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a b s t r a c t
The ladder model of growth of cylindrical micelles gives expressions for the micellar size distribution and for the
mean aggregation number, which are in good agreement with the experiment. Here, we consider this model and
its extension to the case of disclike micelles. In analogy with the modeling of elongated micelles as spherocylinders, the disclike micelles can be modeled as toro-discs. Upon micelle growth, the hemispherical caps of a
cylindrical aggregate remain unchanged, whereas the semitoroidal periphery of a disclike micelle expands.
This effect can be taken into account in the expression for the size distribution of the disclike micelles, which predicts the dependence of the micelle mean aggregation number on the surfactant concentration. It turns out that
disclike micelles could form in a limited range of surfactant concentrations, and that their mean aggregation
number cannot exceed a certain maximal value. Large disclike micelles can exist only near the border with the
domain of cylindrical micelles. Then, small variations in the experimental conditions could induce a transformation of the disclike micelles into cylindrical ones.
© 2013 Elsevier Ltd. All rights reserved.

1. Introduction
The disclike surfactant micelles can be considered as predecessors of
the lamellar phase in the same way as the cylindrical micelles are predecessors of the formation of hexagonal phase. Then, a question arises:
Why do the disclike micelles represent a rare form of self-assembly
[1,2], despite the fact that lamellar phases are often observed? In the
present article, we will try to answer this question on the basis of a
recently developed model of the growth of disclike micelles [3], which
upgrades the ladder model for cylindrical micelles [4].
Although disclike micelles are not so frequently observed, there is a
considerable amount of accumulated experimental material from the
investigations of such self-assemblies, termed also nanodiscs or bicelles.
Single component disclike micelles have been detected in solutions of
anionic [5]; nonionic [6] and ﬂuorinated surfactants [7–10]. Nanodiscs
have been observed and investigated in various binary mixtures of cationic and anionic (catanionic) surfactant solutions [1,11–15]. Discoidal
micelles and nematic phase from such micelles have been detected in
ternary mixtures of lauric acid with anionic and zwitterionic surfactants
[16]. Disc-shaped aggregates are formed also in solutions of diblock and
triblock copolymers [17–22]. Such aggregates are formed also by phospholipids dispersed in water [23,24] and in aqueous surfactant/lipid
systems [25]. The self-assembly of discoidal micelles has been found
to be a transitional kinetic stage in the processes of formation and
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decomposition of liposomes [26,27]. Disc-shaped aggregates have
been discovered also in solutions of bile salts [28–30] and their mixtures
with phospholipids [31].
Shape polydispersity and shape ﬂuctuations in ionic surfactant micelles have been analyzed and transitions from spherical micelles to
prolate and oblate spheroids have been predicted in the frame of a theoretical model [32] as well as by computer simulations [33]. Branching
instabilities in growing cylindrical and disclike micelles have been also
investigated [34]. The formation of such micelles and their transformation into liquid crystalline phases was theoretically described in terms
of the Helfrich's curvature moduli [35,36] and lattice Hamiltonian
models [37]. The phase transitions between isotropic and columnar
phases (for rodlike micelles), as well as between isotropic and lamellar
phases (for disclike micelles) have been theoretically studied [38].
It was established that the size of the cylindrical aggregates increases
continuously with concentration, while the size of the discs could
jump from small to inﬁnite [37,39]. For cylindrical micelles, there
are molecular–thermodynamic models, coupled with geometricalconstraint considerations, which quantitatively predict the micelle
growth with the rise of surfactant concentration [4,40,41]. A molecular–thermodynamic model of disclike micelles was recently developed
[3], which quantitatively describes the variation in the micelle size
with the increase of surfactant concentration in agreement with the
experiment.
To answer the question formulated in the beginning, here we ﬁrst
compare expressions for the mean aggregation number and area
per surfactant-molecule headgroup for different micellar geometries:
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spherical, cylindrical, discoidal and toroidal (Section 2). Next, the ladder
model for cylindrical micelles is considered (Section 3) in view of its
subsequent generalization to disclike micelles (Section 4). Special
attention is paid to the size distribution of the disclike micelles; to its
application for predicting the micelle mean aggregation number and
to the limitations on the growth of such micelles.
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periphery that represents a semitorus of radius R (Fig. 1). The volume
and the surface area of the disclike micelle can be expressed in the form:
V ¼ V d þ V t;

