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a b s t r a c t
The classical axisymmetric drop shape analysis (ADSA) method is used to measure the surface tensions
and contact angles from the best ﬁt of drop images with the Young–Laplace equation of capillarity.
To produce well deformed drops needed for better precision, one applies rotation with a sufﬁciently
high angular velocity in addition to the gravitational ﬁeld. Without rotation, the conventional fourthorder Runge–Kutta and second-order Taylor methods are suitable for obtaining the numerical solution
of the Young–Laplace equation required for ADSA, but they are slow for the case of a rotating drop in
gravitational ﬁeld. The real-time data processing of images of rotating drops requires relatively simple,
high-precision, and stable numerical methods working with a well-deﬁned ﬁxed computational time.
This study aims to develop the sixth-order Taylor method (T6) for the speciﬁc problem and to compare its accuracy, stability, and computational time with the available classes of Runge–Kutta (ﬁfth-,
sixth-, tenth-orders, and second-order 3-stage method with step control), Adams–Bashforth (sixth- and
seventh-orders), and predictor-corrector methods based on the seventh-order Adams–Moulton approach
(PC76 and PC77). The ranges of stability of these methods under variation of the parameters characterizing the capillary proﬁles are obtained and their computational times, tested on the experimental data
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for rotating drops in gravitational ﬁeld, are compared. From the viewpoint of real-time data processing,
the most appropriate methods are T6, PC76, and PC77 because of their high precision, good stability, and
sufﬁciently short predictable computational times.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
The ﬁrst attempt to test the Young–Laplace equation of capillarity, made by Bashforth and Adams [1], compared the experimental
and theoretical shapes of liquid drops. It was based on the axisymmetric solution of the system of three differential equations for the
drop radial, r, and vertical, z, coordinates and the meniscus running
slope angle, , as functions of the drop arc length, s. The calculated
parameters for sessile drops were summarized in tables [1]; for
pendant drops, they were published later on by Andreas et al. [2]
and Fordham [3], who determined the interfacial tension, , from
the speciﬁc meniscus dimensions. These tables were the tools for
calculations of  and contact angles, ˛c , from experimental data for
a long time, see Ref. [4] for a detailed review. After the pioneering
work of Rotenberg et al. [5] for the calculation of surface tension
(Fig. 1a) and contact angles (Fig. 1b) from the shapes of axisymmetric ﬂuid interfaces in gravitational ﬁeld, g, and the advent of
computer image analysis, the pendant drop method has become
fully automated. The axisymmetric drop shape analysis (ADSA)
method has found a wide range of applications for the measurements of static and dynamic surface tension, interfacial rheology
[6–9], three-phase contact angles [10–12], the mechanism of oildrop detachment [13,14], etc. The accuracy of the measurements
and the role of image analysis have been investigated in Refs. [7,15].
In essence, ADSA works by matching a theoretical proﬁle of the drop
to the extracted experimental proﬁle, taking the surface tension, ,
and the capillary pressure at the drop apex, 2/b with b being the
radius of curvature at the apex, as adjustable parameters.
The spinning drop method is one of the most useful approaches
for measuring low interfacial tensions. When a drop/bubble (phase
1 of density 1 ) is placed in a liquid of higher density (phase 2 of
density 2 > 1 ), contained in a rotating horizontal tube, it becomes
elongated along the axis of revolution, Oz (Fig. 1c). The effect of
gravity can be neglected for small drops, as done by Vonnegut [16],
who developed an approximate theory and proposed a method for
measuring interfacial tensions. The exact solution of the problem
for g = 0 in terms of elliptic integrals of the ﬁrst and second kind was
published in Refs. [17,18], where an excellent agreement between
theory and experiment was achieved. An important parameter of
the investigated systems is the relaxation time, that is, the time
required for attaining the equilibrium drop shape [18,19]. One
of the general problems in the application of spinning drop tensiometry to very low interfacial tensions is that the drop becomes
unstable—the Rayleigh instability leads to drop breakup in the centrifugal ﬁeld [20].
To avoid the instability of drops/bubbles in the conventional
spinning drop method, Aronson and Princen [21] suggested the use
of a vertical conﬁguration (Fig. 1d), in which the gravitational ﬁeld
suppresses the destabilizing effect of the rotation when the outer
ﬂuid is heavier. The authors calculated the shape of a meniscus
in a rotating vertical tube under the action of gravity, tabulated
the obtained numerical results for different values of the threephase contact angles, and performed experiments to show that
this approach is applicable for interfacial tension measurements.
Later, this model was applied to calculate numerically the shape of
a sessile droplet on a rotating solid substrate [22]. This technique
has no automated version because of the numerical difﬁculties

of calculating the theoretical proﬁles (see Section 5) needed for
ADSA.
Two algorithms for numerically solving the Young–Laplace
equation are used in the available equipment: (i) the secondorder Taylor method [5]; (ii) the classical fourth-order Runge–Kutta
method with a built-in step size adjustment [15,21]. The aim of
our study is to develop the sixth-order Taylor method (T6) for
the speciﬁc problem and to compare its accuracy, stability, and
computational time with the available classes of Runge–Kutta,
Adams–Bashforth, and predictor-corrector methods.
A historical review of Runge–Kutta methods was made by
Butcher [23]. After the publications of Butcher [24–26] and Fehlberg
[27], numerous realizations of the method were reported in the
literature. Below, we compare our algorithm with the classical
fourth-order, Cash and Karp ﬁfth-order [28], Verner sixth-order
[29], and Feagin tenth-order [30] Runge–Kutta methods. The
Young–Laplace equation of capillarity (see Section 2) is a secondorder nonlinear differential equation for z(r), to which the original
Simos approach [31,32] is not applicable because z can have more
than one value for a given radial distance r (see Fig. 1a).
The Adams–Bashforth (AB) method was originally developed to
solve numerically the Young–Laplace equation [1]. The formulas for
the coefﬁcients of this method generalized to arbitrary order can be
found in the literature, e.g., in Ref. [33]. Often, a combination of the
explicit AB method and the implicit Adams–Moulton (AM) method
[34] is used as a predictor-corrector (PC) method. Both the AB and
the PC methods are fast because for each step the right-hand side
of equations is calculated only once (for AB) or twice (for PC).
In the presence of surface-active substances, the interfacial tension, , changes with time and drop area A. Even at a constant drop
volume, V, because of the decreasing of , the drop area increases.
For many practical and scientiﬁc applications the measurements
must be performed at constant values of V, A, or  [9,35]. To implement such a feedback, the instantaneous values of the volume, area,
and surface tension must be calculated in real time. While the volume and area can be calculated from the images with a relatively
good precision using geometrical approaches, the values of the surface tension are determined from the numerical solution of the
respective Young–Laplace equation. Thus one needs a numerical
method for solving the speciﬁc problem, which satisﬁes the following requirements: (i) relative simplicity; (ii) well-deﬁned ﬁxed
computational time for one proﬁle; (iii) good accuracy; (iv) stability
under change of the adjustable parameters b and .
2. Mathematical formulation of the problem
Let us consider a drop/bubble subjected to centrifugal and gravitational accelerations that are perpendicular to each other (Fig. 1).
The density of the inner phase is 1 and that of the outer phase is
2 —here 1 =
/ 2 and the inner phase can be lighter or heavier than
the outer one. The problem is axisymmetric and it can be solved in
cylindrical coordinates, r and z. The origin of the coordinate system
is located at the drop apex (Fig. 1). The pressures inside and outside the boundary are p1 and p2, respectively. Both of them contain
hydrostatic and centrifugal contributions:
pk = pk,0 + k

