 circu-
lating fluidized bed (CFB) devices;13,14 etc. From experimental and
theoretical viewpoints, it is convenient to study two simplified cases of
the motion of bubbles and drops: in vertical capillaries under the
action of gravity; in horizontal tubes through which a fluid is flowing.

Gibson15 and Barr16 noticed that if the Bond number (Bo
� qgR2/r, where g is the gravity acceleration, q is the fluid density, r
is the surface tension, and R is the capillary radius) is sufficiently small,
then the long bubbles in vertical cylindrical capillaries do not rise at
all.17 The systematic experiments18–24 gave dependences of the Bond
number on the capillary number (Ca � gV/r, where g is the liquid

dynamic viscosity and V is the translational bubble velocity) and other
possible dimensionless groups (Reynolds, Froude, etc. numbers).
Clanet et al.10 showed experimentally that the Dumitrescu limiting
law18 valid in the high-Reynolds-number domain can be generalized
to V ¼ (8p)�1/2(gP)1/2, where P is the wetted (inside) perimeter of the
normal cross section of cylindrical, rectangular, regular polygons, and
toroidal tubes. The semi-analytical and numerical solutions of the
respective hydrodynamic problems are reported in the literature.25–31

The first analytical result for long rising bubbles at small capillary
numbers was derived by Bretherton32 based on the solution of the
hydrodynamic problem in the lubrication approximation for flow in
the thin layer between the bubble and the capillary and the subsequent
matching of the obtained function for the bubble shape with the solu-
tion of the Laplace equation around the bubble front. The derived
Bretherton dependence reads Bo¼ 0.842þ 1.25Ca2/9 þ 2.24Ca1/3,
which is accurate to within 10% in the region 0.842<Bo< 1.04.
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Fairbrother and Stubbs33 pointed out that the long bubbles in
horizontal cylindrical tubes move faster (with velocity V) than the
mean speed of the respective Poiseuille flow, Vpm. Taylor

34 measured
the relative increase in the velocity, W � 1�Vpm/V, for small and
moderate values of the capillary number, Ca< 2. The developed new
experimental methods14,35–42 for the precise measurements of the liq-
uid film thickness and velocity profiles confirm the Taylor experimen-
tal data and clarify the physical picture of the bubble shape and
surrounding flow behavior. The numerical calculations for small and
large Reynolds numbers43–54 provide information on the theoretical
dependence ofW on the system parameters. For example, Langewisch
and Buongiorno52 reported numerical results for 125 combinations of
capillary numbers (Ca< 2) and Reynolds numbers (up to 900), which
are used therein to construct new empirical correlations. Bretherton32

matched the lubrication approximation solution of the hydrodynamic
problem for long bubbles with the radius of curvature of the bubble
front corresponding to the capillary radius. He derived the asymptotic
expressions W¼ 2.68Ca2/3 and h¼ 1.34Ca2/3 for dimensionless thick-
ness h of the cylindrical film, which is in error by no more than 10%
for small capillary numbers, Ca< 5.0� 10�3. Aussillous and Qu�er�e37

fitted their and the Taylor experimental data with the following empir-
ical formula:

h ¼ 1:34Ca2=3

1þ 1:34kCa2=3
; (1)

where k¼ 2.5. Using the Bretherton approach and matching the lubri-
cation approximation solution with the more realistic radius of curva-
ture of the bubble front, Klaseboer et al.55 derived theoretically this
expression, Eq. (1), but with a different value of k¼ 2.79 (see Fig. 5
below). Balestra et al.56 reported some more complex and accurate
empirical expressions.

For many applications,57,58 the fluids used contain surface-active
substances (surfactants, polymers, proteins, etc.), which modify the
interfacial rheology of the bubbles and drops. The effects of soluble
and insoluble surfactants on the motion of bubbles propagating
through capillaries are investigated numerically.59–70 In all numerical
studies, the physicochemical properties of the surfactants are modeled
below their critical micelle concentrations (CMC), the surface diffusiv-
ity and viscosity are neglected, the surfactant solutions are considered
as nonionic without added indifferent electrolytes (salts), and the van
der Waals,71 electrostatic, steric, etc. interactions are neglected. As a
result, the interfacial rheology is accounted for through the Marangoni
effect only. Nevertheless, the numerical calculations have shown that
even a trace amount of surfactant leads to immobilization of the inter-
faces for small and moderate capillary numbers—the fluid interfaces
become tangentially immobile. For surfactant concentrations above
the CMC, the surfactant adsorption is very fast (in order of microsec-
onds) and the surface tension is constant. Thus one should expect to
measure the velocity of rising bubbles to correspond to the classical
observations for bubbles with free surfaces. The recent experiments
with nanofluids,72–74 however, have shown differences of two or three
orders of magnitude from these expectations, because of the effects of
structural molecular forces. Madec et al.75 reported the opposite
effect—the bubbles rise faster in dense granular suspensions as com-
pared to particle-less liquids of the same effective viscosity. For very
low values of Ca, for which the theoretical predictions should be the
most precise, the experimental data again deviate considerably from

theory. Typically, these deviations are attributed to impurities of the
liquids used, but another possible explanation of the breakdown of the
Bretherton law can be the wall slippage effect.76

The wide range of the different possible physicochemical effects,
which affect the motion of long bubbles and drops in tubes, results in
a highly complex problem. We need a relatively simple, fast, transpar-
ent, and precise method for the calculation of bubble shape and trans-
lational velocity, which can be generalized by introducing new fluid
and/or interfacial properties. In the original Bretherton model,32 the
hydrodynamic problem in the wetting film close to the wall is solved
using the simplified lubrication approximation for flow in a thin layer,
neglecting the tube curvature, which is valid for planar liquid layers
only. To extend the validity of this approach, Ratulowski and Chang77

considered the lubrication solution in cylindrical coordinates and Kolb
and Cerro78 in tubes of square cross section, see Sec. IIIA. To avoid
the ill-defined procedure of matching32,55 of the lubrication approxi-
mation solution of the hydrodynamic problem with the bubble shape
at its front, these authors77,78 used the normal stress boundary condi-
tion, written in terms of an arc length of the bubble surface, to solve
the respective boundary value problem for the thickness of cylindrical
film part, h, see Sec. IV. This approach77 leads to a good theoretical
description of the experimental data forW up to 40 times larger capil-
lary numbers (Ca< 0.2) than the applicability region of the
Bretherton formula, see Sec. VA, but still further improvements are
needed to explain the significant deviations at yet higher capillary
numbers.

The effect of buoyancy on the pressure-driven motion of drops
and bubbles through cylindrical capillaries is studied experimentally
and numerically in the literature.79–82 These publications open wide
theoretical and experimental areas with practical applications and new
physical insights.

