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Abstract—Here, we review two recent theoretical models in the field of ionic surfactant micelles and discuss
the comparison of their predictions with experimental data. The first approach is based on the analysis of the
stepwise thinning (stratification) of liquid films formed from micellar solutions. From the experimental step
wise dependence of the film thickness on time, it is possible to determine the micelle aggregation number and
charge. The second approach is based on a complete system of equations (a generalized phase separation
model), which describes the chemical and mechanical equilibrium of ionic micelles, including the effects of
electrostatic and nonelectrostatic interactions, and counterion binding. The parameters of this model can
be determined by fitting a given set of experimental data, for example, the dependence of the critical micel
lization concentration on the salt concentration. The model is generalized to mixed solutions of ionic and
nonionic surfactants. It quantitatively describes the dependencies of the critical micellization concentration
on the composition of the surfactant mixture and on the electrolyte concentration, and predicts the concen
trations of the monomers that are in equilibrium with the micelles, as well as the solution’s electrolytic con
ductivity; the micelle composition, aggregation number, ionization degree and surface electric potential.
These predictions are in very good agreement with experimental data, including data from stratifying films.
The model can find applications for the analysis and quantitative interpretation of the properties of various
micellar solutions of ionic surfactants and mixed solutions of ionic and nonionic surfactants.
DOI: 10.1134/S1061933X14030065
1

1. INTRODUCTION

McBain [1] introduced the term “micelle” (from
Latin mica = crumb) into the colloid chemistry to de
note surfactant aggregates in aqueous solutions. He
suggested that the micelles appear above a particular
concentration [2], presently termed “critical micelli
zation concentration” (CMC). The generally accept
ed model of the spherical micelle was first proposed by
Hartley [3]. A review on the early history of the micelle
concept can be found in [4].
The first experimental methods applied to study
micellar solutions were viscosimetry and conductom
etry. At present, a variety of other methods are used,
such as calorimetry [5]; fluorescence quenching [6];
static and dynamic light scattering [7]; smallangle
Xray scattering [8] and neutron scattering (SANS)
[9]; electron paramagnetic resonance [10]; nuclear
magnetic resonance [11], and relaxation techniques
for studying the micellization dynamics [12].
Two main approaches to the thermodynamics of
micellization have been developed. The mass action
model describes the micellization as a chemical reac
tion [13, 14]. This model describes the micelles as
polydisperse aggregates and allows modeling of the
1 The article is published in the original.

growth of nonspherical micelles and other selfas
sembled structures [15–19]. The phase separation
model is focused on the micellemonomer equilibrium
in multicomponent surfactant mixtures [14, 20–22].
This model usually works in terms of average aggrega
tion numbers and predicts the CMC, electrolytic con
ductivity and other properties of mixed surfactant so
lutions. A detailed review on the thermodynamics of
micellization in surfactant solutions was published by
Rusanov [23].
Molecular thermodynamic and statistical models
of singlecomponent and mixed micelles have been
developed [24, 25]. They consider the surfactant
molecular structures and give theoretical description
of the micellization process based on various free
energy contributions [26, 27]. The CMC values of
many nonionic and ionic surfactants have been pre
dicted using the computational quantitativestruc
turepropertyrelationship (QSPR) approach [28,
29].
The first models of micellization kinetics were de
veloped by Kresheck et al. [30], and Aniansson and
Wall [31]. These models have been extended to simul
taneously account for the relaxations in the micelle
concentration, aggregation number and polydispersity
[32]; to predict the dynamic surface tension of micel
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cation for the analysis of experimental data. Finally,
Section 4 is dedicated to the generalization of the ther
modynamic model to mixed micellar solutions of ion
ic and nonionic surfactants. The present review article
could be useful for all readers who are interested in the
analysis and quantitative interpretation of the proper
ties of micellar solutions containing ionic surfactants.

+
+

2. IONIC MICELLES
AND STRATIFYING FILMS
+

+
+

Fig. 1. Sketch of a spherical micelle formed by an anionic
surfactant. A part of the surfactant ionizable groups at the
micelle surface are neutralized by bound counterions.
The rest of the ionizable groups determine the micelle
charge, Z.

lar solutions [33–35], and to quantify the micellar re
laxation in the case of coexisting spherical and cylin
drical micelles [36].
In the present article, we review two recent theoret
ical models in the field of ionic surfactant micelles and
discuss the comparison of their predictions with ex
perimental data. As sketched in Fig. 1, an ionic mi
celle consists of surfactant ions, bound counterions
and of the electric double layer around the micelle.
The number of surfactant molecules incorporated in
the micelle determines its aggregation number, Nagg.
The degrees of micelle ionization and counterion
binding will be denoted, respectively, by α and θ; at
that, α + θ = 1. For simplicity, we will consider
monovalent surfactant ions and counterions. The mi
celle charge (in elementaryelectriccharge units) is
Z = αNagg.
The stepwise thinning (stratification) of foam films
formed from solutions of ionic surfactants depends on
the micelle aggregation number and charge, Nagg and
Z. Conversely, from the experimental stratification
curves it is possible to determine both Nagg and Z with
the help of an appropriate theoretical analysis [37, 38].
In addition, information for Nagg and Z is “coded” in
the experimentally measured dependences (i) of the
CMC of ionic surfactant solutions on the concentra
tion of added salt, and (ii) of the solution’s electric
conductivity on the surfactant concentration. Infor
mation for the micellar properties can be extracted by
fitting of the experimental curves with a quantitative
thermodynamic model that correctly describes the
micelle–monomer equilibrium [39].
Section 2 describes the experiments with stratifying
films, and the methods for determining Nagg and Z
from the experimental timedependencies of the film
thickness. Section 3 presents the thermodynamic
model of micelle–monomer equilibrium and its appli

2.1. Stepwise Thinning of Liquid Films
from Micellar Solutions
The experiments with thin liquid films containing
molecules [40] or colloidal spheres [41] indicate the
existence of an oscillatory surface force, which is man
ifested by the stepwise thinning of the films. These ef
fects are due to the ordering of Brownian particles
(molecules or colloidal spheres) near the interface.
The ordering decays with the distance from the sur
face. If two interfaces approach each other, the or
dered zones near each of them overlap, thus, enhanc
ing the particle ordering within the liquid film [42].
Upon decreasing the film thickness, layers of particles
are expelled, onebyone, which leads to a stepwise
thinning (stratification) of the film. This phenomenon
was observed long ago by Johonnott [43] and Perrin
[44] with films from surfactant solutions and was in
terpreted by Nikolov et al. [41, 45, 46] as a layerby
layer thinning of the structure of spherical micelles
formed inside the film.
In the case of nonionic surfactant micelles, the be
havior of the stratifying films can be described in terms
of the statistical theory of hard spheres confined be
tween two hard walls [47–51]. In this case, the period
of the oscillatory force [50–52] and the height of the
stratification step [53–55] is close to the diameter of
the nonionic micelle (or another colloidal particle).
However, in the case of ionic surfactant micelles, the
height of the step is considerably greater than the mi
celle hydrodynamic diameter [37, 38, 41]. Hence, in
this case the electrostatic repulsion between the
charged micelles determines the distance between
them. Following [37, 38], here we will demonstrate
that the micelle aggregation number, Nagg, and charge,
Z can be determined from the stepwise thinning of
foam films formed from ionic surfactant solutions.
The most convenient and relatively simple instru
ment for investigation of stratifying liquid films is the
Scheludko–Exerowa (SE) cell [56, 57], which is pre
sented schematically in Fig. 2. The investigated solu
tion is loaded in a cylindrical capillary (of inner diam
eter ≈1 mm) through an orifice in its wall. A biconcave
drop is formed inside the capillary. Next, liquid is
sucked through the orifice and the two menisci ap
proach each other until a liquid film is formed in the
central part of the cell. By injecting or sucking liquid
through the orifice, one can vary the radius of the
COLLOID JOURNAL
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formed film. Its thickness can be measured by means of
an interferometric method [57] of accuracy ±0.5 nm.
For this purpose, the light reflected from the film is
supplied to a photomultiplier and computer, and the
intensity of the reflected light, J, is recorded in the
course of the experiment. The film thickness, h, is
then determined from the equation [57, 58]:
⎡⎛ J − J min ⎞1 2 ⎤
h = λ arcsin ⎢⎜
⎟ ξ⎥ ,
2πn
⎣⎢⎝ J max − J min ⎠
⎦⎥