ω2 r 2
+ k zg · ez
2

(k = 1, 2)

(2.1)
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Fig. 1. Axisymmetric capillary shapes in typical experimental equipment: (a) pendant drop; (b) sessile drop; (c) rotating small drop (spinning drop method); (d) rotating
drop in gravitational ﬁeld—the outer ﬂuid is heavier.

where g is the acceleration due to gravity; ez is the unit basis vector
along the axis of revolution; ω is the angular velocity; pk,0 is the
pressure at the drop apex in the kth phase.
The pressure difference p1 − p2 is balanced by the capillary
pressure due to the curvature of the meniscus (Young–Laplace
equation) [21,36]:
2H = p1 − p2

(2.2)

where H is the mean curvature of the capillary surface. At the
drop apex (r = 0, z = 0), H = 1/b and then Eq. (2.2) acquires the form,
p1,0 − p2,0 = 2/b. Thus, from Eqs. (2.1) and (2.2) one obtains:
2
ω2 r 2
2H =
+ (1 − 2 )zg · ez
+ (1 − 2 )
2
b

(2.3)

To distinguish the different possible cases, we rewrite Eq. (2.3)
in the following equivalent form:
2H =

 2 2

2
− ω
ω r + g
gz
2

b

and  ≡ |1 − 2 |

(2.4)

where: g = 0 if the effect of gravity is negligible; g = −1 when the
gravity ﬁeld elongates the drop/bubble proﬁle (Fig. 1a), whereas
g = 1 in the opposite case (Fig. 1b); ω = 0 without rotation; ω = 1
for a typical spinning drop conﬁguration (2 > 1 ), see Fig. 1c and
d; ω = −1 for 2 < 1 , when without gravity the centrifugal ﬁeld
leads to the formation of a dimple (“red blood cell”) as the speed of
rotation increases. Finally, introducing the running slope angle, ,
we can express the mean curvature in terms of the slope angle and
its derivative, obtaining the following equation for the interfacial
proﬁle [8]:
dsin
 2 2

sin
2
+
= − ω
ω r + g
gz
r
2

dr
b

(2.5)

see Refs. [21,22]. Eq. (2.5) reduces to the problem considered by
Princen et al. [17] for g = 0, whereas for ω = 0 it becomes identical
to the basic equation of the conventional ADSA.
Note that Eq. (2.5) can also be presented in the following form
d(rsin) =

2r
 2 3

dr − ω
ω r dr + g
gzrdr
2

b

(2.6)

that is,

g gr 2 dz = d(

 2 4
2 2
r − ω
ω r + g gzr 2 − 2rsin)
4
b

(2.7)

One multiplies Eq. (2.7) by  and integrates the obtained result
from the apex to a given vertical distance z to derive an exact
expression for the volume:

g gV = (

2
 2 2
ω r + g gz)r 2 − (2rsin)
− ω
4
b

(2.8)

In the absence of gravity (g = 0), the ﬁrst integral, Eq. (2.8), cannot
be used for calculation of the volume.
It is convenient to express the Young–Laplace equation, Eq. (2.5),
in terms of the arc length, s, along the generatrix of the drop proﬁle
[37]:
dr
dz
= cos,
= sin
ds
ds
2
d
 2 2

sin
= −
− ω
ω r + g
gz
r
2

ds
b

(2.9)
(2.10)

The system of differential equations, Eqs. (2.9) and (2.10), is
solved numerically using the following initial conditions at the drop
apex (at s = 0):
r(0) = 0, z(0) = 0, (0) = 0

(2.11)
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If the values of the area, A, and the volume, V, are needed, then
we simply extend the system of equations, Eqs. (2.9) and (2.10), and
the initial conditions, Eq. (2.11), with the following relationships:
dA
= 2r
ds

and A(0) = 0

dV
= r 2 sin and V (0) = 0
ds

(2.12)
(2.13)

3. Initial value problem and numerical methods

(3.1)

and the dimensionless arc length, t ≡ s/d. The initial value problem
for y(t) = (y1 , y2 , . . ., y5 )tr , described in Section 2, is reduced to the
following dimensionless system of differential equations:
dy
tr
= f (y) and f = (f1 , f2 , ..., f5 )
dt

(3.2)

f1 ≡ cosy3 , f2 ≡ siny3 , f4 ≡ y1 , f5 = y12 siny3

(3.3)

f3 ≡ 2

d
siny3
− ω ˝y12 + g By2
−
y1
b

k1 = hf (y0 ), k2 = hf (y0 +

(3.6)

2
1
1
k1 ), k3 = hf (y0 + k1 + k2 )
3
3
3

(3.7)

where y is the vector of the solution and f is the vector of the righthand side of the studied system. The step, h, is chosen in order to
obey the following two conditions [39]:
i) for a given accuracy, , to have
max1≤j≤5

|(k2 − k1 )j |
|y0,j | +

≤ 6.4

(3.8)

where is a tolerance used to control the relative error for |y0,j | ≥
and the absolute error for |y0,j | < [39];
ii) the stability criterion,
max1≤j≤5

|(k3 − k2 )j |
|(k2 − k1 )j |

≤2

(3.9)

to be fulﬁlled. The step control is performed for each value of t. In
our case the inequality, Eq. (3.9), can always be satisﬁed by choosing
a sufﬁciently small step h.
3.3. Explicit Taylor method
Because of the explicit forms of the right-hand sides of Eqs.
(3.2)–(3.4), the Taylor method of arbitrary order n can be applied,
that is:
y(t + h) = y0 +

n


y(j)

hj
+ O(hn+1 ) and
j!

y(j) ≡

j=1

dj y
dt j

(t)

(3.10)

where j = 1, 2, . . ., n. The obtained expressions for the derivatives,
y(j) (j ≤ 6), are listed in Appendix A. In the case without rotation and
n = 2, the Taylor method is reported in Refs. [5,40,41].
3.4. AB, AM and PC methods