In this study, we investigate theoretically the effect of buoyancy
on the pressure-driven motion of long axisymmetric bubbles with free
or tangentially immobile surfaces at small and moderate capillary
numbers. Experimental and theoretical investigations79–82 show that if
the bubble lengths are more than two times greater than the capillary
diameters, then well pronounced cylindrical parts of the bubble shapes
appear. This criterion is usually used to separate the long bubbles from
the short ones. The formulation of the problem and the necessary con-
ditions for the appearance of long bubbles in cylindrical tubes are
described in Sec. II. In Sec. III, we obtain the exact solution of the
lubrication approximation of the hydrodynamic problem in cylindrical
coordinates accounting for the zero- and first-order approximations
(generalized lubrication approximation). These solutions give further
insights into the boundary value problem arising from the normal
stress boundary condition and allow solving for the wetting film thick-
ness in the cylindrical part, h, with high accuracy. The method for its
solution is given in Sec. IV. Finally, Sec. V summarizes our numerical
results comparing them to the available experimental data.

II. FORMULATION OF THE PROBLEM
A. General formulation

We consider a cylindrical capillary of radius R filled with an
incompressible Newtonian fluid of dynamic viscosity g and density q.
An axisymmetric bubble moves in the capillary with steady velocity V,
parallel to the tube wall, under the action of gravity (with acceleration
g) and of the Poiseuille flow [Fig. 1(a)]. The interface of the bubble is
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fully mobile (the shear stress at the bubble surface is equal to zero) or
tangentially immobile. In order to solve this problem, it is convenient
to use a cylindrical coordinate system with a center at the bubble apex,
an axis of revolution Oz parallel to the tube wall, and radial coordinate
r [Fig. 1(a)]. This coordinate system translates along the z-axis with
stationary velocity V [Fig. 1(a)]. Then the translational velocity of the
bubble is equal to zero and the capillary wall and the whole fluid move
along axis Oz [Fig. 1(a)]. In this coordinate system, the considered
problem is axisymmetric, the r- and z-components of fluid velocity v
and the z-component of the gravity are denoted by u, v, and gz, respec-
tively. Figure 1(a) represents the more common case of gravity pulling
the bubble up and pressure directed down—helping drive the flow in
the direction of bubble motion. The velocity profiles in the cylindrical
part of wetting film in the case of free bubble surface and tangentially
immobile surfaces are illustrated in Figs. 1(b) and 1(c), respectively
(for more details see Fig. 6). One sees that the translational velocity of
bubbles with tangentially immobile surfaces is lower and their thick-
ness of the cylindrical part of wetting films is higher compared to those
for bubbles with free surfaces at the same physical parameters.

If the applied pressure difference is small enough, then the gravity
controls the bubble motion (gz> 0) and the mean z-component of the
Poiseuille flow velocity, �Vpm, can be both positive and negative. If
the effect of Poiseuille flow prevails, then the gravity can act along the
z-axis (in this case gz > 0) or in the opposite direction (gz < 0). The
flow profiles in the cylindrical part of the wetting film for different
cases—such as when gravity and pressure flows oppose each other,
and cases with different relative magnitudes are illustrated in the
supplementary material.

The dimensionless physical quantities are introduced as follows:
the cylindrical coordinates are scaled with the capillary radius, R; the
velocity components are measured with V; the dynamic pressure, p, is
scaled with gV/R. The effects of buoyancy and capillary forces are
quantified using the classical dimensionless groups—the E€otv€os or
Bond number, Bo � qgzR

2/r, defined with respect to the capillary
radius, R, and the projection of the gravity acceleration, gz, and the
capillary number, Ca. The mean z-component of the Poiseuille flow
velocity, �Vpm, defines the capillary number, Capm � gVpm/r, calcu-
lated with respect to Vpm. Following our definitions Ca> 0, while Bo
and Capm can be positive or negative depending on the directions of
gravity and the Poiseuille flow.

We assume that the motion is so slow that the Reynolds numbers
are small and the fluid velocity and pressure obey the Stokes equations,
i.e., (a) for incompressible fluids one applies

1
r
@

@r
ðruÞ þ @v

@z
¼ 0; (2)

(b) the expressions for the r- and z-projections of the momentum bal-
ance equation read

@p
@r
¼ @

@r
1
r
@

@r
ðruÞ

� �
þ @

2u
@z2

; (3)

@p
@z
¼ 1

r
@

@r
r
@v
@r

� �
þ @

2v
@z2
þ Bo
Ca
; (4)

respectively. In this coordinate system [Fig. 1(a)], the flow at large dis-
tances from the bubble surface (jzj ! 1) obeys the conditions u! 0
and v ! 1þ vp(r), where the cylindrical coordinate components of

the Poiseuille velocity vector field, vp(r), are defined by the expressions
up ¼ 0 and vp ¼ �2(1�W)(1� r2). The no-slip boundary condition
is applied at the capillary surface: u¼ 0 and v¼ 1 at r¼ 1.

The concrete form of the kinematic and dynamic boundary con-
ditions at the bubble surface, S, depends on the surface parametriza-
tion. If rb and zb are the cylindrical coordinates of S and s is the arc
length of the bubble surface, measured from the bubble apex, then r ¼
rb(s) and z¼ zb(s) at S. Thus the following differential equations:

drb
ds
¼ cos h;

dzb
ds
¼ sin h; (5)

come from geometric considerations [see Fig. 1(a)]. From numerical
viewpoint, the most appropriate expression for the mean curvature of
the bubble surface, H, is obtained introducing meniscus running slope
angle h [Fig. 1(a)]. Therefore,77

2H ¼ dh
ds
þ sin h

rb
: (6)

The radial and vertical components of the unit tangential, t, and
unit inward normal, n, vectors at surface S are t ¼ (cos h, sin h) and n
¼ (�sin h, cos h), respectively. Hence, the kinematic boundary condi-
tion at the bubble surface, v�n¼ 0, is reduced to u sin h� v cos h¼ 0.

FIG. 1. (a) An axisymmetric bubble moves in a cylindrical capillary of radius R
under the action of gravity (gz > 0) and Poiseuille flow (Vpm � 0). Description of
the bubble surface: h is the meniscus running slope angle; t is the unit tangential
vector, pointing in direction of increase in arc length s along S, and n is the unit
inward normal vector to the bubble surface, S. Velocity profiles in the cylindrical
part of wetting film for Bo¼ 4.6 and Capm ¼ 0.1 in the case of free bubble surface
(b) and tangentially immobile surfaces (c), see Fig. 6. The velocity of bubbles, V,
with tangentially immobile surfaces is lower and their thickness of the cylindrical
part of wetting films, h, is higher compared to those for bubbles with free surfaces
at the same physical parameters.
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For analytical calculations (see Sec. III), it is more convenient to
integrate the continuity equation, Eq. (2), over a fixed fluid volume
from infinity to a given distance z ¼ zb, which intersects the bubble.
Using the divergence theorem, one obtains the general integral flow
rate condition,

2
ð1
rb

vrdr ¼W ¼ 1� Capm
Ca

: (7)

Equation (7) also follows from the kinematic boundary condition and
the continuity equation. Indeed, if one multiplies Eq. (2) by r and inte-
grates the obtained result with respect to r from rb to 1, using the no-
slip and kinematic boundary conditions, then one derives that the flow
rate does not depend on z. Therefore, Eq. (7) replaces the kinematic
boundary condition.