(1)

where λ is the wavelength of the used monochromatic
light; n is the mean refractive index of the film; ξ is a
correction coefficient for multiple reflection; Jmin is
the registered intensity of light at broken film, and Jmax
is the experimentally determined intensity of light re
flected from the film at the last interference maximum
at h = λ/4n, which is usually about 100 nm. Equation
(1) is valid for films of thickness h ≤ λ/4n. The correc
tion coefficient ξ is calculated as follows:
−1

⎡ 4r 2(1 − ΔJ )⎤
(2)
ξ = ⎢1 +
⎥ ,
(1 − r 2 )2 ⎦
⎣
where ΔJ = (J – Jmin)/(Jmax – Jmin) and r = (n – 1)/(n +
1). For foam films, the refractive index of water is used
for n in Eq. (1). The calculated equivalent water thick
ness h is close to the real thickness of the film.
Figure 3a shows a sketch of a stratifying film that
contains ionic surfactant micelles; h0, h1, h2 and h3 are
the thicknesses of portions of the film that contain, re
spectively, 0, 1, 2 and 3 layers of micelles. Figure 3b
shows illustrative experimental data for the stepwise
decrease of the film thickness with time for 50 mM
aqueous solutions of the anionic surfactant sodium
dodecyl sulfate (SDS) and the cationic surfactant cetyl
trimethylammonium bromide (CTAB). On the basis of
data from many similar experiments, it has been estab
lished that the height of the step, Δh = hn – hn – 1 is in
dependent of n, but decreases with the rise of the ionic
surfactant concentration [37, 38]. For 50 mM SDS
and CTAB the average values of the step height are, re
spectively, Δh = 13.7 and 16.6 nm, whereas the corre
sponding micelle hydrodynamic diameters are dh = 4.5
and 5.7 nm [37]. As mentioned above, this consider
able difference between Δh and dh is due to the strong
electrostatic repulsion between the charged micelles.
This effect can be used to determine the properties of
the ionic surfactant micelles, viz. Nagg can be deter
mined from the experimental Δh, whereas Z can be
determined from the final thickness of the film, h0
(Fig. 3). Note that Δh is simultaneously the height of
the step and the period of the oscillatory structural
force [42, 50–52, 55].
2.2. Determination of Nagg from the Stratification Steps
The theoretical prediction of Δh for films contain
ing charged particles (micelles) demands the use of
COLLOID JOURNAL

Vol. 76

No. 3

2014

Illumination

257

Observation

h
2rc

R

Fig. 2. Crosssection of the SE cell [56, 57] for investiga
tion of thin liquid films. The film of thickness h and radius
rc is formed in the middle of a cylindrical glass capillary of
inner radius R. The surfactant solution is loaded in the cell
(or sucked out) through an orifice in the capillary wall; de
tails in the text.

densityfunctionaltheory calculations and/or Monte
Carlo (MC) simulations [59, 60]. However, the theory,
simulations and experiments showed that a simple re
lation exists between Δh and the bulk concentration of
micelles, cm. First, it was experimentally established
[41, 45] that the measured values of Δh for foam films
from solutions of SDS are practically equal to the av
erage distance, δl ≡ cm−1 3, between two micelles in the
bulk of solution, viz.
−1 3

⎛ c − CMC ⎞
(3)
=⎜ s
⎟ .
⎝ N agg ⎠
Here, cs and CMC are the total input surfactant con
centration and the critical micellization concentration
expressed as number of molecules per unit volume.
The inversecubicroot law, Δh ∝ cm−1 3, was obtained
also theoretically [60] and by colloidal probe atomic
force microscope (CPAFM) [61, 62]. The oscillatory
surface forces due to the confinement of suspensions
of charged nanoparticles between two solid surfaces
were investigated theoretically and experimentally in
relation to the characteristic distance between the par
ticles in the bulk [63–66]. The bulk suspension was de
scribed theoretically by using the integral equations of
statistical mechanics in the frame of the hypernetted
chain approximation, whereas the bulk structure fac
tor was experimentally determined by SANS [64]. In
addition, the surface force of the film was calculated
by MC simulations and measured by CPAFM. In
both cases (bulk suspension and thin film) excellent
agreement between theory and experiment was estab
lished and the obtained results obey the Δh ∝ cm−1 3 law,
where cm denotes the concentration of charged parti
cles that can be surfactant micelles. Furthermore, it
−1 3

Δh ≈ δ l ≡ c m
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Fig. 3. (a) Sketch of a liquid film from a micellar solution of an ionic surfactant; h0, h1, h2 and h3 denote the thicknesses of films
containing, respectively, 0, 1, 2 and 3 layers of micelles. The height of the step, Δh = hn – hn – 1 (n = 1, 2, …) is determined by the
micelle effective diameter, deff, which, in its own turn, is determined by the electrostatic repulsion between the micelles. (b) Ex
perimental time dependences of the film thickness, h, for foam films from 50 mM solutions of the ionic surfactants CTAB and
SDS formed in a SE cell [37].

was demonstrated that the data obtained with charged
particles of different diameters collapse onto a single
master curve, Δh = cm−1 3 [66]. In other words, the pro
portionality sign “∝” is replaced with equality sign
“=” in agreement with the foamfilm experiments
[41, 45].
The validity of the empirical Δh = cm−1 3 law is limit
ed at low and high particle concentrations, character
ized by the effective particle volume fraction (particle
+ counterion atmosphere) [66]. The decrease of the
effective particle volume fraction can be experimen
tally accomplished not only by dilution, but also by
addition of electrolyte that leads to shrinking of the
counterion atmosphere [65]. The inversecubicroot
law, Δh = cm−1 3, is fulfilled in a wide range of parti
cle/micelle concentrations that coincides with the
range where stratification (stepwise thinning) of free
liquid films formed from particle suspension and mi
cellar solution is observed [37, 38, 66].
Because the validity of Eq. (3) has been proven in nu
merous studies, we can use this equation to determine

the aggregation number of ionic surfactant micelles.
Solving Eq. (3) with respect to Nagg, we obtain [37]:

N agg = (cs − CMC)(Δh)3.