3.1. Explicit Runge–Kutta methods
Below, the initial value problem, Eqs. (3.2)–(3.4), is solved
numerically using four different versions of the explicit
Runge–Kutta method. For brevity, the classical fourth-order
scheme will be hereafter referred to as RK4. We tested different
ﬁfth-, sixth-, and tenth-order Butcher tableaux and found that
for our problem the Cash and Karp ﬁfth-order (RK5), Verner
sixth-order (RK6), and Feagin tenth-order (RK10) schemes are the
most appropriate. The Butcher tableaux for these methods are
given in Refs. [28–30], respectively. Note that the right-hand side
of Eq. (3.4) has a singularity at y1 → 0. At the initial point Eq. (3.4)
acquires the following asymptotic form:
d
at t → 0
b

1
15
9
k1 +
k2 +
k3 and y0 ≡ y(t)
4
32
32

(3.4)

with zero initial conditions, see Eqs. (2.11)–(2.13). In Eq. (3.4)
B ≡ gd2 / is the Bond number (originally introduced by Loránd
Eötvös and also called the Eötvös number); ˝ ≡ ω2 d3 /(2) is
the dimensionless parameter controlling the shapes of the spinning
drop [17]—this parameter is also related to the rotational Froude
number, Fr ≡ ˝/B = ω2 d/(2g) [18], which characterizes the ratio
of the centripetal and gravitational accelerations.
Because of the restrictions of real-time data processing (see
Section 1) the implicit Runge–Kutta methods are not convenient.
Moreover, it is important for the numerical algorithm to be deﬁned
at a given constant step h in order to have a ﬁxed time for the
computations of the theoretical capillary proﬁles.

f3 =

From the classes of explicit Runge–Kutta methods with step
control, we tested below the second-order 3-stage method (RK23)
because of the small number of calculations of the right-hand side
of the studied system and the extended region of stability [38]. The
formulas for the solution at the moment t + h read [39]:
y(t + h) = y0 +

For the numerical calculations, we scale all geometrical parameters with a characteristic distance d. For the mathematical analysis
[17,36], usually the scaling is performed with the radius of curvature at the apex, that is with d = b. This is not convenient for the data
processing of experimental images because the natural adjustable
parameters are b and . In the case of drops/bubbles attached to
a capillary (Fig. 1a and d), the typical scaling parameter, d, is the
radius of the capillary. In the case of a spinning drop (Fig. 1c), d
is the radius of the spherical drop with the same volume as the
deformed one. For measurements of the contact angle, d characterizes the radius of the three-phase contact line or the drop height.We
introduce:
r
z
A
V
y1 ≡ , y2 ≡ , y3 ≡ , y4 ≡
, y5 ≡
d
d
2d2
d3

3.2. Second-order 3-stage explicit Runge–Kutta method with step
control

(3.5)

which is used as a deﬁnition of the initial value of f3 , see Eqs. (3.4)
and (A.20)–(A.22) in Appendix A.

The numerical formulas for the explicit sixth- and seventh-order
AB methods are based on the following expressions:
y1 = y0 +
−

4277
2641
4991
hf (y0 ) −
hf (y−1 ) +
hf (y−2 )
1440
480
720

3649
959
95
19087 (7)
hf (y−3 ) +
hf (y−4 ) −
hf (y−5 ) +
y (t)h7
720
480
288
60480

+ o(h7 )

y1 = y0 +

(3.11)

198721
18637
235183
hf (y0 ) −
hf (y−1 ) +
hf (y−2 )
60480
2520
20160

−

135713
5603
10754
hf (y−3 ) +
hf (y−4 ) −
hf (y−5 )
945
20160
2520

+

5257 (8)
19087
hf (y−6 ) +
y (t)h8 + o(h8 )
60480
17280

(3.12)
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Fig. 2. Comparison of the errors of different numerical schemes for spherical shape: (a) Taylor and Runge–Kutta methods; (b) RK10-1, Adams–Bashforth and predictorcorrector methods. For all numerical methods h = 0.1 except of RK23 (see the text).

where y−k ≡ y(t−kh) (k = −1, 0, 1, 2, . . ., 6). Eq. (3.11) deﬁnes the
sixth-order AB method (AB6) and Eq. (3.12) – the seventh-order AB
method (AB7), respectively. The implicit seventh-order AM method
uses the expansion:
y1 = y0 +

586
6737
263
hf (y−2 ) −
hf (y−3 ) +
hf (y−4 )
945
20160
2520

−

863
275 (8)
hf (y−5 ) −
y (t)h8 + o(h8 )
60480
24192

(3.13)

It is important to note that the absolute value of the ratio
between the last terms in Eqs. (3.13) and (3.12) is equal to
1375/36799≈0.037, so that Eq. (3.13) is about 27 times more precise
than Eq. (3.12).
We used the expansion of the left- and right-hand sides of Eqs.
(3.11)–(3.13) in series with respect to h and proved the validity of
these formulas.
The idea of the PC methods is to replace f(y1 ) in Eq. (3.13) by
f(yp ), where the predicted value, yp , is calculated from the explicit
AB method. Thus, one obtains:
f (y1 ) = f (yp ) +

5

∂f
j=1

∂yj

|

(y1 − yp )j + ...

(3.14)

y=yp

For example, if yp is calculated from the AB6 method, see Eq.
(3.11), then one derives:
19087 7  ∂f
|
h
60480
∂yj
5

f (y1 ) = f (yp ) +

j=1

(7)

yj

+ ...

(3.15a)

y=yp

The error arising from the use of Eqs. (3.13) and (3.15a) is of
order h8 , but it is approximately 8.8 times larger than the last term
in Eq. (3.13). For brevity we will refer to this method as PC76. To
decrease the error because of the predicted value, yp , one can use
the AB7 method. Thus Eqs. (3.12) and (3.14) yield:
5257 8  ∂f
h
|
17280
∂yj
5

f (y1 ) = f (yp ) +

j=1

(8)

yj (t) + ...

4.1. Precision of the numerical schemes
To compare the precision of the numerical schemes, we used
two sets of exact solutions of the problem: for each set, the dimensionless coordinates are denoted by y1,th (t), y2,th (t), and y3,th (t). The
error, Err(t), is deﬁned as follows:

19087
2713
15487
hf (y1 ) +
hf (y0 ) −
hf (y−1 )
60480
2520
20160

+

4. Comparison of the numerical methods

(3.15b)

y=yp

One sees that in this case because of the replacement of f(y1 )
with f(yp ), the error in Eq. (3.13) is proportional to h9 . Nevertheless,
the ratio between the arising error and the last term in Eq. (3.13) is
approximately equal to 8.5 h. Thus for h < 0.1, one can expect that
the arising error will be of the order or smaller than the last term
in Eq. (3.13). We will refer to this method as PC77.