The dimensionless pressure tensor, P, defines the tangential and
normal stress boundary conditions. The tangential stress boundary
condition for fully mobile interfaces (free surface), t�P�n¼ 0, is

@u
@z
þ @v
@r

� �
cos ð2hÞ þ @v

@z
� @u
@r

� �
sin ð2hÞ ¼ 0; (8)

at S. In the case of tangentially immobile surfaces (large interfacial elas-
ticity or viscosity of the bubble surface), the kinematic and tangential
stress boundary conditions are replaced by the condition for surface
solidification, that is u¼ 0 and v¼ 0 at S.

The balance of the normal stresses at the bubble surface accounts
for the capillary pressure and the normal force n�P�n. It is presented
for free surfaces as follows:

pb ¼ pþ 2H
Ca
þ u

r
þ @u

@z
þ @v
@r

� �
sinð2hÞ � @v

@z
� @u
@r

� �
cos ð2hÞ;

(9a)

at S, where pb is the dimensionless constant pressure inside the bubble.
In the case of tangentially immobile surfaces, the normal stress bound-
ary condition considerably simplifies and

pb ¼ pþ 2H
Ca

; (9b)

at S. Note that the normal stress boundary conditions, Eqs. (9a) and
(9b), give a relationship between the mean curvature of the bubble, the
flow characteristics, u, v, and p, and the bubble pressure, pb. The later
means that if one obtains an approximation of u, v, and p at bubble
surface S, it is possible to find the bubble shape as a solution of the sys-
tem of equations, Eqs. (5), (6) and (9), with appropriate initial condi-
tions applied at the bubble apex.

B. Long bubbles—exact solution for the bubble
cylindrical part

In the case of long bubbles with aspect ratios of bubble lengths to
diameters greater than 2, a well pronounced cylindrical part of the
bubble shape appears. The dimensionless thickness of the fluid layer is
denoted by h and the respective value of the radial coordinate—by rc
¼ 1 – h. In the cylindrical part, the Stokes problem has an exact solu-
tion. The radial component of the velocity is equal to zero (u¼ 0) and
the expressions for the velocity z-component are

v ¼ 1þ Bo
4Ca
ð1� r2Þ þ Bo

2Ca
r2c ln r; (10a)

for fully mobile bubble surfaces; and

v ¼ � 1
ln rc

ln
r
rc

� �
þ Bo
4Ca
ð1� r2Þ � Bo

4Ca
ð1� r2c Þ

ln r
ln rc

; (10b)

for tangentially immobile interfaces. The substitution of the exact solu-
tions, Eqs. (10a) and (10b), in the integral flow rate condition, Eq. (7),
leads to the respective relationships between the bubble velocity and
the physical flow parameters,

r2cCa ¼ Capm þ
Bo
8
ð1� 4r2c þ 3r4c � 4r4c ln rcÞ; (11a)

for free surfaces; and

r2c � 1
2 ln rc

Ca ¼ Capm þ
Bo
8

1� r4c þ
ð1� r2c Þ

2

ln rc

" #
; (11b)

for tangentially immobile interfaces. Equations (11a) and (11b) give
the exact relationships between the unknown dimensionless thickness
h and capillary number Ca at known physical numbers Bo and Capm.
The substitution of Capm ¼ 0 in Eq. (11a) leads to the Goldsmith and
Mason formula21 for a bubble only in gravity. In the case of small
thicknesses of the cylindrical film layer, h� 1, the asymptotic expan-
sions of Eqs. (11a) and (11b) read

Ca ¼ Capm þ 2Capmhþ 3Capmh
2 þ 2

3
ðBoþ 6CapmÞh3 þ � � � ;

(12a)

Ca ¼ Capm þ Capmhþ
5
6
Capmh

2 þ 1
6
ðBoþ 4CapmÞh3 þ � � � ;

(12b)

respectively. One sees that the linear term in h for fully mobile bubble
surfaces is 2 times greater than that for immobile interfaces, while that
related to the gravity (proportional to h3) is 4 times greater. It is not
easy to invert these equations and get an explicit expression for h, but
we have numerically calculated the phase diagram of Capm/Bo vs h
(Fig. 2).

Figure 2 shows the regions of positive capillary numbers, Ca> 0,
for bubbles with free and immobile surfaces. If the gravity acts along
the z-axis (Bo> 0), then the Poiseuille flow in the opposite direction
(Capm > 0) always accelerates the bubble motion. The Poiseuille flow
along the z-axis (Capm< 0) decreases the translational bubble velocity,
V, and the solid lines in Fig. 2 correspond to the bubble in the state of
rest. As can be expected, the gravity decelerates the bubble motion for
gz < 0 (Bo< 0). To ensure the bubble translation with V> 0, one
should apply a high enough pressure gradient to have Capm> 0.

III. GENERALIZED LUBRICATION APPROXIMATION

In the lubrication approximation, one assumes that the bubble
profile is known and the partial derivatives in z-direction are smaller
than those in radial direction.77,78 Then the Stokes problem, Eqs.
(2)–(4), with the no-slip, kinematic and tangential boundary condi-
tions could be solved analytically. Obtaining the approximations for
the flow characteristics, u, v, and p, the normal stress boundary condi-
tion is used to calculate the bubble shape, which corresponds to the
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asymptotic solution of the simplified hydrodynamic problem. Usually
one solves only the zero-order approximation in the respective
reduced Cartesian coordinate system32 or in the original cylindrical
coordinate system.77 Here, the Stokes equations and boundary condi-
tions are formulated in the lubrication approximation including the
zero- and first-order approximations for pressure, as shown in
Appendix A. The exact solutions for the zero- and first-order approxi-
mations of the velocity and pressure allow precise calculation of the
film thickness, extend the validity of the expressions for the flow
parameters and increase the accuracy of obtained results, see Sec. VA.

A. Zero-order approximation

It is convenient to solve the hydrodynamic problem in the origi-
nal notations. The velocity components and pressure are presented in
the series, u ¼ u0 þ u1 þ …, v ¼ v0 þ v1 þ …, p ¼ p0 þ p1 þ …,
where the subscript “0” denotes the zero-order approximation, “1”—
the first-order approximation, etc. The solution of the zero-order
approximation, Eqs. (A3) and (A4), along with the no-slip boundary
condition at the capillary wall and the flow rate condition, Eq. (7), is
analogous to the common lubrication approximation result,

p0 ¼ p0ðzÞ; v0 ¼ 1þ A
4
ð1� r2Þ þ B

4
ln r; (13)

where p0 is an arbitrary function of z and functions A(z) and B(z) are
given by the definitions,

AðzÞ � Bo
Ca
� d p0

d z
; BðzÞ � Að1� r2bÞ

2 � 8ðW � 1þ r2bÞ
1� r2b þ 2r2b ln rb

: (14)

Subsequently, the substitution of the expression for v0, Eq. (13), in the
continuity equation, Eq. (A2), and the integration of the obtained
result using the no-slip boundary condition yields

u0 ¼ A1
ð1� r2Þ2

16r
� B1

1� r2 þ 2r2 ln r
16r

; (15)

where the derivatives of functions A(z) and B(z) are denoted as fol-
lows: Ak� dkA/dzk and Bk� dkB/dzk (k¼ 1, 2, …).