(4)

Here, cs and CMC have to be expressed as number of
molecules per unit volume. Values of Nagg determined
from the experimental Δh using Eq. (4) are shown in
the table for three ionic surfactants, SDS, CTAB, and
cetyl pyridinium chloride (CPC). The micelle aggre
gation numbers determined in this way compare very
well with data for Nagg determined by other methods
[37, 38].
The table contains also data for the degree of mi
celle ionization, α, determined as explained in Sec
tion 2.4.
2.3. Discussion
The data in the table show that the surfactant with
the highest α, SDS, has the smallest aggregation num
ber, Nagg. Conversely, the surfactant with the lowest α,
COLLOID JOURNAL
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CTAB, has the greatest aggregation number, Nagg.
Physically, this can be explained with the fact that a
greater ionization, α, gives rise to a stronger head
group repulsion, larger area per headgroup and, con
sequently, smaller Nagg.
Another interesting result in the table refers to the
values of micelle charge, Z. Because, the surfactants
with greater α have smaller Nagg, it turns out that the
values of Z = αNagg are not so different; see the table.
The relation Δh = cm−1 3, which has been used to de
termine Nagg, can be interpreted as an osmoticpres
sure balance between the film and the bulk [37]. The
micelles give a considerable contribution to the os
motic pressure of the solution because of the large
number of dissociated counterions. The disjoining
pressure is approximately equal to the difference be
tween the osmotic pressures in the film and in the bulk:
Π ≈ Posm(h) – Posm(∞). (The van der Waals component
of Π can be neglected for the relatively thick films con
taining micelles.) Π is a small difference between two
much greater quantities, Posm(h) ≈ Posm(∞), under typ
ical experimental conditions. Then, the osmotic pres
sures of the micelles in the film and in the bulk are ap
proximately equal, and consequently, the respective
average micelle concentrations in the film and in the
bulk have to be practically the same. Thus, the expul
sion of a micellar layer from the film results in a de
crease of the film thickness with the mean distance be
tween the micelles in the bulk, as stated by Eq. (3).
As mentioned above, the experimental Δh is signif
icantly greater than the diameter of the ionic micelle.
Δh can be considered as an effective diameter of the
charged particle, deff, which includes its counterion at
mosphere; see Fig. 3a. A semiempirical expression for
calculating Δh was proposed in [37, 38]:
13

∞
⎧⎪
⎫⎪
3u (r )
3
d eff = d h ⎨1 + 3 ⎡1 − exp − el ⎤ r 2 d r ⎬ . (5)
⎢
kT ⎥⎦
⎪⎩ d h dh ⎣
⎪⎭
Here, dh is the hydrodynamic diameter of the micelle; k
is the Boltzmann constant; T is the absolute tempera
ture, and uel(r) is the energy of electrostatic interaction
of two micelles in the solution. The interaction energy
uel(r) can be calculated from the expression [37]:

∫

(

)

2
uel (r )
(6)
= r ⎡ e ψ(r 2)⎤ ,
⎥⎦
kT
4LB ⎢⎣kT
where ψ(r) is the distribution of the electrostatic po
tential around a given ionic micelle in the solution;
LB ≡ e2/(4πε0εkT) is the Bjerrum length (LB = 0.72 nm
for water at 25°C); ε0 is the permittivity of vacuum; ε
is the dielectric constant of the solvent (water); e is the
elementary charge. Equation (6) reduces the twopar
ticle problem to the singleparticle problem.
It has been established [37], that deff calculated
from Eqs. (5) and (6) coincides with Δh measured for
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Nagg, α and Z determined from the values of Dh and h0; data
from [37, 38]
cs(mM)

30
40
50
100
10
20
30
40
50
10
20
30
40
50

Aggregation num Ionization degree Charge* Z
berNagg from Eq. (4) α from Section 4 (e units)
Sodium dodecyl sulfate
48
0.46
61
0.55
65
0.53
65
0.56
Cetyl trimethylammonium bromide
95
0.20
119
0.23
137
0.26
136
0.26
135
0.29
Cetyl pyridinium chloride
52
0.30
75
0.32
80
0.35
93
0.36
93
0.37

22
33
35
37
19
27
35
35
40
15
24
28
33
34

* The micelle charge is Z =αNagg in elementaryelectriccharge
units.

stratifying films, if ψ(r) is calculated by using the jelli
um model introduced by BeresfordSmith et al. [67,
68]. In this model, the electric field around a given mi
celle is calculated by assuming Boltzmann distribution
of the small ions around the micelle, but uniform dis
tribution of the other micelles. In other words, the De
bye screening of the electric field of a given micelle in
the solution is due only to the small ions (counterions,
surfactant monomers and ions of an added salt, if any).
The jellium model leads to the following expression
for the Debye screening parameter, κ:
(7)
κ 2 = 8πLBI , I = I b + 1 Zcm,
2
where I is the ionic strength of the micellar solution; Ib
is the ionic strength due to the background electrolyte:
Ib = CMC + ionic strength of added salt (if any). The
last term in Eq. (7) represents the contribution of the
counterions dissociated from the micelles. The jellium
model is widely used in the theory of charged particle
suspensions and micellar solutions [64, 69, 70].
The relationship deff = cm−1 3 = Δh is satisfied in the
whole concentration range where stratifying films are
observed; deff is calculated from Eqs. (5) and (6), and
Δh is experimentally determined from the stratification
steps, like those in Fig. 3b. In contrast, for deff < cm−1 3 the
foam films do not stratify and the oscillations of dis
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α = 0.53
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1.0
Degree of micelle ionization, α

Fig. 4. (a) Plot of the theoretical total disjoining pressure,
Π = Πel + Πvw, vs. the film thickness, h, where Πel and
Πvw are calculated as explained in [38]. The two Π(h)
curves correspond to 50 and 100 mM SDS. Their intersec
tion points with the horizontal line Π = Pc determine the
respective theoretical values of h0. (b) Plot of the deter
mined h0 (for 50 mM SDS) vs. the micelle ionization de
gree, α. The intersection point of this theoretical curve
with the horizontal line h0 = h0,exp yields the physical value
of α; h0,exp is the experimental value of the final film thick
ness; details in the text.

joining pressure vanish [37]. This may happen at low
micelle concentrations, or at sufficiently high salt con
centrations. In the latter case, the Debye screening of
the electrostatic interactions is strong, and deff de
creases at the same cm−1 3.
2.4. Determination of the Micelle Charge from h0
The procedure for determination of the micelle
ionization degree, α, and charge, Z = αNagg, was pro
posed and successfully tested in [38]. This procedure is

based on the fact that the final film thickness, h0, de
pends on α because the counterions dissociated from
the micelles in the bulk (i) increase the Debye screen
ing of the electrostatic repulsion and (ii) increase the
osmotic pressure of the bulk phase, which leads to a
decrease of the film thickness h0 with the rise of mi
celle ionization, α. The key step in the procedure is to
accurately calculate the theoretical dependence h0(α).
This dependence is obtained from the equation:
(8)
Π(h0, α) = Pc.
As before, Π is the disjoining pressure of the foam film
in its final state, which depends on the film thickness,
h0, and on the degree of micelle ionization, α. Equa
tion (8) expresses a condition for mechanical equilib
rium of the liquid film stating that the disjoining pres
sure Π must be equal to the capillary pressure of the
adjacent meniscus, Pc [71]. For thin liquid films
formed in the SE cell, the capillary pressure Pc can be
accurately estimated from the expression [45]:
(9)
Pc = 2σ (1 − rc2 R 2 )−1,
R
where σ is the experimental surface tension of the sur
factant solution; R and rc are the cell and film radii
(Fig. 2). Expression for the theoretical dependence
Π(h0, α) is available and the computational procedure
is described in details in [38]. This procedure uses Nagg
as an input parameter, which is determined from Δh
using Eq. (4).
Figure 4a shows the theoretical Πvs.h0 depen
dencies (corresponding to Nagg and α from the table)
for solutions with 50 and 100 mM SDS. In accordance
with Eq. (8), the intersection point of the Π(h0) curve
with the horizontal line Π = Pc determines the physi
cal value of h0. The value of h0 thus obtained depends
on the value of α used to calculate the Π(h0) curve. By
varying α, one calculates the theoretical dependence
h0(α), which is shown in Fig. 4b for a foam film
formed from 50 mM SDS solution. Finally, the inter
section point of the theoretical dependence h0(α) with
the horizontal line h = h0,exp gives the physical value of
the ionization degree, α (Fig. 4b). Here, h0,exp is the
experimental final film thickness; see Fig. 3. The val
ues of α and of Z = αNagg determined in this way for
SDS, CTAB and CPC are given in the table.
The described method for determining Nagg, α and
Z from the stepwise thinning of foam films from micel
lar solutions of ionic surfactants (Fig. 3b) has the fol
lowing advantages. First, Nagg and α are determined si
multaneously, from the same set of experimental data.
Second, Nagg and α are obtained at each given surfac
tant concentration. Third, Nagg and α can be deter
mined even for turbid solutions, like those of carboxy
lates, where the micelles coexist with crystallites and
the lightscattering and fluorescence methods are in
applicable [38]. In Section 3.5, values of Nagg and α
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determined in this way are compared with data ob
tained (completely independently) from the fit of the
experimental CMCvs.saltconcentration depen
dence by a generalized phaseseparation model [39].
3. THE GENERALIZED PHASE
SEPARATION MODEL
3.1. The Chemical Equilibrium between Micelles
and Free Monomers
The “phase separation” models of micellization
[14, 72] are based on the condition for chemical equi
librium between monomers and micelles, which states
that the chemical potentials of a molecule from a given
component as a free monomer, and as a constituent of
a micelle, must be equal:

μ(w,0)
i

+ kT ln(γ i ci ) =

μ(mic,0)
i

+ kT ln( f i yi ).

(10)

Here, the subscript i numerates the components; µ (w,0)
i
is the standard chemical potential of a free monomer
in the water phase; ci and γi are the respective bulk con
centration and activity coefficient. Likewise, µ (mic,0)
is
i
the standard chemical potential of the molecule in the
micelles; yi and fi are the respective molar fraction and
activity coefficient. In the phase separation models,
the micelles are considered as quasimonodisperse,
i.e., µ(mic,0)
, yi and fi are assumed to be average values.
i
A basic parameter of the model is the micellization
constant, K i(mic), which is related to the difference be
tween the standard chemical potentials in Eq. (10):

ln K i(mic) = [µ (mic,0)
− µ (w,0)
] kT .
i
i

(11)

ln K i(mic) expresses the change of the standard free en
ergy (in kT units) upon the transfer of a free surfactant
monomer from the bulk into the micelle. For nonionic
surfactants, the following simple relation holds [72]:
(12)
K i(mic) = CMC i ,
where CMCi is the critical micellization concentra
tion for the pure component i.
For ionic surfactants, the model (Section 3.2) is
more complicated. It allows one to predict the CMC
of ionic micelles at various salt concentrations; the
CMC of mixed micelles from ionic and nonionic surfac
tants as a function of composition; the composition of
monomers that are in equilibrium with the micelles; the
degree of counterion binding; the micelle aggregation
number, charge and surface electric potential, and the
electrolytic conductivity of the micellar solutions [39].
3.2. The Complete System of Equations
For simplicity, let us focus on micellar solutions of
a single ionic surfactant, which represents 1 : 1 electro
lyte. Such solution contains at least two components,
viz. surfactant ions and counterions, which will be de
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noted with subscripts 1 and 2, respectively. It is as
sumed that the solution may also contain nonam
phiphilic electrolyte (salt) with the same counterions
as the surfactant. The complete system of equations
includes chemicalequilibrium relationships, like
Eq. (10), mass balance equations, expressions for the
activity coefficient, γ±, etc. Here, we will first give the
equations of the system, following [39], and then we
will separately discuss the physical meaning of each
equation:

ln(c1γ ± ) = ln K 1(mic) + ln y1 + Φ s,

(13)

ln c12 = ln K 1(mic) + ln y2,

(14)

c12 = K Stc1c2 γ 2±,

(15)

y1 + y 2 = 1,

(16)

c1 + c12 + cmic = C1,

(17)

c2 + c12 + y2cmic = C1 + Csalt,

(18)

log γ ± = −

A I + bI ,
1 + Bdi I

(19)

(20)
I = 1 (c1 + c2 + Csalt ).
2
Φs = e|ψs|/kT is the dimensionless micelle surface
electric potential; e is the elementary electric charge
and ψs is the dimensional surface potential; c1 and c2
are the bulk concentrations of free surfactant ions and
counterions (e.g., in the case of SDS, c1 and c2 are the
concentrations of free DS– and Na+ ions); c12 is the
concentration of free nonionized surfactant mole
cules in the bulk; y1 and y2 are the molar fractions of
the ionized and nonionized surfactant molecules in
the micelles (Fig. 1); C1 and Csalt are the total concen
trations of dissolved surfactant and salt; cmic is the
number of surfactant molecules in micellar form per
unit volume of the solution; I is the solution’s ionic
strength; K 1(mic) is the micellization constant of the
ionic surfactant, see Eq. (11); KSt is the Stern constant
characterizing the counterion binding to the surfac
tant headgroups. (Here, we consider the terms coun
terion binding, condensation and adsorption as syn
onyms.)
A, Bdi and b are parameters in the semiempirical
expression, Eq. (19), for the activity coefficient γ±
originating from the Debye–Hückel theory. Their val
ues at 25°C, obtained by fitting data for γ± of NaCl and
NaBr from [73] by Eq. (19), are A = 0.5115 M–1/2,
Bdi = 1.316 M–1/2 and b = 0.055 M–1. These values can
be used also for solutions of other alkali metal halides.
The physical meaning of Eqs. (13)–(20) is as fol
lows. Equations (13) and (14) express the chemical
equilibrium between monomers and micelles with
respect to the surfactant ions and nonionized surfac
tant molecules, respectively. In the latter case, the
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incorporation of nonionized surfactant molecules in
the micelles is thermodynamically equivalent to coun
terion binding to the surfactant headgroups at the
micelle surface. In a closed system, the final equilib
rium state is independent of the reaction path [74].
From this viewpoint, the equilibrium state of the sys
tem should be independent of whether (i) the associa
tion of surfactant ion and counterion happens in the
bulk, and then nonionized surfactant molecules are
incorporated in the micelles, or (ii) ionized surfactant
molecules are first incorporated in the micelles, and
afterwards, counterions bind to their headgroups. As
in [39], the term “nonionized” surfactant molecules
is used for both nondissociated molecules (such as
protonated fatty acids) and solventshared (hydrated)
ion pairs [75] of surfactant ion and counterion. Equa
tion (15) expresses the respective bulk association–
dissociation equilibrium relationship.
Equation (16) is the known identity relating the
molar fractions, y1 and y2, of the ionized and nonion
ized surfactant molecules in the micelle (Fig. 1).
Equations (17) and (18) express, respectively, the mass
balance of the surfactant (component 1) and counteri
on (component 2). As mentioned above, the surfactant
and salt are assumed to have the same counterions
(e.g., Na+ ions for SDS and NaCl). Equation (17) is
the semiempirical expression for the activity coeffi
cient (see above), and Eq. (20) expresses the ionic
strength, I, of the micellar solution. In Section 3.3, we
demonstrate that Eq. (20) follows from the jellium
model, Eq. (7), and the condition for electroneutrality
of the solution.
Equations (13)–(20) represent a system of 8 equa
tions that contains 9 unknown variables: c1, c12, c2,
cmic, y1, y2, γ±, I, and Φs. Hence, we need an additional
equation to close the system. Different possible clo
sures were verified [39]. The best results were obtained
with an equation proposed by Mitchell and Ninham
[76]. This equation states that the repulsive electro
static surface pressure, due to the charged surfactant
headgroups at the micelle surface, πel, is exactly coun
terbalanced by the nonelectrostatic component of the
micelle surface tension, γ0, that is πel = γ0. Physically,
γ0 is determined by the net lateral attractive force due
to the cohesion between the surfactant hydrocarbon
tails, and to the hydrophobic effect in the contact zone
tail/water at the micelle surface. Hence, γ0 is expected
to be independent of the bulk surfactant and salt con
centrations, i.e. γ0 = const.
The equation πel = γ0 expresses a lateral mechanical
balance of attractive and repulsive forces in the surface
of charges, i.e. in the surface where the micelle surface
charges are located. This equation can be expressed al
so in the form γ0 + γel = 0, where γel = –πel is the elec
trostatic component of the micelle surface tension. In
other words, the considered equation means that the
micelle is in a tensionfree state. The term “tension free

state” was introduced by Evans and Skalak [77] in me
chanics of phospholipid bilayers and biological mem
branes. Physically, zero tension means that the acting
lateral repulsive and attractive forces counterbalance
each other.
Using the theory of the electric double layer,
Mitchell and Ninham derived an expression for πel,
which was set equal to γ0. For a spherical micelle of ra
dius Rm at the CMC, the result reads [76]:

( )

2

8εε 0 κ kT ×
e
(21a)
Φ s ⎤⎫
2 Φs
2
⎡
× sinh
+
ln cosh
⎬ = γ 0.
κRm ⎢⎣
4
4 ⎥⎦ ⎭
Here, ε0 is the dielectric permittivity of vacuum; ε is
the relative dielectric constant of solvent (water); κ is
the Debye screening length and Rm is the radius of the
surface of charges for the micelle; γ0 is presumed to be
constant and represents one of the parameters of the
model characterizing a given ionic surfactant. Equa
tion (21a) is appropriate for interpreting the depen
dence of the CMC on the concentration of added salt
(see below). The lefthand side of Eq. (21a) represents
a truncated series expansion for large κRm.
At concentrations above the CMC, the counterions
dissociated from the micelles essentially contribute to
the Debye screening of the electrostatic interactions in
the solution. The Mitchell–Ninham closure,
Eq. (21a) can be generalized for surfactant concentra
tions ≥CMC, as follows [39]:

{ ( )

( )

( ){
( )
( )

( )

2
Φ
γ 0 = π el = 8εε 0 κ kT H (Φ s )sinh 2 s −
4
e
Φs
Φs
(21b)
− tanh
νΦ s 4
Φs ⎤
2
⎡
4
−
+
ln cosh
.
4 H (Φ )sinh Φ s κR m ⎢⎣
4 ⎥⎦
s
2
Equation (21b) also represents a truncated series ex
pansion for large κRm, where

( )}

⎡ G(Φ s ) ⎤
H (Φ s ) ≡ ⎢
⎥
⎣cosh(Φ s ) − 1⎦

12

(22)

,

G(Φ s ) ≡ cosh Φ s − 1 + ν(sinh Φ s − Φ s ),

(23)

yc
Zcm
(24)
= 1 mic < 1.
2(c1 + Csalt ) + Zcm
2I
The relation Zcm = y1cmic has been used. At the CMC
(cm → 0), we have ν → 0, H → 1, and Eq. (21b) reduc
es to Eq. (21a). The more general Eq. (21b) has to be
used when interpreting data for the electrolytic con
ductivity of micellar solutions at concentrations above
the CMC (see below).
Equations (13)–(21) form a complete system of
equations for determining the nine unknown vari
ables, c1, c12, c2, cmic, y1, y2, γ±, I, and Φs. For Eq. (21),
ν≡
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one can use Eq. (21a) for C1 = CMC and Eq. (21b) for
C1 ≥ CMC. Because the concentrations may vary by
orders of magnitude, the numerical procedure for
solving this system of equations is nontrivial. An ap
propriate computational procedure has been devel
oped in [39].
The system of Eqs. (13)–(21) contains only three
unknown material parameters, which can be deter
mined from fits of experimental data; these are the mi
cellization constant K1(mic); the nonelectrostatic com
ponent of the micelle surface tension, γ0, and the Stern
constant of counterion binding, KSt. Note that KSt can
be independently determined by fit of surface tension
data for the respective surfactant; see e.g. [35, 37].
3.3. Discussion on the Basic Equations
If Eq. (13) is subtracted from Eq. (14), and c12 is
eliminated from Eq. (15), one obtains:

y2
= K St γ ±c2exp( Φ s ).
y1

(25)

Equation (25) represents a form of the Stern isotherm
of counterion binding to the surfactant headgroups at
the micelle surface. In other words, the Stern isotherm
is a corollary from the equations of the basic system,
Eqs. (13)–(21). This fact mathematically expresses
the thermodynamic principle that the final equilib
rium state is independent of the reaction path; in our
case, of whether the association of surfactant ion and
counterion happens in the bulk or at the micelle sur
face (see above).
Next, let us discuss the expression for the ionic
strength, I, of the micellar solution. In the framework
of the jellium model [67, 68], which has been success
fully tested in many studies, the ionic strength is:
(26)
I = c1 + C salt + 1 y1cmic.
2
The first two terms, c1 + Csalt, represent the contribu
tions from the ionic surfactant monomers and the
added salt. The last term expresses the contribution of
the counterions dissociated from the micelles. In addi
tion, the electroneutrality of the solution leads to the
relationship:

c2 = c1 + C salt + y1cmic.

(27)

Here, the counterion concentration, c2, includes con
tributions from the dissociated surfactant monomers,
molecules of salt, and micelles. Formally, Eq. (27) can
be derived by subtracting Eq. (17) from Eq. (18), so
that it is not an independent equation from the view
point of the system of Eqs. (13)–(21). The elimination
of y1cmic between Eqs. (26) and (27) yields Eq. (20) for
the ionic strength of the micellar solution, I. Hence, in
view of the electroneutrality condition, Eq. (27), the
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expression of I by Eq. (20) is equivalent to the respec
tive expression of the jellium model, Eq. (26).
At given K1(mic), KSt and γ0, the solution of the sys
tem, Eqs. (13)–(21), gives the concentrations of all
species in the bulk: c1, c12, c2, and cmic; the composition
of the micelle: y1 and y2, and the micelle surface po
tential Φs. The degree of micelle ionization is α = y1,
whereas the degree of counterion binding at the mi
celle surface is θ = 1 – α = y2. Next, one can calculate
the number of surfactant headgroups per unit area of
the surface of charges:

N agg
(28)
= Γ1,
Am
where, as usual, Nagg is the micelle aggregation num
ber, and Am is the micelle surface area. Γ1 can be cal
culated from the relation between the surface electric
potential, Φs, and the surface charge density, y1Γ1,
originating from the electricdoublelayer theory [39]:

( )

12

Φ ⎡ G(Φ s ) ⎤
κy1Γ1
≈ 2 sinh s ⎢
+
4I
2 ⎣cosh Φ s − 1⎥⎦
(29)
⎧
Φs
νΦ s ⎡Φ s
Φ s ⎤⎫
4
+
−
− tanh
⎨tanh
⎬,
κR m ⎩
4
4 ⎦⎥ ⎭
G(Φ s ) ⎣⎢ 4
where G(Φs) and ν are defined by Eqs. (23) and (24).
(Higherorder terms in the expansions for κRm Ⰷ 1
have been neglected.) At the CMC, the micelle con
centration is negligible; then ν → 0 and Eq. (29) re
duces to a simpler expression derived in Refs. [76, 78]:

( )

( )

( )

( )

Φ
Φ
κy1Γ1
(29a)
≈ 2 sinh s + 4 tanh s .
κR m
4I
2
4
The second term ∝1/(κRm) in Eqs. (29) and (29a),
that accounts for the surface curvature of the micelle,
is always a small correction. Indeed, at the higher sur
factant concentrations we have 1/(κRm) Ⰶ 1. In addi
tion, Φs is greater at the lower surfactant concentra
tions, where sinh(Φs /2) Ⰷ tanh(Φs/4), so that the first
term in the righthand side of Eq. (29a) is predomi
nant again. Equations (29) and (29a) are approximate
expressions, because they take the curvature effect as a
first order approximation, but the curvature correction
term is always small, so that these two equations give
Γ1 with a very good accuracy [39].
Thus, the solution of the basic system, Eqs. (13)–
(21), along with Eq. (29) or (29a), yields Γ1. Next, for a
spherical micelle of radius Rm, we have Am = 4πRm2 , and
from Eq. (28) we determine the micelle aggregation
number Nagg. Finally, the micelle charge is Z = y1Nagg.