Err(t) ≡ |y1 (t) − y1,th (t)| + |y2 (t) − y2,th (t)| + |y3 (t) − y3,th (t)| (4.1)
The simplest exact solution corresponds to a sphere of unit
radius, y1,th = sint, y2,th = 1 − cost, y3,th = t, which is obtained for
g = 0, ω = 0, and b/d = 1. Fig. 2a shows the calculated values of
Err(t) in the interval t ∈ [0, 3.1] with a ﬁxed step, h = 0.1. One sees
that with the increase of the order of the Runge–Kutta method,
the errors decrease for RK4 and RK5 and, as can be expected, for
T6 the errors are considerably lower. In contrast, RK6 gives errors
comparable to those for RK5 and the errors in the case of RK10 are
much larger than those obtained with RK5. To clarify this result,
we performed calculations with the RK6 and RK10 methods using
the values of the functions at t = 0.1 predicted from the asymptotic expansions given in Appendix A as initial conditions and thus
excluded the drop apex—the obtained results are denoted by RK6-1
and RK10-1 in Fig. 2a. Due to this modiﬁcation, RK6-1 gives comparable errors with T6 and RK10-1 becomes the most precise method,
except at the last point corresponding to t = 3.1. Therefore, the larger
errors for RK6 and RK10 are observed because the Butcher tables
of these methods use backward steps [29,30], which are not welldeﬁned at the initial point, t = 0, see Eq. (3.4). The errors in the initial
step of RK6 and RK10 affect the whole numerical solution and cause
the considerable differences between RK6 vs. RK6-1 and RK10 vs.
RK10-1, respectively. Even in the case of RK10-1, a sharp increase
of the error is visible at the last point, t = 3.1, because of the small
values of y1 , see Eq. (3.4). The other methods considered here (RK4,
RK5 [28], T6) use only forward steps and the obtained errors are
predictable.
For this exact solution, the calculations using RK23 showed that
the condition for the desired accuracy , Eq. (3.8), is more restrictive
than the condition for stability, Eq. (3.9), for small . For example, if
 = 10−11 (see Fig. 2a) the real error is almost uniformly distributed
across the whole interval, the largest one is Err(3.1)≈10−10 and it is
achieved for h≈10−5 . For this value of , the condition for stability
is automatically fulﬁlled.
Fig. 2b shows the evolution of Err(t) for the AB and PC methods. The initial steps needed to start the respective calculations are
obtained using RK10-1. As can be expected, with the increase of the
order of the methods, the errors decrease. The precision of AB6 and
AB7 is lower than that of PC76 and PC77 becomes the most accurate

80

K.D. Danov et al. / Colloids and Surfaces A: Physicochem. Eng. Aspects 489 (2016) 75–85

Fig. 3. Comparison of the precision of different numerical schemes for the limiting spinning drop proﬁle calculated with h = 0.01: (a) Taylor and Runge–Kutta methods; (b)
Taylor, Adams–Bashforth and predictor-corrector methods.

method. It is evident from Fig. 2b that the seventh-order AB7, PC76,
and PC77 methods have larger errors than the sixth-order methods
T6 and RK6-1. It should be mentioned, however, that when the time
step is smaller, h = 0.01, the errors of PC76 and PC77 methods are
comparable with those of T6 and RK6-1.
The second simple exact solution of the problem is obtained in
Ref. [17] for a rotating drop (ω = 1) in the absence of gravity (g = 0)
and b/d = 1. The corresponding expression for the limiting proﬁle
function reads [17]:

y2,th = 3 −




√
2
√
+3 3
2 9 − y1,th
3
2
[ln( 
9 − y1,th +
√ )
2
2
2 9 − y1,th
−3 3

√
3
−ln(
√ )]
2− 3
2+

(3.17)

which is deﬁned for ˝ = 16/27. We solved the initial value problem
for y1,th and y3,th and obtained the following relationships:



y1,th =

 

√
2
4y1,th
9tanh2 (t/ 3)
y
=
arcsin
y
1
−
and
√
3,th
1,th
27
3 + tanh2 (t/ 3)

(3.18)

Note that for ˝ < 16/27 the proﬁles have closed forms, which
correspond to the typical spinning drop conﬁgurations (see Fig. 1c).
In the opposite case, ˝ > 16/27, the capillary proﬁles are not closed.
Fig. 3 shows the calculated values of Err(t) in the interval y2 ∈
[0, 16]; the chosen step is h = 0.01. The main difference between
Figs. 2 and 3 is that the errors in Fig. 2 do not change considerably
along the capillary proﬁle, while those in Fig. 3 steadily increase.
The behavior of the numerical algorithms RK4, RK5, and T6 (Fig. 3a)
is analogous to that in Fig. 2a—the errors decrease with the increase
of the order of the numerical scheme. The results for RK6 and RK10
illustrate the accumulation of the error in the initial step of calculations (Fig. 3a). Because of the increase of Err(t) at larger values
of y2 , the differences between RK6 (RK10) and that started with
the asymptotic solution at t = 0.01 (Appendix A) RK6-1 (RK10-1)
disappear.
The behavior of the AB and PC methods in the case of the limiting
rotational proﬁle solution (Fig. 3b) is different from that observed
for a spherical proﬁle (Fig. 2b). As can be expected, the errors for
AB6 are the largest, followed by those for AB7. The methods PC76,
PC77, and T6 give comparable results for Err(t). Thus, from Fig. 3a
and b, one can conclude that for the limiting spinning drop proﬁle
the precision of RK6-1, RK10-1, PC76, PC77, and T6 is comparable.
For the calculations with RK23 and  = 10−10 , the step, h, which
at the beginning of the interval is h≈10−6 , increases considerably
at values of y2 larger than 6 (in the almost horizontal proﬁle of
the solution) and the error grows to Err(y2 = 16)≈10−6 . These special properties of the numerical schemes are due to the fact, that