From the zero-order tangential stress boundary condition, Eq.
(A6), and general solutions, Eqs. (13) and (14), one calculates the
derivative of pressure function p0 in the case of free surfaces. The
obtained result is

d p0
d z
� Bo
Ca
¼ 8ð1� r2b �WÞ

1� 4r2b þ 3r4b � 4r4b ln rb
¼ �AðzÞ: (16a)

For p0¼ const. and rb¼ rc, Eq. (16a) simplifies to the exact expression
for the capillary number Ca, Eq. (11a), valid for cylindrical bubbles.
Equation (16a) for Bo¼ 0 is used by Ratulowski and Chang77 to con-
struct the boundary value problem for the bubble shape. In the case of
immobile interfaces, the velocity at the bubble surface is equal to zero,
v0(rb)¼ 0, and from Eqs. (13) and (14), one derives the differential
equation,

d p0
d z
� Bo
Ca
¼

4 1� r2b þ 2ð1�WÞ ln rb
� �

ð1� r2bÞ 1� r2b þ ð1þ r2bÞ ln rb
� � ¼ �AðzÞ; (16b)

for the zero-order approximation of pressure, p0. As should be, this
expression leads to Eq. (11b) for constant pressure p0 and rb¼ rc.

The substitution of the obtained expressions, Eqs. (16a) and
(16b), for the function A(z) in the definition of function B(z), Eq. (14),
gives the explicit results,

BðzÞ ¼ 16r2bðW � 1þ r2bÞ
1� 4r2b þ 3r4b � 4r4b ln rb

; (17a)

for fully mobile bubble surfaces and

BðzÞ ¼ 4ð2W � 1þ r2bÞ
r2b � 1� ð1þ r2bÞ ln rb

; (17b)

for immobile bubble interfaces.

B. First-order approximation

The general mathematical solution of Eq. (A3) for the first-order
approximation of the pressure is

p1 ¼ q1ðzÞ �
@v0
@z

; (18)

FIG. 2. Regions of physical parameters for possible elongated bubble profiles in the cases of free (a) and immobile (b) interfaces for gz > 0 (Bo> 0) and gz < 0 (Bo< 0) as
functions of Capm and dimensionless wetting film thickness h. Solid lines correspond to Ca¼ 0 and dashed lines to a¼ 0 (see Sec. IV).
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where q1(z) is an arbitrary unknown function. The substitution of this
expression for p1 and the zero-order solution, Eq. (13), in the first-
order approximation equation for the z-component of velocity vector,
Eq. (A4), leads to the following expression:

1
r
@

@r
r
@v1
@r

� �
¼ d q1

d z
� A2

2
ð1� r2Þ � B2

2
ln r: (19)

The solution of this differential equation along with the no-slip bound-
ary condition at the capillary wall and the flow rate condition, Eq. (7),
is

v1 ¼
1
4
dq1
dz
ðr2 � 1Þ � A2

32
ð4r2 � r4 � 3Þ � B2

8
ðr2 ln r � r2 þ 1Þ

þ CðzÞ ln r; (20)

where the calculated expression for function C(z) reads

CðzÞ ¼ � ð1� r2bÞ
2

4ð1� r2b þ 2r2b ln rbÞ
dq1
dz
þ ð1� r2bÞ

2ð4� r2bÞ
48ð1� r2b þ 2r2b ln rbÞ

A2

� 3� 8r2b þ 5r4b � 4r4b ln rb
32ð1� r2b þ 2r2b ln rbÞ

B2: (21)

The final solutions are different for the two studied cases.
In the case of free surfaces, the substitution of the zero-order solu-

tion, Eqs. (13) and (15), and the first-order solution, Eqs. (20) and
(21), in the first-order approximation of the tangential stress boundary
condition, Eq. (A6), leads to the final differential equation for the first-
order approximation q1,

dq1
dz
¼7�30r2bþ33r4b�10r6bþ6r2bð1�6r2bþ3r4bÞ lnrb

12 1�4r2bþ3r4b�4r4b lnrb
� � A2

�5�16r2bþ11r4bþ4r2bð4�7r2bÞ lnrbþ24r4b ln
2rb

8 1�4r2bþ3r4b�4r4b lnrb
� � B2

þ
ð1� r2bþ2r2b lnrbÞ ðr2b�1Þð1þ7r2bÞA1þð1�r2b�6r2b lnrbÞB1

� �
2rb 1�4r2bþ3r4b�4r4b lnrb
� �

�drb
dz

(22a)

For tangentially immobile interfaces, the velocity at the bubble
surface, S, is equal to zero, v1(rb)¼ 0, and from Eqs. (20) and (21), we
derive the respective differential equation for the first-order approxi-
mation q1,

d q1
d z
¼ 3ð3� 4r2b þ r4bÞ þ 4ð2þ 2r2b � r4bÞ ln rb

24 1� r2b þ ð1þ r2bÞ ln rb
� � A2

� 4ð1� r2bÞ
2 þ ð3þ 4r2b � 7r4b þ 4r4b ln rbÞ ln rb

8ð1� r2bÞ 1� r2b þ ð1þ r2bÞ ln rb
� � B2: (22b)

The obtained solutions of the hydrodynamic problem in the gen-
eralized lubrication approximation are used to solve the boundary
value problem for the bubble shape using the Ratulowski and Chang
approach.77

IV. BOUNDARY VALUE PROBLEM FOR THE BUBBLE
SHAPE

The system of equations for the bubble shape contains Eq. (5)
and the balance of normal stresses at the bubble surface,

dh
ds
¼ �Ca ps �

sin h
rb

; (23)

where ps(s) is the pressure difference function, which accounts for the
dynamic pressure contribution, calculated in the extended lubrication
approximation. In Appendix B, we derive that

dps
ds
¼ Fðrb; h; ps;Bo;CapmÞ; (24)

at the bubble surface, S, where the right-hand side of Eq. (24) depends
on rb, h, ps, and the known system parameters, Bo and Capm. Note
that zb appears only in the second equation of Eq. (5)—the calculation
of zb is needed to obtain the bubble shape. The explicit expressions for
F are summarized in Appendix B, Eqs. (B3), (B4), (B8), and (B9).