A ¼ Ad þ At

ð2:3Þ

2. Geometrical relations for spherical, cylindrical and disclike micelles

where the indices ‘d’ and ‘t’ refer to the discoidal and toroidal parts
of the micelle, respectively. The volume and the surface area of the
discoidal part are:

2.1. Aggregation number and area per molecule

Vd ¼

Because of the different surface curvature of spherical, cylindrical
and disclike micelles, the surface area per headgroup is the largest for
the spherical micelles and the smallest for the disclike ones. For the
needs of the ladder model extension, here we summarize the basic
equations that quantify this effect. For simplicity, we will consider
single-component micelles. If the composition of mixed micelles is independent of their size (negligible segregation effects due to the greater
peripheral curvature), the expressions for single-component micelles
can be applied to multi-component ones in terms of average values [3].
For a spherical micelle, we have the following estimates [40,41]:

Likewise, the volume and surface area of the toroidal periphery of
the micelle are [3]:

ns ¼

3

πR
;
v

4
3

πR2 L
;
v

Ad ¼

π2 2
4 3
R L þ πR ;
3
2

as ¼

4πR
3v
¼
R
ns

ac ¼

2πRL 2v
¼
nc
R

π 2
L
2

ð2:4Þ

2

2

At ¼ π RL þ 4πR :

ð2:5Þ

The number of surfactant molecules nd and the area ad in the discoidal part of the micelle are as follows:
nd ¼

V d πRL2
¼
;
v
2v

ad ¼

2

πL2 v
¼
2nd R

ð2:6Þ

ð2:1Þ

ns is the aggregation number of the spherical micelle; R is the radius of
its hydrophobic core; as is the area per molecule relative to the surface
of the hydrophobic core; v is the volume per hydrocarbon chain in the
micelle.
Assuming that a cylindrical micelle consists of a cylinder of length L
and two hemispherical caps of radius R equal to the cylinder's radius
(Fig. 1), we obtain:
nc ¼

Vt ¼

π 2
RL ;
2

ð2:2Þ

nc is the aggregation number of the cylindrical part of the micelle; ac is
the area per molecule relative to the cylindrical part of the surface of
the hydrophobic core.
In analogy with the cylindrical micelles, which are modeled as
“sphero-cylinders”, the disclike micelles can be modeled as “torodiscs”, consisting of a disc of diameter L and thickness 2R, and of a

where Eq. (2.4) was used. Summarizing Eqs. (2.1), (2.2) and (2.6), we
obtain:
ad ¼

v
;
R

ac ¼

2v
;
R

as ¼

3v
:
R

ð2:7Þ

In other words, the area per molecule is the smallest for the discoidal
part of a micelle and the largest for a spherical micelle.
For the toroidal periphery of the disclike micelle, in analogy with
Eq. (2.6), using Eq. (2.5) we obtain:
nt ¼

at ¼

!
V t 1 π2 2
4 3
¼
R L þ πR ;
v 2
3
v
At πL þ 4R 2v
¼
πL þ 83R R
nt

ð2:8Þ

ð2:9Þ

where nt and at are, respectively, the total number of surfactant molecules and the area per molecule in the toroidal part of the disclike micelle. Eq. (2.8) shows how the number of surfactant molecules in the
toroidal part of the micelle increases with the micelle diameter L. In
the limit L = 0, the “toro-disc” becomes a sphere, and Eq. (2.8) yields
nt = ns; see Eq. (2.1).
The comparison of Eqs. (2.1), (2.2) and (2.9) leads to the following
inequalities:
2v
3v
¼ ac ≤at ≤as ¼
:
R
R

Fig. 1. Sketch of a micelle of aggregation number n, which includes np molecules belonging
to the micellar periphery. A rotation around the horizontal axis yields a sphero-cylindrical
micelle of cylinder length L and radius R, which equals the radius of the two hemispherical
caps. A rotation around the vertical axis yields a toro-disc shaped micelle with disc diameter L and thickness 2R, where R is also the radius of the micelle semitoroidal periphery.