˝ = 16/27 is a critical parameter of the problem and determines a
limiting solution.
4.2. Stability of the initial value problem
The precision and stability of the numerical schemes are of crucial importance for the data processing of experimental images in
the case of rotating drops in gravitational ﬁeld (see Fig. 1d and Section 5). If the experimental proﬁle is signiﬁcantly elongated, which
is required to obtain better experimental precision, then small variations of the curvature at the apex lead to large deviations of the
calculated proﬁles from the critical one.
One example is shown in Fig. 4a, where changes of b/d from unity
with ±10−4 , ±10−6 , and ±10−8 lead to the formation of closed proﬁles for b/d < 1 and open proﬁles for b/d > 1. These deviations are not
because of numerical instability (RK6-1, RK10-1, PC76, PC77, and
T6 give practically the same results with h = 0.01)—they correspond
to possible physical proﬁles. Therefore, if one knows the value of
˝ and varies b/d in order to process well-elongated proﬁles, then
one needs high precision numerical schemes because b/d is also a
critical parameter for the problem and even values of b/d = 1 ± 10−8
cannot describe the limiting proﬁle for y2 > 11.
Small deviations from the limiting proﬁle solution lead to jumps
to other integral curves that deviate considerably from y1,th (y2,th ).
Fig. 4b shows the numerical results for ˝ = 16/27 and b/d = 1. The
following notation is used in Fig. 4b: A for RK23; B—RK5; C—AB7;
D—RK6-1; E—PC76. For all methods with the exception of RK23
h = 0.01. One sees that RK4 gives good results for y2 < 10, while the
other algorithms (except AB6 and RK23) are applicable up to y2 = 27.
The errors of the RK23 method are small up to y2 = 22, but the step,
h, is very small in the regions of large gradients, which increases the
computational time. It is interesting to note that RK5 unexpectedly
performs better than AB6, which does not work well for y2 > 21.
5. Typical capillary proﬁles and data processing
5.1. Typical capillary proﬁles
Fig. 5a shows the obtained numerical results for a small rotating drop, for which the effect of gravity can be neglected. Curve
3 is a reference sphere of unit radius. Curves 1 and 2 correspond
to ω = 1 (spinning drop conﬁgurations) and curves 4 and 5 illustrate the opposite case ω = −1 (“red blood cell” conﬁgurations).
The volumes of all drops are equal to that of the reference sphere,
4/3. In this case for a given value of ˝ one varies b/d to obtain
the drop with the deﬁned volume. The respective parameters are:
(1) b/d = 0.5192, ˝ = 4.214; (2) b/d = 0.6647, ˝ = 1.873; (4) d/b = 0,
˝ = 2.004; (5) b/d = −1.333, ˝ = 2.112. For ω = 1, the drop becomes
more elongated with the increase of angular velocity ω, which
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Fig. 4. Deviations of the numerical solutions from the limiting proﬁle function given by Eqs. (3.17) and (3.18) (solid line): (a) because of small variations of the curvature
at the apex, b/d, at ﬁxed ˝ = 16/27; (b) because of the errors in the numerical schemes. A small changes of b/d or the errors in the numerical schemes can cause a jump to
another integral curve.

Fig. 5. Typical capillary proﬁles. (a) Rotating drops without gravity (g = 0); (1) and
(2)—spinning drop conﬁgurations; (4) and (5)—“red blood cell” conﬁgurations. (b)
Without centrifugal ﬁeld (ω = 0): (1), (2), and (2 ) – pendant drop conﬁgurations;
(4) and (5)—sessile bubble conﬁgurations. The dimensionless vertical coordinate for
each curve is shifted for better visibility.

corresponds to the main idea of spinning drop tensiometry. For
ω = −1, the shape with zero curvature at the drop apex is observed
for ω = −1 and ˝ = 2.004. Further increase of the angular velocity,
ω, leads to the formation of toroidal shapes with dimples.
Fig. 5b illustrates the typical capillary proﬁles for pendant drops
(g = −1, curves 1, 2 and 2 ) and sessile bubbles (g = 1, curves 4
and 5) without applied centrifugal ﬁeld (ω = 0). Curve 3 is a reference hemisphere of unit radius. The volumes of all drops/bubbles
are equal to that of the reference hemisphere, 2/3. In this case
one deﬁnes B and varies b/d to obtain the conﬁguration with
volume 2/3. The dimensionless parameters of the proﬁles are:
(1) b/d = 0.5424, B = 2.9; (2) b/d = 0.6350, B = 2.4; (2 ) b/d = 0.4844,
B = 2.4; (4) b/d = 2.554, B = 6.0; (5) b/d = 3.397, B = 8.0. As can be
expected, to obtain pendant drops with the same volume, the necessary increase of the Bond number is much smaller than that
needed to deform sessile bubbles because of the different vertical
distances, see Eq. (3.2) where the right-hand side includes the term
By2 . It is interesting to note that two or more pendant drop conﬁgurations with a ﬁxed volume and Bond number can be realized
numerically (see curves 2 and 2 ). For practical applications, the
solutions with a neck (curve 2 ) are not interesting because of the
instability of such capillary proﬁles [36,40,41]. More precisely, the
capillary proﬁles, which contain an inﬂection point, are physically
unstable.
Fig. 6a illustrates the effect of the centrifugal ﬁeld on the proﬁles of pendant drops (curves 1–3, g = −1, ω = −1) and on sessile
bubbles (curves 4–6, g = 1, ω = 1). In both of these cases, the gravitational and centrifugal ﬁelds act in opposite directions, which
stabilizes the capillary shapes. All bubbles and drops are of dimensionless volume 2/3. Curve 1 in Fig. 6a is the same as curve 1 in
Fig. 5b and is calculated with b/d = 0.5424 and B = 2.9. Applying a
centrifugal ﬁeld with a higher value of ˝ stabilizes the drop pro-

Fig. 6. Typical capillary proﬁles. (a) Rotating pendant drops and sessile bubbles—the
dimensionless vertical coordinate for each curve is shifted for better visibility. (b)
Rotating buoyant bubbles and sessile drops—the dimensionless vertical distance is
measured from the solid substrate. For more details see the text.