3.4. Interpretation of the Corrin–Harkins Plot
In 1947, Corrin and Harkins [79] showed that the
dependence of CMC of the ionic surfactants on the
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Fig. 5. (a) Plot of the CMC of CPC vs. the counterion con
centration at different concentrations of added salt: data
from [37, 80]; the solid line is the best fit corresponding to

K1(mic) = 0.0132 mM and γ0 = 2.289 mN/m. (b) Plot of the
running slope of the bestfit line, A1, and of the degree of
counterion binging, θ = y2 vs. the NaCl concentration; A1
and θ are calculated by solving the system of Eqs. (13)–
(21) and using Eq. (31).

solution’s ionic strength I becomes (almost) linear
when plotted in double logarithmic scale:

logCMC = A0 − A1 log I ,

(30)

A0 and A1 are constant coefficients. For 1 : 1 electro
lytes, at the CMC the ionic strength coincides with the
concentration of counterions: I = c2 = c1 + Csalt. As an
illustrative example, Fig. 5a shows the plot of data for
CPC from [37, 80] in accordance with Eq. (30).
Corrin [81] interpreted A1 as the degree of counte
rion binding, i.e. as the occupancy of the micellar
Stern layer by adsorbed counterions θ = 1 – α. Be
cause Eqs. (13)–(21) represent a complete system of
equations, they allow one to calculate the derivative
A1 =

d logCMC
,
d log I

(31)

and to compare the result with θ = y2. Thus, we could
verify whether really A1 is equal to θ. Explicit expres
sion for A1 can be found in [39].
For the specific case of CPC, values KSt = 5.93 M–1
and Rm = 2.58 nm have been obtained in [37]. Next,
the data in Fig. 5a have been fitted with the model
based on Eqs. (13)–(21), and the other two parame
ters have been determined from the best fit, viz.
K 1(mic) = 0.0132 mM and γ0 = 2.289 mN/m. The com
putational procedure is described in [39].
The solid line in Fig. 5a shows the best fit; one sees
that the dependence has a noticeable curvature, al
though it is close to a straight line. This is better illustrated
in Fig. 5b, where the dependencies of A1, from Eq. (31),
and θ = y2 corresponding to the best fit are plotted vs.
Csalt. The degree of counterion binding, θ = y2, is lower
than A1 at the lower salt concentrations (Fig. 5b).
Thus, at Csalt = 0 we have θ = 0.34, whereas A1 = 0.55.
Conversely, at the higher salt concentrations the cal
culations give y2 > A1. For example, at Csalt = 100 mM
we have θ = 0.85, whereas A1 = 0.77.
In summary, the comparison of the generalized
phaseseparation model, based on Eqs. (13)–(21),
with experimental Corrin–Harkins plots leads to the
following conclusions: (i) The Corrin–Harkins plot is
not a perfect straight line. (ii) In general, its slope, A1,
is different from the degree of counterion binding, θ;
we could have either A1 > θ or A1 < θ depending on the
surfactant concentrations. (iii) The fit of the experi
mental Corrin–Harkins plot allows one to determine
the parameters K 1(mic) and γ0 of the generalized phase
separation model. These conclusions are based not
only on the fit of data for CPC, but also for other ionic
surfactants in [39].
3.5. Test of the Theory against Data for Nagg,
α and Conductivity
Having determined the parameters of the model
(see Section 3.4), we are able to predict the micelle ag
gregation number and ionization degree, Nagg and α,
as well as all other parameters of the model, based on
Eqs. (13)–(21). As an example, the solid and dashed
lines in Fig. 6a show the calculated dependencies of
Nagg and α on the CPC concentration, C1, without
added salt. Nagg is calculated from Eqs. (28) and (29)
assuming spherical micelles Am = 4π Rm2 . In the con
centration range 10 ≤ C1 ≤ 50 mM CPC, the calculated
Nagg increases from 53 to 99, whereas α decreases from
0.42 to 0.28.
The symbols in Fig. 6a show data for Nagg and α
from the table, which have been determined com
pletely independently from the stepwise thinning of
foam films from CPC solutions. The theoretical lines
in the same figure are drawn substituting the indepen
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dently determined values of the parameters KSt, K 1(mic)
and γ0; see Section 3.4. In other words, the theoretical
lines in Fig. 6a are drawn without using any adjustable
parameters. The good agreement between these curves
and the experimental points confirms the correctness
of the generalized phaseseparation model from Sec
tion 3.2 [39].
Figure 6b shows a set of experimental data for the
electrolytic conductivity κe for CPC solutions from
[37]. The CMC appears as a kink in the conductivity
vs. surfactant concentration plot. The following equa
tion can be used for the quantitative interpretation of
conductivity [82, 83]:
(0)
κ e = κ 0 + λ1(0)c1 + λ (0)
2 c2 + λ co C salt

+ Z λ mcm − AI

32

(32)

+ BI .
2

At C1 < CMC, the data for conductivity κe of CPC
solutions in Fig. 6b are fitted by means of Eq. (32) with
cm = 0 and I = c2 = C1 + Csalt. Two parameters, λ 1(0) =
19.5 ± 0.1 cm2S/mol and κ0 = 0.002 ± 0.0002 mS/cm,
have been determined from this fit. The investigated
CPC sample contains an admixture of 0.08 mol %
NaCl, which has been taken into account.
At C1 > CMC the theoretical curve for κe in Fig. 6b
is calculated using Eq. (32) with λm = 0 and with
known values of all other parameters (no adjustable
parameters). The calculated line excellently agrees
with the experimental data, indicating that the micelles
give no contribution to the conductivity κe as carriers of
electric current. The same result was obtained also for
solutions of other ionic surfactants in [39]. This result
calls for discussion.
Vol. 76
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Here, λ 1(0), λ (0)
2 and λ co are the limiting (at infinite di
lution) molar conductances, respectively, of the sur
factant ions, counterions and coions due to the non
amphiphilic salt (if any). Here, it is assumed that all
electrolytes (except the micelles) are of 1 : 1 type. Val
ues of the limiting molar conductances of various ions
can be found in handbooks [84, 85]. The term Zλmcm
accounts for the contribution of the micelles to the
conductivity κe; λm stands for the molar conductance
of the micelles; as before, cm and Z are the micelle
concentration and charge. The constant term κ0 ac
counts for the presence of a background electrolyte in
the water used to prepare the solution. Usually, κ0 is
due to the dissolution of a small amount of CO2 from
the atmosphere; κ0 has to be determined as an adjust
able parameter. The last two terms of Eq. (32) present
an empirical correction (the complemented Kohl
rausch law) that accounts for longrange interactions
between the ions in the aqueous solution. It was exper
imentally established that the constant parameters A
and B are not sensitive to the type of 1 : 1 electrolyte
[82, 83].
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Fig. 6. Test of the theory against data for micellar solutions
of CPC. (a) Micelle aggregation number, Nagg, and ioniza
tion degree, α, vs. C1: the points are from table; the lines
are calculated by solving the system of Eqs. (13)–(21) with

K1(mic) and γ0 from Fig. 5a; no adjustable parameters.
(b) Electrolytic conductivity vs. C1: the experimental
points are from [37]; at C1 > CMC, the solid line is the the
oretical curve drawn according to Eq. (32) with λm = 0;
details in the text.