For the numerical integration of Eqs. (5), (23), and (24) corre-
sponding to long bubbles, one needs to specify self-consistent initial
conditions. The trivial solution in the cylindrical part of the bubble is
rb,0 ¼ rc, h0 ¼ p/2, and Caps,0 ¼ �1/rc. The expressions for appropri-
ate initial conditions can be derived considering small perturbations,
rb,1, h1, and ps,1, around the cylindrical shape, i.e., rb ¼ rb,0 þ rb,1; h
¼ h0 þ h1; ps ¼ ps,0 þ ps,1. Thus the linear form of the studied system
of equations, Eqs. (5), (23), and (24), reads

d rb;1
d s
¼ �h1;

d h1
d s
¼ rb;1

r2c
� Ca ps;1; Ca

d ps;1
d s
¼ � a

r3c
rb;1; (25)

where the expressions for parameter a are different for the two types
of interfaces. In Appendix B, we obtain that

a ¼ 16r2c
1� 4r2c þ 3r4c � 4r4c ln rc

Capm þ
Bo
8
ð1� r4c þ 4r4c ln rcÞ

� �
;

(26a)

for free surfaces, see Eq. (B5), and

a ¼ 8r2c ð1� r2c þ 2r2c ln rcÞ
ð1� r2c Þ

2 r2c � 1� ð1þ r2c Þ ln rc
� � Capm þ

Bo
8
ð1� r2c Þ

2

� �
;

(26b)

for tangentially immobile bubble interfaces, see Eq. (B10).
The characteristic polynomial equation of the linear system of

differential equations, Eq. (25), is

ðkrcÞ3 þ krc þ a ¼ 0: (27)

This cubic equation has three solutions—one real and two conjugate
complex numbers. The real root is calculated from the formula,

krc ¼ �
a2

4
þ 1
27

� �1=2

þ a
2

" #1=3
þ a2

4
þ 1
27

� �1=2

� a
2

" #1=3
: (28)

In the case of a> 0, the real root is negative and other two roots are
complex numbers with a positive real part. For a given initial value sin,
one has: small perturbations with respect to the cylindrical shape; only
the exponential solution, which corresponds to real values of k,
appears and

rb;1ðsÞ ¼ �d exp �kðsin � sÞ½ �; (29)

where 0 < d � 1. Therefore, the self-consistent initial conditions for
the boundary value problem in the case of long bubbles are
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rb;1ðsinÞ ¼ �d; h1ðsinÞ ¼ kd; ps;1ðsinÞ ¼ � k2 þ 1
r2c

� �
d
Ca
: (30)

In the opposite case a< 0, the real solution given by Eq. (28) is
positive and the real part of the conjugate complex solutions is nega-
tive. The corresponding bubble shape has a nonphysical behavior—
the capillary surface is periodic with increasing amplitude for s < sin.
Therefore, the necessary condition for the appearance of long bubbles
is a> 0.

The motion of a bubble under the action only of the Poiseuille
flow is in the direction of this flow. The dimensionless law, in this case,
is Capm ¼ Capm(Ca)> 0 and the necessary condition for the appear-
ance of the cylindrical part (a> 0) is fulfilled. The rising of bubble
under the action only of gravity is in the opposite direction to the grav-
ity vector. It is described by the dependence Bo ¼ Bo(Ca)> 0 and the
necessary condition is again automatically fulfilled. If both effects are
accounted for, then the solution of the problem gives more complex
law Ca¼ Ca(Capm, Bo), which relates the three physical dimensionless
parameters. From Eqs. (26a) and (26b), one obtains that the elongated
bubble profiles are possible for: 8Capm > �Boð1� r4c þ 4r4c ln rcÞ in
the case of free surfaces; 8Capm > �Boð1� r2c Þ

2 for tangentially
immobile interfaces. These inequalities, combined with the respective
necessary conditions, are illustrated in Fig. 2 (dashed lines correspond
to a¼ 0) and they define the regions of possible solutions.

The system of equations, Eqs. (5), (23), and (24), represents the
Laplace equation of capillarity for a given pressure distribution along
the bubble surface. The solutions depend on the initial conditions and
describe different types of possible capillary profiles: open capillary
curves; curves with loops; etc. In our case only that, which corresponds
to a closed bubble profile becomes a physical solution of the boundary
value problem. Indeed, if one defines a tentative value of h, then the
radial coordinate is rc ¼ 1� h and the capillary number is calculated
as Ca ¼ Ca(Bo, Capm, rc) from Eqs. (11a) and (11b). Hence, for given
physical parameters Bo and Capm, the system of equations, Eqs. (5),
(23), and (24), with the initial conditions given by Eq. (30), has a
numerical solution, which corresponds to an elongated bubble, only
for one thickness of the fluid layer in the cylindrical part, h.

Figure 3 illustrates the typical capillary curves calculated for
Bo¼ 2 and Capm ¼ 0 and for Bo¼ 0 and Capm ¼ 0.5 in the case of

free surfaces. The capillary curves have (a) a loop for h¼ 0.1, the calcu-
lated profile is open for h¼ 0.2, and only for h¼ 0.1617, one obtains
the real bubble shape [Fig. 3(a)]; (b) for h¼ 0.26 and h¼ 0.29, the
capillary profiles are open—the physical solution is calculated for
h¼ 0.2752 [Fig. 3(b)]. For all combinations of Bo and Capm (see Sec.
V), the behaviors of capillary profiles are similar to those illustrated in
Fig. 3.

V. NUMERICAL RESULTS AND DISCUSSIONS

For fixed physical parameters in the regions of possible solutions
(Fig. 2), the system of equations, Eqs. (5), (23) and (24), with initial
conditions, Eq. (30), is solved numerically using the explicit tenth-
order Runge-Kutta method with error estimate.83 In all numerical cal-
culations, the values of the amplitude d in Eq. (30) is 10�5 and the
numerical step in the arc length of the bubble surface is 10�4. For
given parameters Bo and Capm, the dimensionless thickness, h, is var-
ied to obtain the physical bubble shape, see Fig. 3.

A. Comparison with experimental data

Figure 4 shows experimental data21 (symbols) for the capillary
numbers and dimensionless layer thicknesses of long rising bubbles in
capillaries as functions of the Bond numbers. The authors used pure
substances to ensure a constant value of the surface tension. The calcu-
lations for free surfaces (solid blue line) describe the experimental data
for all studied values of the Bond number (Bo	 7.5) excellently. The
Bretherton asymptotic formulas (dashed lines in Fig. 4) give good
results for low values of capillary number, Ca< 3.2� 10�4. Using our
approach, the validity of theoretical calculations is experimentally con-
firmed for Ca< 0.3.

The comparisons between the capillary numbers and dimension-
less layer thicknesses calculated for tangentially immobile and free
interfaces are shown in Fig. 4. It is well illustrated that the bubble
translational velocity decreases and the film thickness, h, increases in
the presence of surface-active substances, which generally lead to
immobilization of interfaces. Typical velocity profiles in the cylindrical
part of wetting film are illustrated in the supplementary material (Fig.
S1) for bubbles with free surfaces and bubbles with tangentially immo-
bile interfaces.

FIG. 3. Calculated capillary profiles for free bubble surfaces at three different values of the dimensionless layer thickness, h, in the case of (a) Bo¼ 2, Capm ¼ 0 and (b)
Bo¼ 0, Capm ¼ 0.5.
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In the case of motion of long bubbles under the action only of
the Poiseuille flow (Bo¼ 0), the comparison between experimental
data and numerical calculations are shown in Fig. 5. The original
Bretherton asymptotic solution32 (dashed lines) describes experimen-
tal data with accuracy of 10% for low values of the capillary numbers
Ca< 5� 10�3. The extended Bretherton model55 (B line) gives accept-
able results for Ca< 0.1—the predicted parameter W and dimension-
less film thickness h are systematically lower than experimental ones
for larger values of the capillary number. The model, based on the
zero-order lubrication approximation77 (A line), describes well the
experimental data for Ca< 0.2, but the calculated values of W and h
considerably increase for the case where Ca> 0.2. The use of the gen-
eralized lubrication approximation, which accounts also for the first-
order lubrication approximation, leads to an excellent description of
experimental data for Ca< 2.0, see the blue solid lines in Fig. 5 for free
surfaces.