ﬁles (see curves 2 and 3 in Fig. 6a). The respective parameters are:
(2) b/d = 0.7050, ˝ = 1.0; (3) b/d = 0.9782, ˝ = 2.0. Curves 4 in Figs.
6a and 5b are identical and correspond to b/d = 2.554 and B = 6.0.
With the increase of the angular velocity, ω, the bubble proﬁles
become elongated and smooth (curves 5 and 6 are calculated with
b/d = 1.114, ˝ = 3.0, and b/d = 0.5461, ˝ = 11.0, respectively).
Fig. 6b demonstrates the destabilizing effect the applied centrifugal ﬁeld has when it acts in the same direction as gravity.
Curves 1–3 correspond to the calculated results for buoyant bubbles
(g = −1, ω = 1) and curves 4–6—to sessile drops (g = 1, ω = −1).
The buoyant bubbles have the same conﬁguration as the pendant drops and curves 1 and 4 correspond to those in Fig. 5b.
A small increase of the angular velocity, ω, leads to destabilization of the proﬁles and these conﬁgurations are not convenient
for experimental equipment. The parameters of the curves are:
(2) b/d = 0.5246, ˝ = 0.1; (3) b/d = 0.5098, ˝ = 0.15; (5) b/d = 5.219,
˝ = 1.0; (6) b/d = 11.92, ˝ = 1.5.
5.2. Processing of experimental data
In the conventional case of ADSA (Fig. 1a and b), the computer
image of the drop is processed to obtain the experimental drop
proﬁle coordinates.
For example, Fig. 7a shows the digitalized experimental proﬁle
of a pendant drop. The coordinates are scaled with the capillary tip
radius, d = rc . The density difference and the gravitational acceleration are known, so that the adjustable parameters are the surface
tension expressed in terms of the Bond number, B, and the dimensionless radius of curvature, b/d. Moreover, a relatively precise
initial value of b/d can be obtained from geometrical considerations
because the capillary proﬁle around the drop apex is approximated
relatively well with a sphere. The order of magnitude of the initial value of B is also known because the order of the magnitude
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Fig. 7. Results from the data processing of experimental images. (a) Pendant drop – the best ﬁt is obtained with B = 0.1160 and b/d = 1.755 (solid line); the points correspond
to experimental data. (b) Rotating drop in gravitational ﬁeld (ω = 1 and g = 1)—the best ﬁt is obtained with B = 3.1363 and b/d = 0.34940827121382 (solid line); the points
correspond to experimental data; the short-dash lines are calculated with Fr = 6.6552 and different values of b/d.

of the interfacial tension, , is known. In this case, the initial value
problem is stable, all considered numerical schemes are applicable,
and the processing of the drop proﬁle is fast enough. The obtained
results are B = 0.1160 and b/d = 1.755 (see Fig. 7a)—more accurate
values of B and b/d cannot be calculated because of the experimental errors. More details about the precision and accuracy of the
method are discussed in Refs. [7,15].
For rotating drops in a gravitational ﬁeld, the data processing
is more complicated. In this case, the density difference (), the
gravitational acceleration (g), and the rotational velocity (ω) are
known. Note that to process data for a digitalized drop proﬁle
(Fig. 7b), one again needs only two parameters—those are b/d (d = rc )
and B. The value of ˝ is not known, but it can be expressed via the
rotational Froude number, Fr = ˝/B = ω2 d/(2g), which is known.
For a given value of B, to obtain the elongated proﬁles one needs
to adjust b/d with a very high accuracy. Fig. 7b shows the obtained
best ﬁt (solid line) of the experimental proﬁle (dots) with ω = 1,
B = 3.1363 and b/d = 0.34940827121382 using the T6 method with
h = 0.01. Note that for a ﬁxed value of B = 3.1363 changes in the
sixth digit of b/d lead to considerable deviations of the calculated
proﬁles from the experimental one. Even changes in the eleventh
digit of b/d have an effect on the differences between the calculated
and experimental proﬁles close to the capillary tip. For that reason,
to obtain the best-ﬁt proﬁle, one needs numerical schemes of very
high precision and good stability. We checked whether the decrease
of the values of h changes the obtained numerical results and found
no effect for the methods used here (except RK23, AB6, and AB7).
It is important to note, that the calculated capillary proﬁles are
extremely sensitive to the values of b/d because of the numerical schemes. From physical viewpoint the important parameter is
the Bond number, B, needed to measure the interfacial tension. The
precision of B depends on the resolution of images and the deformation of the drop/bubble. In our case the relative error of B obtained
from the minimization procedure is about 0.1%.
To accelerate the minimizing procedure, one needs a good initial
guess. For that reason, dealing with the case ω = 1, we represent
Eq. (2.6) in the following form:
r

r
g
 2 3
sin = −
ω r + g
8
r
b

z(r̃)r̃dr̃

(5.1)

0

tion point, the derivative of sin with respect to r is equal to zero,
so that from Eq. (5.1) one obtains:
rinf

3 2 2
1
g
g
ω rinf − g
z + g 2
=
8
 inf
b
r 
inf

z(r̃)r̃dr̃

(5.2)

0

where the subscript “inf” refers to the respective coordinates calculated at the inﬂection point. The substitution of Eq. (5.2) into (5.1)
leads to the following result:
zinf

sininf

g
 2 3
=
ω rinf − g
4
rinf 

r 2 (z̃)dz̃

(5.3)

0

If the drop is elongated enough, then at the inﬂection point inf ≈
/2, and one obtains the approximate expression:
zinf

 2 3
g
≈
ω rinf − g
4
rinf

r 2 (z̃)dz̃

(5.4)

0

Eq. (5.4) in the case of g = 0 reduces to the Vonnegut formula
[16] for calculation of the interfacial tension via the spinning drop
method.To estimate the initial values of b/d and B, needed for the
data processing of the image shown in Fig. 7b, we represent Eq.
(5.4) in its dimensionless form using g = 1 and the deﬁnitions of
the dimensionless parameters (see Section 3):
y2,c

1
Fr
≈
− Vc
B
2

y21 (y2 )dy2

and Vc ≡

(5.5)

0

Note that because the radial and vertical coordinates of the capillary tip are rc and zc , respectively, and d = rc , at this point we have
y1,c = 1 and y2,c = zc /rc . The integral in the right-hand side of Eq. (5.5),
Vc , is calculated directly from the experimental data. In our case
(Fig. 7b), we have Fr = 6.6552 and Vc = 2.9959, so that Eq. (5.5) gives
the initial value of B = 3.0148, which is very close to the best-ﬁt
result of B = 3.1363.
The second step is to rewrite Eq. (5.2) in its equivalent form:
zinf

which corresponds to elongated drop proﬁles. Note that the integral
in the right-hand side of Eq. (5.1) is evaluated for a single-valued
function, z(r̃), which is the typical experimental case. In the inﬂec-

1
g
g
3 2 2
ω rinf − g
z − g 2
=
8
2 inf
b
2r 
inf

r̃ 2 (z̃)dz̃
0

(5.6)
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Table 1
Computational time of different numerical methods and the best values of b/d.
Method

Time (ms)

b/d

AB6
AB7
PC76
PC77
T6
RK4
RK5
RK6-1
RK10-1

8
8
17
17
17
21
30
40
160

0.34940827149531
0.34940827121620
0.34940827121496
0.34940827121331
0.34940827121382
0.34940827224377
0.34940827121356
0.34940827121364
0.34940827121364

It is more convenient to express Eq. (5.6) in dimensionless form,
which in terms of our approximations is equivalent to:
d
B 3
≈ ( Fr − y2,c − Vc )
2 2
b

(5.7)