ð2:10Þ

Thus, the area per molecule in the toroidal part of the micelle is
greater than that for a cylindrical micelle, but smaller than that for a
spherical micelle. For large disclike micelles (L → ∞), Eq. (2.9) yields
at → ac, whereas for small disclike micelles (L → 0), Eq. (2.9) yields
at → as.
The expression ad = v/R was obtained only on the basis of considerations about the radius and volume of the micelle hydrophobic core; see
Eq. (2.6). This is possible only if the surfactant headgroups are relatively small and do not impose any geometrical constraints. For the
headgroups, we can deﬁne ah as the average excluded area per
headgroup at close packing, projected on the surface of the micelle
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hydrophobic core. Apparently, we should have ad ≥ ah. Then, the
generalized deﬁnition of ad is [3]:

ad ¼

v=R for v=RNah
:
ah
for v=R≤ah

ð2:11Þ

2.2. Radius of gyration and hydrodynamic radius
By static and dynamic light scattering one can determine the micelle
mean radius of gyration, Rg, and hydrodynamic radius, Rh [42–44]. Next, if
the micelle is modeled as a prolate or oblate spheroid, from the measured Rg, and Rh one can calculate the mean values of the spheroid
semi-major and semi-minor axes, a and b [45].
For disclike micelles, the toro-disc model is more realistic than the
one with oblate spheroid. For toro-disc shaped micelles, the following
expressions for Rg, and Rh have been recently derived [3]:
2

Rg ¼

L2 1 þ 2π u þ 56u2 =3 þ 8π u3 þ 64 u4 =5
;
8
1 þ π u þ 8u2 =3

3
Rh ¼ b þ L;
8

ðtoro−discÞ

ð2:12Þ

ð2:13Þ

where u = b/L; by deﬁnition, b = R + δh is the length of the surfactant
molecule, where R is the length of the surfactant hydrophobic chain and
δh, is the surfactant headgroup diameter.
Eqs. (2.12) and (2.13) can be used as a criterion to prove whether the
micelles are disclike from experimental light scattering data for Rh and
Rg. The parameter b is usually known — it is approximately equal to
the length of the surfactant molecule, estimated from molecular-size
considerations [41]. Then, from Eq. (2.13) we ﬁnd L = 8(Rh − b)/3.
Next, L is substituted in Eq. (2.12) to calculate Rg. If the calculated and
measured Rg values are close, then the micelles should be disclike.
A similar criterion for cylindrical (rodlike) micelles can be based on
analogous theoretical expressions for Rh and Rg, as follows [45]:
Rh ¼

Rg ¼

b expðsÞ
;
8:24 12
þ 2
2s−0:19−
s
s
L2 b2
þ
12 2

ð2:14Þ

!1=2
ðhard rodÞ

ð2:15Þ

where s = ln(L/b); L and b are, respectively, the cylinder's length and
radius.
It should be noted that Eqs. (2.14) and (2.15) are derived for cylinders without hemispherical caps. For sufﬁciently large micelles, the
hemispherical caps give a negligible contribution to Rh and Rg, but
make the respective integrals unsolvable in terms of elementary
functions.
3. The ladder model for cylindrical micelles
3.1. Micelle size distribution
The ladder model by Missel et al. [4] was initially derived to describe
the growth of cylindrical micelles. It is based on the chemical equilibrium relationship between the micelles of aggregation number n and the
free surfactant monomers:
nμ 1 ¼ μ n

ð3:1Þ

where μ 1 ¼ μ 1 þ kT ln X 1 and μ n ¼ μ n þ kT ln X n are the chemical
potentials of the monomers and micelles, respectively; μ 1 and μ n are
standard chemical potentials; X1 and Xn are the molar fractions of
monomers and micelles of aggregation number n in the solution; k is

the Boltzmann constant; T is the absolute temperature. Substituting
the latter expressions in Eq. (3.1) and taking inverse logarithm, we
obtain the micelle size distribution [4]:


μ −nμ 1
n
X n ¼ X 1 exp − n
:
kT

ð3:2Þ

So far, we did not make any assumptions concerning the micelle
shape. Hence, Eq. (3.2) is applicable to both cylindrical and disclike
micelles. Generalization to multi-component micelles can be found in
Ref. [3].
The basic assumption of the ladder model is that the standard
chemical potential of the cylindrical micelle is a sum of contributions
from its cylindrical part and from its two hemispherical caps [4]:
ðcÞ

ðsÞ

μ n ¼ μ ðn−ns Þ þ μ ns :

ð3:3Þ

This relationship corresponds to Fig. 1 with np = ns; μ ðsÞ and μ ðcÞ are
the standard chemical potentials of surfactant molecules in the spherical
and cylindrical parts of the micelle, respectively; n is the total number of
surfactant molecules contained in the micelle, whereas ns is the total
number of surfactant molecules contained in the two hemispherical
caps. Substituting Eq. (3.3) into Eq. (3.2), one obtains [4]:
Xn ¼

 
1 X1 n
;
K XB

X1
b1;
XB

n ≥ns

ð3:4Þ

where
1
0  ðsÞ
ns μ −μ ðcÞ
@
A;
K ¼ exp
kT
!
μ ðcÞ −μ 1
X B ¼ exp
:
kT

ð3:5Þ

ð3:6Þ

Eq. (3.4) represents the micelle size-distribution for n ≥ ns, where
n = ns corresponds to the smallest spherical micelles. Eq. (3.4) implies
that the micelle concentration Xn exponentially decreases with the
rise of the aggregation number n. The total (input) molar fraction of
surfactant in the solution is:
X ¼ X1 þ

∞
X

ð3:7Þ

nX n

n¼ns

The substitution of Eq. (3.4) into Eq. (3.7) yields:
K ðX−X 1 Þ ¼

∞
X

n

nq ¼

n¼ns

∞ 
X
n
n
ns q þ ðn−ns Þq

ð3:8Þ

n¼ns

where q ≡ X1/XB must be smaller than 1 to have a convergent series. The
ﬁrst term in the brackets expresses the contribution from the hemispherical caps, whereas the second term is the contribution from the
micelle cylindrical part (Fig. 1). The summation in Eq. (3.8) leads to:
ns

K ðX−X 1 Þ ¼ ð1−εÞ

ns 1−ε
þ 2
ε
ε

ð3:9Þ

where ε = 1 − q. As above, the two terms in the brackets in Eq. (3.9)
represent, respectively, contributions from the hemispherical caps and
from the cylindrical parts of the micelles. If large cylindrical (rodlike or
wormlike) micelles are present in the solution, then the last term in
the brackets must be predominant, which means that the growth of micelles with the rise of surfactant concentration corresponds to ε → 0.
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3.2. Mass-average micelle aggregation number
By deﬁnition the mass-average micelle aggregation number is:
∞
X

nM ¼

!
2

n Xn =

n¼ns

∞
X

nX n :

ð3:10Þ

n¼ns

In view of Eqs. (3.4), (3.7) and (3.9), the summation in Eq. (3.10)
yields [4]:
nM ¼

2
n ðn −1Þε
−1 þ s s
ε
1 þ ðns −1Þε

ðcylindrical micellesÞ

ð3:11Þ

Eqs. (3.9) and (3.11) give the dependence of nM on the total surfactant concentration, X, in a parametric form: X = X(ε) and nM ¼ nM ðεÞ.
An approximate asymptotic expression for the dependence nM ðX Þ at
large K(X − X1) can be obtained by expanding in series in Eqs. (3.9)
and (3.11), and eliminating ε [3,4]:
nM ¼ 2½K ðX−X 1 Þ