The numerical calculations and experimental observations show
that there is no pronounced difference between soluble and insoluble

surfactants with respect to the film thickness, h, for Ca< 2.0—the cal-
culated and measured values of h are systematically larger than those,
corresponding to bubbles in pure liquids.69 These results correlate
with the calculated dependencies W(Ca) and h(Ca) in the case of tan-
gentially immobile interfaces (see Fig. 5). For fixed mean velocity Vpm

of the Poiseuille flow (fixed values of Capm), the enlarged viscous fric-
tion with tangentially immobile interfaces leads to the translation bub-
ble velocity, V, closer to Vpm and, respectively, to lower values of W
[Fig. 5(a)]. The increased viscous friction gives rise to the dynamic
pressure in the liquid film and the translational bubble motion takes
place for thicker cylindrical parts of the liquid films, h [Fig. 5(b)].
Typical velocity profiles in the cylindrical part of the liquid layer for
Bo¼ 0 and different values of Capm are given in the supplementary
material (Fig. S2).

Figure 6 shows the effect of the mean velocity of the Poiseuille
flow, Vpm, on the increasing velocity of long bubbles, V, for a fixed
Bond number, Bo¼ 4.6. The experimental data80 (symbols) are
close to the theoretical calculations for bubbles with free surfaces.

FIG. 4. Comparison between experimental data for rising bubble21 (symbols) and the theoretical calculations: (a) Bo vs capillary number and (b) Bo vs dimensionless layer
thickness h.

FIG. 5. Comparison between experimental data34,37 (symbols) for Taylor bubbles and the theoretical calculations: (a) W vs capillary number;34,37 (b) h vs capillary number.37

Solid line—current model; A line—model based on the zero-order lubrication approximation;77 B line—extended Bretherton model.55
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The calculated dependence V/Vpm on Capm for tangentially immobile
interfaces predicts lower values of the relative velocity. At small Capm,
there is a larger effect of interfacial rheology (free vs tangentially
immobile interfaces) on the relative translational velocity of bubbles.
The small deviations of the experimental data from the calculated the-
oretical line in the case of bubbles with free surfaces are likely due to
trace amounts of surface-active contaminations in the working fluid.80

The velocity profiles in the cylindrical part for Capm ¼ 0.1 are shown
in Figs. 1(b) and 1(c) for the considered types of interfaces. For tan-
gentially immobile interfaces, the velocity at the bubble surface is equal
to the translational speed of the bubble, V [Fig. 1(c)]. The main part of
the fluid moves in the direction of bubble motion—only a small part,
which is contiguous to the tube wall, flows down. For bubbles with
free surfaces, the fluid in the cylindrical part of wetting film has the
velocity in the opposite direction of the bubble translation [Fig. 1(b)].
The magnitude of the surface velocity is about 2 times lower than
translational speed V. The flow profiles in the cylindrical part of the
wetting film for different values of Capm are illustrated in the supple-
mentary material (Fig. S3).

FIG. 6. Comparison between experimental data80 (symbols) for relative velocity
V/Vpm > 0 vs Capm of long bubbles for fixed Bond number, Bo¼ 4.6, with the
theoretical calculation for fully mobile and immobile interfaces.

FIG. 7. Effect of the Poiseuille flow on the bubble translational velocity and respective thickness of cylindrical film layer: the Bond number (a) and the film thickness (b) vs capil-
lary number, Ca, calculated for free bubble surfaces; the Bond number (c) and the film thickness (d) vs capillary number calculated for bubbles with tangentially immobile
interfaces.
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B. Simultaneous action of the Poiseuille flow and
gravity

In the literature, there are no systematic experimental data for
the long bubble motion under the simultaneous action of the
Poiseuille flow and gravity (like those illustrated in Fig. 6). Figure 2
shows that one distinguishes two general cases. The first one corre-
sponds to Bo> 0, when the Poiseuille flow with Capm > 0 accelerates
and that with Capm < 0 decelerates the bubble motion. The experi-
mental data in Fig. 6 correspond to Bo> 0 and Capm > 0. Figure 7
summarizes the numerical results for the effect of the Poiseuille flow
on the bubble translational velocity and respective thickness of cylin-
drical film layer for positive values of the Bond number and different
models for surfaces (fully mobile and tangentially immobile).

Figure 4 illustrates that for Capm ¼ 0, the gravity should be suffi-
ciently high to ensure Bo> 0.842 in order to have a motion of long
bubbles. Figures 7(a) and 7(c) show that the threshold value of Bo
increases with the increase in the absolute value of Capm for Capm< 0.
Moreover for tangentially immobile interfaces, these values of Bo are
considerably greater. If both effects act in one direction (Capm > 0),
then the bubbles move and Ca> 0 even for Bo¼ 0 (see Fig. 5). With
the increase in gravity effect (Bo number), the calculated curves for a

given Capm become closer to that corresponding to Capm ¼ 0, that is
the effect of Poiseuille flow becomes less pronounced.

The greater values of the threshold Bond number for Capm < 0
are interrelated with the increase in the thicknesses of wetting films in
cylindrical parts [Figs. 7(b) and 7(d)]. Oppositely for Capm > 0, very
thin cylindrical liquid layers can be realized. As can be expected, the
films for tangentially immobile interfaces are thicker than those for
fully mobile surfaces. Typical velocity profiles in the cylindrical part of
wetting film for Capm< 0 are illustrated in the supplementary material
(Fig. S4) in the cases of bubbles with free and tangentially immobile
surfaces.

The second general case is when the gravity decelerates the bub-
ble motion (Bo< 0 and Capm > 0, see Fig. 2). The numerical results
for the dependence of Capm and h on the capillary number, Ca, for the
both types of bubble interfaces are summarized in Fig. 8 for a wide
range of Bond numbers, Bo< 0. In the case of Bo> 0, the lubrication
approximation is valid for Bo< 7.5. In contrast, for Capm > 0 and
Bo< 0, the effect of gravity is less pronounced. One can calculate the
respective capillary numbers and the wetting film thicknesses even for
jBoj ¼ 45. It is well illustrated that with the increase in the magnitudes
of Bond number, jBoj, in order to have the same translational veloci-
ties of bubbles (given values of Ca), one needs to apply more intensive

FIG. 8. Effect of gravity on the bubble translational velocity and on the thickness of cylindrical film layer, h, in the presence of Poiseuille flow: Capm (a) and h (b) vs capillary
number for free surface model; Capm (c) and h (d) vs capillary number for bubbles with tangentially immobile surfaces.
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Poiseuille flows [Figs. 8(a) and 8(c)]. Nevertheless, the effect of gravity
is relatively weak. For example, the decrease in Bo from 0 to �45 for
Ca¼ 1 increases Capm: 1.62 times for free surfaces; 1.50 times for
immobile interfaces. The values of Capm needed to ensure a given
capillary number are greater for bubbles with tangentially immobile
interfaces.