Using the experimental value of y2,c = 5.16 and the initial quest of
B = 3.0148, we calculate the initial value of b/d to be 0.36312, which
is close to the best-ﬁt result. Therefore, Eqs. (5.5) and (5.7) can be
used as an excellent initial guess for the minimization procedure.
5.3. Computational time
To compare the computational time of the considered methods, we repeated the calculations of the best-ﬁt proﬁle in Fig. 7b
100 times. In all numerical schemes (except for RK23) we used a
ﬁxed step, h, equal to 0.01 and the number of steps for one proﬁle
was approximately equal to 544. In the case of RK23, the computational time was much longer than those for the other algorithms,
because of the considerable decrease of the step, h, required in order
to achieve the needed accuracy. All programs were written on PC
using Fortran and double precision. The Butcher parameters and all
coefﬁcients in T6, AB6, AB7, PC76, and PC77 were used as double
precision constants.
Table 1 summarizes the values of the computational times and
the best-ﬁt parameters, b/d. First, the values of b/d are the same
for all methods except for AB6 and RK4, most probably because
of the different accuracy of these methods (see Fig. 4b). Nevertheless, all calculated proﬁles are identical up to relative deviations of
less than 10−4 , which are considerably lower than the experimental error of the digitalization procedure. Second, the Runge–Kutta
methods are slower than the other methods because of the large
number of stages—for example, RK10 has 17 stages. As can be
expected the computational times of AB6 and AB7 are equal and the
shortest—about 2 times shorter than those of T6, PC76, and PC77.
From the viewpoint of real-time data processing it seems that T6,
PC76, and PC77 are the most appropriate methods because of their
sufﬁciently short computational times, good accuracy and stability.
6. Conclusions
This paper investigates the applicability of different numerical
methods (Runge–Kutta, Taylor, Adams–Bashforth, and predictorcorrector) for the data processing of images of drops/bubbles in
gravitational and centrifugal ﬁelds. Because of the action of the
centrifugal ﬁeld, the drops become well-elongated and to reproduce their experimental proﬁles, the curvature at the drop apex, b,
should be calculated with very high precision (with relative error
of less than 10−12 ). The additional requirements imposed upon
numerical methods for real-time data processing are to have good
stability with respect to variation of the parameters controlling the
capillary proﬁles and a short and ﬁxed computational time.
The numerical experiments show that for the problems, considered here, the more restrictive condition for the second-order
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3-stage explicit Runge–Kutta method with step control (RK23)
is that for the accuracy, Eq. (3.8). This particularly concerns the
instances when some parameters are critical for the problems
and for the behavior of their solutions. In our case, these are the
problems for a rotating drop in the absence of gravity and in a
gravitational ﬁeld (the critical parameter for both cases is b/d). For
conventional ADSA (without rotation), the RK23 method is applicable and gives excellent results. This conclusion is valid not only
for RK23, but also for the classes of Runge–Kutta methods with step
size control, for example RK45.
The sixth- and seventh- order Adams–Bashforth explicit methods (AB6 and AB7) have the shortest computational time but lower
precision compared to the other studied methods. The best results
for the speciﬁc problem we achieved with the sixth-order Taylor
method (T6) and the predictor-corrector numerical methods (PC76
and PC77) based on the seventh-order implicit Adams–Moulton
expansion using as a predictor the results from AB6 or AB7. We recommend one of these 3 numerical methods (T6, PC76, and PC77) to
be implemented in equipment for the measurement of the interfacial tension, via shape analysis of capillary proﬁles subjected to
both gravitational and centrifugal ﬁelds because of their stability
and sufﬁciency short computational times.
The Runge–Kutta methods (Cash and Karp ﬁfth-order [28],
Verner sixth-order [29], and Feagin tenth-order [30]) combined
with the initial step calculated from the series expansion of the
solution up to the tenth-order (see Appendix A) are stable and
applicable for data processing. However, these methods are much
more time-consuming than T6, PC76, and PC77.
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Appendix A.
Formulas for the derivatives used in the explicit Taylor method
As usual, the values of the ﬁrst derivatives are calculated directly
(j)
from the right-hand side of Eq. (3.2). From Eq. (3.3) one sees that y4
(j)

(j)

(j−1)

is simply related to y1 : y4 = y1
(j = 1, 2, . . .). In order to avoid
possible confusion between derivatives and powers in the formula
below, we use the following notation:
(j)

yk,0 ≡ yk , yk,j ≡ yk

(k = 1, ..., 5 and

j = 1, 2,...)

(A.1)

Second-order precision
Differentiating Eqs. (3.2)–(3.4) with respect to t, we obtain:
y1,2 = −y2,1 y3,1 , y2,2 = y1,1 y3,1
y3,2 =

y1,1 y2,1
2
y1,0

−

y2,2
− 2ω ˝y1,0 y1,1 + g By2,1
y1,0

2
y5,2 = 2y1,0 y1,1 y2,1 + y1,0
y2,2

(A.2)
(A.3)
(A.4)

For ˝ = 0 Eqs. (A.2) and (A.3) are reported in Refs. [5,40,41].
Third-order precision
Taking the second derivative of Eqs. (3.2)–(3.4) with respect to
t, we calculate:
y1,3 = −y2,2 y3,1 − y2,1 y3,2 , y2,3 = y1,2 y3,1 + y1,1 y3,2

(A.5)
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y3,3 = −2
−

y5,3 =

2 y
y1,1
2,1
3
y1,0

+

y1,2 y2,1 + 2y1,1 y2,2

y2,6 = y1,5 y3,1 + 4y1,4 y3,2 + 6y1,3 y3,3 + 4y1,2 y3,4 + y1,1 y3,5 (A.16)

2
y1,0

y2,3
2
− 2ω ˝(y1,1
+ y1,0 y1,2 ) + g By2,2
y1,0

2
2y1,1
y2,1

y3,6 = 120

(A.6)

2
+ 2y1,0 y1,2 y2,1 + 4y1,0 y1,1 y2,2 + y1,0
y2,3

(A.7)

Fourth-order precision
Taking the third derivative of Eqs. (3.2)–(3.4) with respect to t
leads to the expressions:

+6

−2

+

5
y2,1
y1,1
6
y1,0

y3,4 = 6

3 y
y1,1
2,1

+
−

4
y1,0

(A.8)

−6

2 y
y1,1 y1,2 y2,1 + y1,1
2,2

4
y1,0
2
2
y2,2 +20y1,1 y1,3 y2,2 +30y1,1 y1,2 y2,3 +10y1,1
y2,4
10y1,2 y1,3 y2,1 +5y1,1 y1,4 y2,1 + 15y1,2
3
y1,0

y1,5 y2,1 + 5y1,4 y2,2 + 10y1,3 y2,3 + 10y1,2 y2,4 + 5y1,1 y2,5
2
y1,0

(3y1,1 y1,2 + y1,0 y1,3 ) + g By2,3

2
+ 6y1,0 y1,1 y2,3 + y1,0
y2,4

(A.9)

(A.10)