1=2

þ



1 þ 6ns ðns −1Þ
1
þ
O
K ðX−X 1 Þ
4½K ðX−X 1 Þ1=2

ð3:12Þ

The ﬁrst term in the right-hand side is the leading one, so that the
plot of nM vs. (X − X1)1/2 must be a straight line with slope 2 K1/2 [4].
Fig. 2 shows a plot of data for nM vs. (X − X1)1/2 from Ref. [46] for
cylindrical micelles formed in aqueous solutions of the anionic surfactant sodium lauryl ether sulfate with two ethylene-oxide groups
(SLES-2EO). All solutions contain 0.7 M NaCl, which suppresses the
electrostatic repulsion between the surfactant headgroups and promotes the micelle growth. As seen in Fig. 2, the experimental data comply well with a straight line in agreement with Eq. (3.12). The slope of
the straight line is K = 5.22 × 109, which conﬁrms that the quantity
K(X − X1), used in the power expansion, Eq. (3.12), is really large in
the experimental range of X values.

As before, n is the total aggregation number; nt is the number of
surfactant molecules in the semitoroidal periphery of the micelle; μ ðdÞ
and μ ðtÞ are standard chemical potentials of a molecule that belongs,
respectively, to the discoidal and toroidal part of the micelle. For disclike
micelles, nt and the area per molecule in the toroidal periphery, at,
depend on L; see Eqs. (2.8) and (2.9). For this reason, μ ðtÞ also depends
on L. To take into account this dependence, in Eq. (4.1) we can expand
μ ðtÞ in series around a = as [3]:
μn ¼ μ
≈μ

ðdÞ

ðdÞ



ðt Þ
ðdÞ
nt
n þ μ −μ

nþ μ

μ n −nμ

ð1Þ

μn ¼ μ

ðdÞ

ðt Þ

ðn−nt Þ þ μ nt

ð4:1Þ

þ

∂μ
ðdÞ
ða −as Þ−μ
nt :
j
∂a a¼as t







ðsÞ
ðdÞ
ðd Þ
ð1Þ
ðcÞ
ðdÞ 3πL
n:
ns þ μ −μ
n þ μ −μ
≈ μ −μ
8R s

ð4:2Þ

ð4:3Þ

The substitution of Eq. (4.3) in Eq. (3.2) leads to the following
expression for the size distribution of the disclike micelles [3]:
Xn ¼



1
3π
exp −ε n− ns px
K
8

ð4:4Þ

where
ðsÞ

μ −μ
kT

K ≡ exp

μ

X B ≡ exp

The disclike micelle can be modeled as a combination of disc and
torus (toro-disc, see Fig. 1). Then, the micelle standard chemical
potential μen can be expressed in the form:

ðsÞ

Using Eqs. (2.8) and (2.9), after some transformations described in
Ref. [3], one obtains:

4. The ladder model for disclike micelles
4.1. Size distribution of the disclike micelles
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ðdÞ

ðdÞ

−μ
kT

x¼

L
;
R

p¼

μ ðcÞ −μ ðdÞ
kT

!
ns ;

ð1Þ

ð4:5Þ

!
;

ð4:6Þ

X1
¼ expð−εÞ;
XB

ð4:7Þ

ð4:8Þ

For p = 0, Eq. (4.4) is mathematically identical to the respective expression for cylindrical micelles, Eq. (3.4). The term with p in Eq. (4.4)
accounts for the increment of the excess peripheral energy of the
disclike micelle. For positive p, the peripheral energy increases with
the rise of disc diameter. The quantities n and x are not independent.
Combining Eqs. (2.1), (2.6), (2.8) and (4.7), we obtain:
n ¼ nd þ nt ¼

3ns 2 3ns
x þ
πx þ ns :
8
8

ð4:9Þ

It is convenient to represent the micelle size distribution, Eq. (4.4),
in the form:
Xn ¼

1
8
2
exp −εs x −π ðps þ εs Þx− εs
K
3

ð4:10Þ

where
Fig. 2. Plot of the mass-average aggregation number, nM , of cylindrical micelles vs.
(X − X1)1/2 for solutions of SLES-2EO containing 0.7 M NaCl; data from Ref. [46]. The
monomer mole fraction X1 corresponds to the CMC.