The calculated respective thicknesses h are given in Figs. 8(b) and
8(d). The increase in the magnitudes of Bond number, jBoj, leads to
the decrease in the thicknesses of the wetting cylindrical films. Note
that the effect of Bo on h is more pronounced. Indeed, the decrease in
Bo from 0 to�45 for Ca¼ 1 decreases h: from 0.284 to 0.0988, that is
2.88 times for free surfaces; from 0.461 to 0.191, that is 2.41 times for
immobile interfaces. The bubbles with tangentially immobile interfaces
move with the same translational velocity as those with free surfaces
under the action of more intensive Poiseuille flows and with thicker
wetting films in their cylindrical parts. Typical velocity profiles in the
cylindrical part of the liquid layer for Bo< 0 and Capm > 0 are given
in the supplementary material (Fig. S5).

VI. CONCLUSIONS

Most of the research reported numerically and experimentally
the motion of drops and bubbles through capillaries separately in the
pressure-driven flow or under the action of gravity. The interplay of
the two effects is not described systematically.79–82 In addition the
physicochemical properties of liquids and interfaces have been
restricted to the Marangoni effect and bulk diffusivity of soluble and
insoluble surfactants, even though small changes in parameters, such
as Gibbs elasticity, surface diffusivity and viscosity can change consid-
erably the translational velocity of drops and bubbles. The validity of
the asymptotic Bretherton expressions32 has been extended for capil-
lary numbers up to 0.2 in the case of pressure-driven flows.37,55 We
propose a simple and transparent approach for modeling the bubble
motion valid for moderate capillary and Bond numbers and bubbles
with free and tangentially immobile interfaces. The model can be
generalized by introducing complex interfacial and bulk rheology,
intermolecular forces, different physicochemical properties of surfac-
tants, etc.

We studied the motion of long axisymmetric bubbles with
free and tangentially immobile interfaces through capillaries based
on the exact solution of the hydrodynamic problem in cylindrical
coordinate system in the frame of the generalized lubrication
approximation keeping the zero-order terms77 and the first-order
terms. As a result, the expressions for the fluid velocity and
dynamic pressure are calculated for an arbitrary shape of the bub-
ble. These quantities are introduced in the normal stress boundary
condition to obtain the boundary value problem in terms of an arc
length for the shape function. The diagram for the necessary con-
ditions of the appearance of long bubbles is constructed (Fig. 2).
The developed algorithm allows fast and precise calculation of the
dependence of the capillary number and the wetting film thickness
in the cylindrical part on the system parameters.

The comparisons with available experiments (Figs. 4–6) show the
validity of the proposed approach for moderate capillary, Ca, and
Bond, Bo, numbers, Ca< 2 and Bo< 7.5. When the pressure-driven
flow hinders the rising of bubbles the gravity should be sufficiently
high to ensure bubble motion (Fig. 7). A very low applied pressure gra-
dient in the opposite direction of bubble translation leads to bubble

motion and the Bretherton condition (Bo> 0.842) does not take a
place. When the gravity opposes the pressure-driven bubble motion
(Fig. 8), the translational velocity decreases for high absolute values of
the Bond number. The gravity effect is more pronounced on the wet-
ting film thickness, h. Generally, in the case of tangentially immobile
interfaces the translational velocity, V, is lower and the wetting film
thickness, h, is higher than those predicted for free bubble surfaces at
given fixed system parameters.

Experimental and theoretical extensions of this work could
include the effect of surfactants with concentrations above the critical
micelle concentration on the motion of long bubbles in micellar
solutions.

SUPPLEMENTARY MATERIAL

See the supplementary material for details of five supplementary
figures.
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APPENDIX A: EXTENDED LUBRICATION
APPROXIMATION

We assume that far enough from the bubble apex, the magni-
tudes of the partial derivatives in the z-direction are smaller than
those in the radial direction. Their ratios are characterized with
small parameter e. The radial coordinate is rescaled defining r � 1
þ en. The asymptotic expansions in series for the radial and axial
fluid velocity components, u and v, and for the pressure, p, are
introduced as

u ¼ e3~u0 þ e5~u1 þ Oðe6Þ; v ¼ e2~v0 þ e4~v1 þ Oðe5Þ;
p ¼ ~p0 þ e2~p1 þ Oðe3Þ:

(A1)

In terms of new variables and functions, the Stokes problem,
Eqs. (2)–(4), transforms to

1
1þen

@

@n
ð1þenÞ~u0½ �þ@~v0

@z
þe2

1
1þen

@

@n
ð1þenÞ~u1½ �þ@~v1

@z

� 	
¼Oðe3Þ;

(A2)

@~p0
@n
þ e2

@

@n
~p1 �

1
1þ en

@

@n
ð1þ enÞ~u0½ �

� 	
¼ Oðe3Þ; (A3)
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@~p0
@z
� 1
1þ en

@

@n
ð1þ enÞ @~v0

@n

� �
� Bo
Ca

þe2
@~p1
@z
� 1
1þ en

@

@n
ð1þ enÞ @~v1

@n

� �
� @

2~v0
@z2

( )
¼ Oðe3Þ: (A4)

It is important to note that we keep the original form of the opera-
tors acting on the radial direction in Eqs. (A2)–(A4) and the linear
with respect to e terms are included in their explicit form in the
solutions.

One sees from Eq. (5) that the bubble profile in the new coor-
dinates is described as

rb � 1þ enb; e
dnb
dz
¼ coth: (A5)

Therefore, the expansion in series of the tangential stress boundary
condition, Eq. (8), at the bubble surface, S, is

@~v0
@n
þ e2

@~u0

@z
þ @~v1
@n
� 2

dnb
dz

@~v0
@z
� @~u0

@n

� �� �
¼ Oðe3Þ: (A6)

The no-slip boundary condition and the condition for the velocity
in the case of tangentially immobile surfaces are simply applied for
all approximations.

The expansion in series of the normal stress boundary condi-
tion at S for free surfaces, Eq. (9a), leads to

pb ¼ ~p0 þ
2H
Ca
þ e2~p1 � 2e2

@~u0

@n
þ Oðe3Þ; (A7)

where pb is the dimensionless pressure inside the bubble, ~p0 and ~p1
are the zero- and first-order approximations of pressure, and ~u0 is
the zero-order approximation of the radial velocity component.