Fifth-order precision
The fourth derivative of Eqs. (3.2)–(3.4) with respect to t gives
the formulas:
y1,5 = −y2,4 y3,1 − 3y2,3 y3,2 − 3y2,2 y3,3 − y2,1 y3,4

(A.11)

y2,5 = y1,4 y3,1 + 3y1,3 y3,2 + 3y1,2 y3,3 + y1,1 y3,4

(A.12)

−2
+
−

5
y1,0

+ 12

(10y1,2 y1,3 + 5y1,1 y1,4 + y1,0 y1,5 ) + g By2,5

(A.17)

+ 60y1,1 y1,2 y2,3 + 20y1,0 y1,3 y2,3 + 20y1,0 y1,2 y2,4

2
y5,4 = 6y1,1 y1,2 y2,1 + 2y1,0 y1,3 y2,1 + 6y1,1
y2,2 + 6y1,0 y1,2 y2,2
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2
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15y1,1 y1,2

y1,4 = −y2,3 y3,1 − 2y2,2 y3,2 − y2,1 y3,3 , y2,4 = y1,3 y3,1 + 2y1,2 y3,2
+ y1,1 y3,3

− 120

2
2
+ 20y1,1
y2,4 + 10y1,0 y1,1 y2,5 + y1,0
y2,6

(A.18)

First step of the algorithm
The right-hand side of Eq. (3.2) is not deﬁned at r = 0. For this
reason, we expand the solution in a series around the drop apex to
calculate the values of the functions needed to start the ﬁrst step
˜ as
of the algorithm. We deﬁne the rescaled parameters B̃ and ˝
follows:
B̃ ≡ g B

b2
d2

3

˜ ≡ ω ˝ b
and ˝
d3

(A.19)

The obtained results for the respective series read:
y1 (h) = h −

3
2 y
3y1,1
1,2 y2,1 + 2y1,1 y2,2
4
y1,0

2 y
2
3y1,2
2,1 + 4y1,1 y1,3 y2,1 + 12y1,1 y1,2 y2,2 + 6y1,1 y2,3

d2 h3
d4 h5
˜
+
(1 − 3B̃ + 6˝)
2
6b
120b4

+

d6 h7
˜ + 240B̃˝
˜ − 180˝
˜ 2)
(−8 + 144B̃ − 75B̃2 − 528˝
40320b6

+

d8 h9
˜
(8 − 648B̃ + 1972B̃2 − 245B̃3 + 4896˝
2903040b8

˜ + 910B̃2 ˝
˜ 2 − 840B̃˝
˜ 2 ) + o(h10 )
˜ + 12528˝
− 10488B̃˝

3
y1,0

(A.20)

y1,4 y2,1 + 4y1,3 y2,2 + 6y1,2 y2,3 + 4y1,1 y2,4
2
y1,0

y2,5
− 2ω
y1,0

y2 (h) =

2
(3y1,2
+ 4y1,1 y1,3 + y1,0 y1,4 ) + g By2,4

(A.13)

2
y5,5 = 6y1,2
y2,1 + 8y1,1 y1,3 y2,1 + 2y1,0 y1,4 y2,1 + 24y1,1 y1,2 y2,2
2
+ 8y1,0 y1,3 y2,2 + 12y1,0 y1,2 y2,3 + 12y1,1
y2,3 + 8y1,0 y1,1 y2,4
2
+ y1,0
y2,5

(A.14)

Sixth-order precision
Finally, from the ﬁfth derivative with respect to t of Eqs.
(3.2)–(3.4), we derive:
y1,6 = −y2,5 y3,1 − 4y2,4 y3,2 − 6y2,3 y3,3 − 4y2,2 y3,4 − y2,1 y3,5
(A.15)

d3 h4
dh2
3
3 ˜
−
(1 − B̃ + ˝)
4
2
2b
24b3
+

5
d5 h6
˜
˜ − 5 B̃˝)
(1 − 8B̃ + B̃2 + 21˝
8
4
720b5

−

d7 h8
˜
(64 − 2440B̃ + 3624B̃2 − 35B̃3 + 12960˝
2580480b7

˜ + 70B̃2 ˝
˜ 2)
˜ + 13536˝
− 14296B̃˝
−

d9 h10
(−128 + 21888B̃ − 118792B̃2
464486400b9

˜ + 862368B̃˝
˜
+ 51776B̃3 − 63B̃4 − 235776˝
˜2
˜ + 126B̃3 ˝
˜ − 1237248˝
− 247720B̃2 ˝
˜ 2 − 155520˝
˜ 3 ) + o(h10 )
+ 365088B̃˝

(A.21)
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y3 (h) =

5 5
d3 h3
dh
˜
˜ − d h (B̃ − 5 B̃2 − 12˝
˜ + 5 B̃˝)
+
(B̃ − 2˝)
4
2
b
240b5
8b3

+

d7 h7
˜ + 2536B̃˝
˜
(88B̃ − 264B̃2 + 35B̃3 − 1536˝
322560b7

˜ − 3456˝
˜ 2) +
− 70B̃2 ˝

d9 h9
(576B̃ + 5032B̃2
46448640b9

˜ − 79008B̃˝
˜ + 31000B̃2 ˝
˜
− 3896B̃3 + 63B̃4 + 12288˝
˜ 2 − 62688B̃˝
˜ 2 + 34560˝
˜ 3 ) + o(h10 )
˜ + 165888˝
− 126B̃3 ˝
(A.22)

y4 (h) =

h2
d2 h4
d4 h6
˜
−
+
(1 − 3B̃ + 6˝)
2
2
24b
720b4
+

d6 h8
˜
(−8 + 144B̃ − 75B̃2 − 528˝
322560b6

˜ − 180˝
˜ 2) +
+ 240B̃˝

d8 h10
(8 − 648B̃ + 1972B̃2
29030400b8

˜ + 12528˝
˜ − 10488B̃˝
˜ + 910B̃2 ˝
˜2
− 245B̃3 + 4896˝
˜ 2 ) + o(h10 )
− 840B̃˝

y5 (h) =

(A.23)

5 8
d3 h6
dh4
˜ + d h (104 − 152B̃ + 5B̃2
−
(4
−
B̃
+
2
˝)
4b
7680b5
48b3

˜ − 10B̃˝)
˜ +
+ 344˝

d7 h10
(−2624 + 11448B̃
1935360b7

˜ + 16392B̃˝
˜ − 42B̃2 ˝
˜
− 4440B̃2 + 21B̃3 − 32736˝
˜ 2 ) + o(h10 )
− 14688˝

(A.24)

Eqs. (A.20)–(A.24) are used to calculate the values of the approximate solution at the initial step with the appropriate precision
corresponding to the applied numerical scheme.
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