εs ≡

3ns
ε
8

and

ps ≡

3ns
p:
8

ð4:11Þ
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4.2. Total surfactant molar fraction and mass-average aggregation number
The total surfactant molar fraction X is given by Eq. (3.7). In view of
Eq. (4.10), it is convenient to replace the summation by integration
using the Euler–Maclaurin formula:
∞
X

X−X 1 ¼

nX n ≈

n¼ns

ns X ns
2

Z∞
þ

nX n dn:

ð4:12Þ

ns

Substituting n and Xn from Eqs. (4.9) and (4.10) in Eq. (4.12), and
solving the integral, we obtain [3]:
K ðX−X 1 Þ ¼






3ns 2
8ε
32
exp − s
þ J1
9ns
8
3

ð4:13Þ

where

Fig. 3. Illustrative plot of the interaction free energy per surfactant molecule
μ, scaled
with kT,


vs. the surface area per surfactant molecule in the micelle, a, for p ≡ μ ðcÞ −μ ðdÞ =ðkT Þ N 0, at
which disclike micelles are formed; details in the text.

2

J1 ¼

3π ps ðps −εs Þ þ 4εs ð3 þ 8εs Þ
12ε 3s


2
2
2
3π ps −εs þ 2εs ð9 þ 16ε s Þ
3=2
ξ2
−
ps π ð1−erfξÞe :
7=2
24εs

ð4:14Þ
contact area between the micelle hydrophobic core with the surrounding water gives rise to an effective attraction.
Based on estimates of the Gibbs free energy of the micellar solution,


G = ΣiNiμi, in Ref. [3] it is proven that if p ≡ μ ðcÞ −μ ðdÞ =ðkT Þb0, then

erfξ is the conventional error function, and
ξ≡

π ðps þ εs Þ

ð4:15Þ

1=2

2εs

The mass-average aggregation number nM is deﬁned by Eq. (3.10),
where the summation can be replaced by integration, as in Eq. (4.12).
In this way, using Eq. (4.10), one derives [3]:
nM ¼


 

3ns 256
32
þ J2 =
þ J1
9ns
8 27ns

ð4:16Þ

where J1 is given by Eqs. (4.14) and
J2 ¼

"


1
4 3
2 2
2
2
2 2
9π ps ðps −εs Þ þ 162π ps εs þ 3π 64−3π ps εs
5
144εs
#




2
2
2
2
3
2
2
−126π ps εs −3π 64−3π ps ε s þ 32εs 9 þ 24εs þ 32εs
"
3=2


pπ
4 4
2 2
2
2
2 2
− s 11=2 9π ps þ 180π ps εs þ 6π 32−3π ps εs
288εs




 
2
2
3
2 2 4
2
þ540εs þ 36 32−3π εs þ 32−3π
εs ð1−erfξÞ exp ξ
ð4:17Þ

Eqs. (4.13) and (4.16) determine the concentration dependence of
the mass average aggregation number, nM ðX Þ , in a parametric form,
viz. X = X(εs) and nM ¼ nM ðε s Þ.
4.3. Standard chemical potential of a surfactant molecule in the micelles
The series expansion in Eq. (4.2) implicitly assumes the existence of
a universal dependence of the standard chemical potential of a surfactant molecule in a micelle on the area per headgroup: μ ¼ μ ðaÞ . The
quantities μ ðdÞ , μ ðcÞ and μ ðsÞ in Eq. (4.3) can be deﬁned as follows [3]:
μ

ðdÞ

≡ μ ðad Þ;

μ

ðcÞ

≡ μ ðac Þ;