This generalized lubrication approach gives the possibility to
solve the hydrodynamic problem with higher accuracy than in the
case of the fully zero-order lubrication formulation.32

APPENDIX B: EXPRESSIONS FOR THE PRESSURE
DIFFERENCE ALONG THE BUBBLE SURFACE

Free surfaces. The tangential stress boundary condition, Eq.
(A7), and Eqs. (13) and (18) define the dynamic pressure difference
at the bubble surface, S,

psðsÞ ¼ p0 þ q1 �
@v0
@z
� 2

@u0
@r
� pb: (B1)

where p0, u0, and v0 are the zero-order approximations of the pres-
sure, radial and axial velocity components, respectively, and q1 is
related to the first-order approximation of the pressure, see Eq.
(18). After the substitution of solutions, Eqs. (13), (16a), and (17a),
in the right-hand side of Eq. (B1) and the simplification of the
obtained result, one derives

ps ¼ p0ðzbÞ þ q1ðzbÞ

þ
2ð1� r2bÞ 1� 3r2b þ ð7þ 4 ln rbÞr4b � ð5� 4 ln rbÞr6b

� �
rbð1� 4r2b þ 3r4b � 4r4b ln rbÞ

2 cot h

� 4ð1�WÞð1� r2bÞð1þ 4r2b ln rb � r4bÞ
rbð1� 4r2b þ 3r4b � 4r4b ln rbÞ

2 cot h� pb: (B2)

The explicit expression for the derivative of ps with respect to s fol-
lows from Eqs. (5), (16a), (22a), and (B2):

F ¼ d ps
d s
¼ � asðrbÞ

Ca
sin h

þ 2ðrbCa ps þ sin hÞ
3r2b sin

2h 1� 4r2b þ 3r4b � 4r4b ln rb
� �3

�
n
ð1� r2bÞ

2ð3� 4r2b � 44r4b þ 88r6b � 67r8bÞ

þ 4r4bð3� 52r2b þ 102r4b � 84r6b þ 31r8bÞ ln rb
� 96r8bð3� 3r2b þ r4bÞ ln

2rb

þ2ðW � 1Þ
h
ð1� r2bÞ

2ð3þ 4r2b � 77r4b þ 82r6bÞ

þ 4r2bð1� r2bÞð3� 7r2b � 79r4b þ 95r6bÞ ln rb

�24r6bð3þ 18r2b � 23r4bÞ ln2rb � 288r10b ln3rb
io

þ 2 cos2h

3r2b sin h 1� 4r2b þ 3r4b � 4r4b ln rb
� �4

�
n
ð1� r2bÞ

3ð�3þ 53r2b � 168r4b

� 4r6b � 141r8b þ 407r10b Þ þ 8r4bð1� r2bÞ
2

� ð18� 105r2b � 70r4b þ 71r6b þ 98r8bÞ ln rb
þ 48r8bð�25� 2r2b þ 30r4b þ 18r6b � 21r8bÞ ln2rb
þ 384r12b ð�9þ 3r2b þ r4bÞ ln

3rb

þ2ðW � 1Þ
h
ð1� r2bÞ

3ð�3þ 73r2b � 235r4b

� 205r6b þ 490r8bÞ þ 12r2bð1� r2bÞ
2ð1þ 17r2b

� 134r4b � 43r6b þ 187r8bÞ ln rb
þ8r6bð15� 466r2b þ 342r4b þ 642r6b � 533r8bÞ ln2rb
�576r10b ð6þ r2b � 6r4bÞ ln3rb � 1152r14b ln4rb

io
; (B3)

where the function a(rb) corresponds to the zero-order solution and

asðrbÞ � �
8ðCam � r2bCaÞ

1� 4r2b þ 3r4b � 4r4b ln rb
� Bo: (B4)

As should be, as(rc)¼ 0 in the cylindrical part of the bubble shape,
see Eq. (11a). Therefore, the linear expansion of as(rb) around rc is

asðrbÞ ¼
2 8Cam þ Boð1� r4c þ 4r4c ln rcÞ
� �
rcð1� 4r2c þ 3r4c � 4r4c ln rcÞ

rb;1 þ Oðr2b;1Þ; (B5)

where rb,1 ¼ rb � rc.
Tangentially immobile bubble surfaces. In this case from the

zero- and first-order approximation of pressure, Eqs. (13), (18), and
(A7), the obtained expression for pressure difference ps at the bub-
ble surface, S, reads

psðsÞ ¼ p0 þ q1 �
@v0
@z
� pb: (B6)

The substitution of solutions, Eqs. (13), (16b), and (17b), in the
right-hand side of Eq. (B6) and the simplification of the obtained
result lead to
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ps ¼ p0ðzbÞ þ q1ðzbÞ

� ð1� r2bÞ
2 � 2ð1�WÞð1� r2b þ 2r2b ln rbÞ

rbð1� r2bÞ 1� r2b þ ð1þ r2bÞ ln rb
� � coth� pb: (B7)

The explicit expression for the derivative of ps with respect to s is
calculated from Eqs. (5), (16b), (22b), and (B7), that is

F ¼ d ps
d s
¼ � asðrbÞ

Ca
sin hþ Ca ps þ

sin h
rb

� �

� ð1� r2bÞ
2 � 2ð1�WÞð1� r2b þ 2r2b ln rbÞ

6rb sin2hð1� r2bÞ
2 1� r2b þ ð1þ r2bÞ ln rb
� �3

�
h
3ð1� r2bÞ

2ð5r2b � 3Þ þ ð�13þ 27r2b

þ 9r4b � 23r6bÞ ln rb þ 2ð�3þ 5r2b þ 5r4b þ 5r6bÞ ln2rb
i

þ cos2h

6r2b sin h 1� r2b þ ð1þ r2bÞ ln rb
� �4

�
(
21ð1� r2bÞ

3ð1þ r2bÞ � 6ð1�WÞð1� r2bÞ

� ð7� 12r2b þ 13r4bÞ þ
h
12ð1� r2bÞ

2ð3þ 11r2b þ 3r4bÞ

� 4ð1�WÞð18þ 7r2b þ 4r4b þ 67r6bÞ
i
ln rb

þ
�
25þ 106r2b � 106r6b � 25r8b

� 2ð1�WÞ
1� r2b

ð25þ 14r2b þ 228r4b þ 122r6b þ 187r8bÞ
�
ln2rb

þ
�
6þ 52r2b þ 28r4b þ 52r6b þ 6r8b

� 4ð1�WÞ
ð1� r2bÞ

3 ð3� 5r2b þ 88r4b þ 82r6b � 97r8b

� 13r10b � 58r12b Þ
�
ln3rb �

8r2bð1�WÞ
ð1� r2bÞ

3

� ð�3þ 21r2b þ 12r4b þ 52r6b þ 7r8b þ 7r10b Þ ln4rb

)
; (B8)

where the function a(rb) corresponds to the zero-order solution and

asðrbÞ � �
4 ð1� r2bÞCaþ 2Cam ln rb
� �

ð1� r2bÞ 1� r2b þ ð1þ r2bÞ ln rb
� �� Bo: (B9)

It follows from Eqs. (11b) and (B9) that the value of as(rc) is
equal to zero in the cylindrical part of the wetting film, rb ¼ rc, as
should be. The linear expansion of as(rb) around rc is

asðrbÞ ¼ �
1� r2c þ 2r2c ln rc

rcð1� r2c Þ
2 1� r2c þ ð1þ r2c Þ ln rc
� �

� 8Cam þ Boð1� r2c Þ
2

h i
rb;1 þ Oðr2b;1Þ; (B10)

where rb,1 ¼ rb � rc.
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