The quantitative analysis of the conductivity data
in [39] unambiguously yields λm identically equal to
zero in the whole range of investigated surfactant con
centrations. In other words, the conductivity is solely
due to the small ions, viz. the free counterions, the
surfactant monomers, and the ions of the added salt.
The micelles contribute to the conductivity only indi
rectly, through the counterions dissociated from their
surfaces.
One possible hypothesis for explaining the result
λm = 0, which was proposed and confirmed in [39], is
the following. The electric repulsion between a given
micelle and its neighbors is so strong that it can coun
terbalance the effect of the applied external electric
field, which is unable to bring the micelles into direc
tional motion as carriers of electric current. This inter
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ing Eq. (33) leads to a lower degree of micelle ioniza
tion α determined as an adjustable parameter.
In the detailed model, using the calculated concen
trations of all monomeric ionic species, we predicted
their total conductivity, which turned out to exactly
coincide with the experimentally measured conduc
tivity, κe, in the whole range of surfactant concentra
tions above the CMC. In other words, there is nothing
left for the micelles, so that their equivalent conduc
tance, λm, turns out to be zero (or negligible).
Finally, it should be noted that a generalization of
the model to the case of one ionic surfactant with sev
eral different kinds of counterions is available in [39].

+

+
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–

–
–

–

+
–

+

+

Fig. 7. Sketch of a mixed micelle of an anionic and a non
ionic surfactant. A part of the anionic headgroups is neu
tralized by bound counterions.

micellar repulsion is the same that determines deff in
Fig. 3a and the heights of the steps in Fig. 3b.
A simplified model with constant Nagg, α and c1 is
often used to determine the micelle ionization degree
α by interpretation of conductivity data, κe vs. C1, at
concentrations above the CMC; see e.g. Ref. [86]. In
the framework of the simplified model, the micellar
term in Eq. (32) is expressed in the form:

Z λ mc m =

α 2 N agge 2 N A
(C1 − CMC),
6πη R

(33)

where NA is the Avogadro number; C1 and CMC are to be
substituted in moles/m3; 1/(6πηR) is the hydrodynamic
mobility of the ions according to Stokes [82] with η being
the viscosity of water; the following relations have been
also used: Z = αNagg and cm = (C1 – CMC)/Nagg. Fur
ther, an average value of Nagg is taken from another ex
periment or from molecularsize estimate, and the de
pendence of κe on C1 above the CMC (see Fig. 6b) is
fitted with a linear regression and α in Eq. (33) is de
termined as an adjustable parameter from the slope.
Thus, the simplified model gives a constant value of
α for the whole concentration domain above the
CMC. This constant value is α = 0.21, calculated with
Nagg = 75 for CPC micelles [37]. It is considerably
smaller than α calculated using the detailed model,
which varies in the range 0.28–0.66 (Fig. 6a). These
results illustrate the fact that the simplified model gives
systematically smaller values of α than the detailed
model. The origin of this difference is the following:
In the simplified model, it is presumed that λm gives
a finite contribution to κe, see Eq. (33), and a part of
the electric current is carried by the micelles. Then, to
get the same experimental conductivity, κe, it is neces
sary to have a lower concentration of dissociated
counterions. As a result, the fit of the conductivity us

4. MIXED MICELLAR SOLUTIONS OF IONIC
AND NONIONIC SURFACTANTS
4.1. The Complete System of Equations
The model for ionic surfactants from Section 3.2
can be extended to the case of mixed solutions of ionic
and nonionic surfactant, which may contain also add
ed salt [39]. In this case, two additional variables ap
pear: the concentration of nonionic surfactant mono
mers, cn, and the molar fraction of this surfactant in
the micelles, yn. To determine these two variables, we
have to include two additional equations in the system
of Eqs. (13)–(21). In general, the interaction of the
two components in the mixed micelles (Fig. 7) should
be taken into account by introducing micellar activity
coefficients, f1 and f2. For reader’s convenience, here
we first give the complete system of equations for a
mixed solution of an ionic and a nonionic surfactant
from [39], and then the differences with respect to
Section 3.2 are discussed:

ln(c1γ ± ) = ln K 1(mic) + ln f1y1 + Φ s,

(34)

ln c12 = ln K 1(mic) + ln f1y2,

(35)

c12 = K Stc1c2 γ 2±,

(36)

y1 + y2 + y n = 1,

(37)

c1 + c12 + (y1 + y2 )cmic = C1,

(38)

c2 + c12 + y2cmic = C1 + C salt ,

(39)

log γ ± = −

A I + bI ,
1 + Bdi I

(40)

I = 1 (c1 + c2 + Csalt ),
2
π el (κ, Φ s ) = f1 y1γ 1,0,

(42)

ln cn = ln K n(mic) + ln( f n yn ),

(43)

(41)

(44)
cn + yncmic = Cn.
The function πel(κ, Φs) in Eq. (42) is equal to the left
hand side of Eq. (21a) or (21b), respectively, at C1 =
CMC and C1 ≥ CMC; γ1,0 equals the nonelectrostatic
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component of the surface tension γ0 for a micelle from
the ionic component 1 alone, which can be deter
mined from a fit like that in Fig. 5a. The micellar ac
tivity coefficients f1 and f2 can be expressed from the
regular solution theory [87]:
(45)
f1 = exp(β y n2 ), f n = exp[β(1 − y n )2].
β is an additional parameter of the model that charac
terizes the interactions between the two surfactant
components in the micelle, and which is liable to de
termination as an adjustable parameter from fits of ex
perimental data (see below).
Equations (34)–(42) are counterparts of Eqs.
(13)–(21) in the case of single ionic surfactant. The
differences are that Eqs. (34) and (35) contain the ac
tivity coefficient f1; Eq. (37) includes the molar frac
tion of the nonionic surfactant, yn; Eq. (38) accounts
for the fact that now the sum y1 + y2 is not equal to 1;
Eq. (42) takes into account that only the ionic surfac
tant contributes to the electrostatic surface pressure of
the mixed micelle, πel; Eq. (43) expresses the chemical
equilibrium between micelles and monomers with re
spect to exchange of the nonionic surfactant, and fi
nally, Eq. (44) expresses the mass balance of the non
ionic surfactant.
Equations (34)–(45) represent a complete system
of equations for determining the 13 unknown vari
ables: c1, c12, c2, cn, cmic, y1, y2, yn, f1, fn, γ±, I, and Φs.
This system contains only 5 thermodynamic parame
ters: KSt, K 1(mic), γ1,0, K n(mic) and β. The first three of
them characterize the ionic surfactant; they have been
already determined for a number of ionic surfactants –
see Table 3 in [39]; for CPC – see Section 3.4 above.
K n(mic) equals the CMC of the pure nonionic surfac
tant, see Eq. (12), which is known from the experi
ment. Then, only the interaction parameter β, which
characterizes a given pair of surfactants, remains to be
determined as a single adjustable parameter by fit of
experimental data; see Fig. 8.
It should be noted that the lefthand sides of Eqs.
(21a) and (21b), which are expressing πel, contain the
micelle radius Rm. For a mixed micelle, Rm can be es
timated by a linear mixing relation
(46)
Rm = (1 − yn )R1 + yn Rn,
where R1 and Rn can be estimated as the lengths of the
molecules of the respective surfactants.
In addition, expressing yn, y1 and y2 from Eqs. (34),
(35) and (43), and substituting the results in Eq. (37),
we derive:
−Φ

γ xe s +x
xn
1
(47)
,
= ± 1 (mic) 12 +
(mic)
CMC M
f 1K 1
fnK n
where CMCM is the CMC of the mixed surfactant so
lution; x1, x12 and xn are the molar fractions of the re
spective amphiphilic components in monomeric form
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Fig. 8. Test of the theory against experimental data for
mixed solutions of SDS and C10G. Plot CMCM vs. the
SDS mole fraction z1: the points are data from [89] at four
different fixed NaCl concentrations denoted in the figure;
the lines are fits to the data by the model in Section 4.1; all
lines correspond to the same β = –0.8 determined from
the fit [39].

(x1 + x12 + xn = 1), which at the CMC (negligible mi
celle concentration) represent the composition of the
solution. We have used the relation ci = xiCMCM (i =
1, 12, n). In many cases, the bulk molar fraction of
nonionized molecules of the ionic surfactant is very
small, x12 Ⰶ 1, so that it can be neglected in Eq. (47).
x12 can be important for carboxylate solutions, as well
as at high concentrations of added salt.
To determine the dependence of CMCM on the
composition of the micellar solution characterized by
x1, we have to solve the system of Eqs. (34)–(45). Note
that in this special case cmic = 0 and x1 is an input pa
rameter. Then, the number of equations has to be de
creased with two. This happens by replacement of the
four Eqs. (38), (39), (41) and (44) with the following
two equations: c2 = I = c1 + Csalt. A convenient compu
tational procedure for determining the dependence of
CMCM on x1 is proposed in [39].
In the limiting case of two nonionic surfactants,
Φs = 0, γ± ≈ 1 and x12 = 0. Then, in view of Eq. (12) the
expression for CMCM in Eq. (47) reduces to the known
formula for nonionic surfactants; see e.g. [72, 88].
4.2. Test of the Model against Experimental Data
In Fig. 8, the theoretical model from Section 4.1 is
tested against a set of experimental data from [89]
for the CMC of mixed aqueous solutions of the anion
ic surfactant SDS and the nonionic surfactant ndecyl
βDglucopyranoside (C10G) at different concentra
tions of added NaCl, Csalt. The parameters KSt, K 1(mic),
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γ0,1 and R1 for SDS were taken from Table 3 in [39].
For C10G we have K n(mic) = CMCn = 2 mM and Rn =
2.5 nm. All four experimental curves in Fig. 8 have
been fitted simultaneously and a single value β = –0.8
has been obtained. The small magnitude and negative
sign of β means that the mixture of these two surfac
tants is slightly synergistic. The fact that β is indepen
dent of Csalt means that the electrostatic doublelayer
interactions are adequately taken into account by Eqs.
(34) and (42), so that the value of β is determined only
by the nondoublelayer interactions between the two
surfactants, as it should be expected [39].
At the highest salt concentration, 300 mM NaCl,
the bulk molar fraction of the nondissociated SDS
molecules, x12, is not negligible. The data for CMCM
in Fig. 8 are plotted against the total (input) molar
fraction of SDS, viz. z1 = x1 + x12, which is known from
the experiment.
At surfactant concentrations much above the CMC,
the composition of the micelles (y1 + y2, yn) is practically
identical with the input composition (z1, zn), because
the amount of surfactant in monomeric form is negli
gible. In contrast, at the CMC the concentration of
micelles is negligible, and then the input composition
(z1, zn) becomes identical with the composition of the
monomers (x1 + x12, xn). Usually x12 is also negligible,
except at high salt concentrations or protonation of
carboxylates. At the CMC, the micelle composition
(y1 + y2, yn) is unknown, but it can be predicted by the
theoretical model, together with the micelle charge
and surface electric potential. Such calculations have
been carried out in [39] for various mixtures of ionic
and nonionic surfactants, on the basis of fits of CMCM
vs. composition dependencies, like that in Fig. 8. The
main conclusions from this analysis are as follows.
The results show that the effect of counterion bind
ing in the mixed micelles is essential only at the highest
molar fractions of the ionic surfactant, x1 > 0.90. At
lower x1 values, y2 ≈ 0. The high degree of ionization of
the ionic surfactant in the mixed micelle gives rise to a
relatively high micelle surface electric potential, ψs,
even at x1 ≈ 0.20. The electrostatic repulsion micelle–
monomer makes the incorporation of the ionic com
ponent in the micelles less advantageous than of the
nonionic one. For this reason, at the CMC the mi
celles are enriched in the nonionic component: yn > y1
and yn > xn. This effect can be diminished if the ionic
surfactant has a longer hydrophobic tail than the non
ionic one.
In general, the main factors in the competition be
tween the two surfactants to dominate the micelle are
(i) the hydrophobic effect related to the length of the
surfactant hydrocarbon chain, which is taken into ac
count by the micellization constants K 1(mic) and K n(mic),
and (ii) the electrostatic potential ψs that diminishes
the fraction of the ionic surfactant in the mixed mi

celles. In comparison with the effects of the micelliza
tion constants and ψs, the effect of the interaction pa
rameter β represents a relatively small correction.
The analysis of experimental data for the CMC of
various mixed ionic + nonionic surfactant solutions
showed also that for all of them the ranges of variation
of the micelle surface potential and electrostatic sur
face pressure are in the same range: 0 < |ψs| < 120 mV
and 0 < πel < 5 mN/m, upon variation of ionicsurfac
tant molar fraction in the interval 0 < x1 < 1.
5. SUMMARY AND CONCLUSIONS
In this article, two independent approaches for de
termining the aggregation number and charge of ionic
surfactant micelles are presented and discussed. The
first approach is based on the analysis of data for the
stepwise thinning (stratification) of liquid films
formed from micellar solutions. The height of the step
yields the micelle aggregation number, Nagg, whereas
the final thickness of the film (without micellar layers)
gives the micelle charge, Z [37, 38]. The second ap
proach is based on a complete system of equations (a
generalized phase separation model) that describes the
micelle–monomer equilibrium, including the counte
rion binding effect [39]. The three parameters of this
model can be determined by fitting a given set of ex
perimental data, for example, the dependence of the
CMC on the salt concentration (Section 3.4). Having
once determined the parameters of the model, one can
further predict all properties of the micelles and mono
mers. The values of the micelle aggregation number,
Nagg, and the ionization degree, α, independently de
termined by the two methods, are in good agreement
(Fig. 6b).
In addition, using the calculated concentrations of
all monomeric ionic species, we can predict also their
total conductivity, which turns out to exactly coincide
with the experimentally measured electrolytic conduc
tivity of the micellar solutions in the whole range of sur
factant concentrations above the CMC (Fig. 6b). In
other words, the contribution of the micelles to the so
lution’s conductivity is negligible, so that their equiva
lent conductance, λm, turns out to be practically zero.
These results on stratifying films and conductivity
of micellar solutions imply that the micelles, together
with their counterion atmospheres, behave as a self
stressed system of effective soft spheres, which are
pressed against each other in the confined space of the
solution, or in the liquid film. In the case of stratifica
tion (Fig. 3), the internal stress of this system opposes
the external pressure and determines the thickness of
the films containing micelles. In the case of conduc
tivity measurements, the applied external electric field
is weaker than the intermicellar repulsion and cannot
bring the micelles into directional motion. An experi
mental indicator for the formation of such selfstressed
system of charged micelles is the stratification of the
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liquid films. A theoretical indicator is the fulfillment of
the relation deff = (cm)–1/3, where the effective micelle
diameter deff is calculated from Eq. (5) [37, 38].
The theoretical model is generalized to mixed solu
tions of ionic and nonionic surfactants (Section 4).
The generalized model predicts the CMC of mixed
surfactant solutions; the dependence of the CMC on
the electrolyte concentration; the concentrations of
the monomers that are in equilibrium with the
micelles; the solution’s electrolytic conductivity; the
micelle composition, aggregation number, ionization
degree and surface electric potential. The model can
find applications for the analysis, interpretation and
prediction of the properties of various micellar solu
tions of ionic surfactants and their mixtures with non
ionic surfactants.
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