μ

ðsÞ

≡ μ ðas Þ

ð4:18Þ

where the areas per molecule in the discoidal, cylindrical and spherical
parts of a micelle, ad, ac and as, are given by Eqs. (2.7) and (2.11).
At a given composition of the micelles, the dependence μ ¼ μ ðaÞ is
expected to have a minimum [41], as sketched in Fig. 3. At smaller a,
the intermolecular repulsion prevails, whereas at larger a, the increased

the formation of cylindrical micelles is energetically favorable. In
contrast, for p N 0 disclike micelles should form.
Furthermore, the ﬁts of experimental data for nM vs. X for disclike
micelles with the general model from Section 4.2 give values of p,
which are positive, but close to zero [3]. In view of Eq. (4.18), this
implies μ ðac Þ≈μ ðad Þ. However, ac is considerably greater than ad; for example, we could have ac = 2ad; see Eq. (2.7). In such a case, the relation
μ ðac Þ≈μ ðad Þ can be fulﬁlled only if ac and ad are located on the two sides
of the minimum of the function μ ðaÞ, as sketched in Fig. 3.
What concerns the chemical potential of a monomer in the toroidal
periphery of a disclike micelle, μ ðtÞ ≡ μ ðat Þ , we have μ ðcÞ ≤μ ðtÞ ≤μ ðsÞ
insofar as ac ≤ at ≤ as, see Eqs. (2.10), (4.18) and Fig. 3. For this reason,
it was possible to estimate
the derivative
in Eq. (4.2) by using linear


interpolation: ∂μ=∂a ¼ μ ðsÞ −μ ðcÞ =ðas −ac Þ.
4.4. Limitations on the growth of disclike micelles
As mentioned above, at p b 0 the formation of disclike micelles is
energetically disadvantageous, and therefore cylindrical micelles are
formed in that case. Here, we will focus on the opposite case, p N 0,
which corresponds to μ ðdÞ bμ ðcÞ (Fig. 3) and to the formation of disclike
micelles. At positive p, the quantities J1 and J2 in Eqs. (4.14) and (4.17)
are ﬁnite for εs → 0. The maximal values of J1 and J2, which are attained
at εs = 0, are:
2

J 1; max ¼

12
6
16 þ 3π
8
þ
þ
þ
3ps
3π2 p2s
π 4 p4s π2 p3s
2

J 2; max ¼

ð4:19Þ
2

2

240
120 64 þ 24π
32 þ 2π
128 þ 48π
64
þ
þ
þ
þ
þ
:
9ps
π4 p4s
π 2 p3s
9π2 p2s
π 6 p6s π4 p5s
ð4:20Þ

Setting εs → 0 in Eq. (4.13), we obtain the maximum value of X,
denoted Xmax:
X max ¼ X 1 þ


 

1 3ns 2 32
þ J 1; max
K 8
9ns

ð4:21Þ

where J1,max is given by Eq. (4.19). From a physical viewpoint, this result
means that for p N 0, disclike micelles can be formed only in a limited
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range of surfactant concentrations, viz. X1 b X ≤ Xmax. For a given p
(for a given system), at X = Xmax, the micelle mass-average aggregation
number nM attains its maximal value, nM; max . It can be calculated by
replacing J1 and J2 in Eq. (4.16) with their maximal values given by
Eqs. (4.19) and (4.20).
To illustrate the dependence of Xmax on p, in Fig. 4a we have plotted
Xmax − X1 vs. p calculated from Eq. (4.21) at experimental parameter
values, ns = 83 and lnK = 35.2 (see Fig. 4c and Section 4.5). The plot
indicates that disclike micelles could exist only in the region conﬁned
between the two axes of the coordinate system and the theoretical
curve Xmax − X1 vs. p. In this region, at small p and large X the surfactant
can form a relatively concentrated dispersion of large disclike micelles,
so that eventually nematic or smectic phases from such micelles could
appear [7,16,47]. In the region p b 0 cylindrical micelles are formed
(see above).
At X N Xmax (Fig. 4a) the formation of large lamellas is expected
[1,47]. Indeed, at p N 0 the lower chemical potential of a molecule in
the discoidal part of a micelle, μ ðdÞ bμ ðcÞ , favors the growth of lamellar
structures. A theoretical analysis based on Ising Hamiltonians has also
predicted that the size of disclike aggregates should jump from small
to inﬁnite [37,39]. In Fig. 4a, this should happen when crossing the
boundary line Xmax − X1 vs. p.
Fig. 4b shows a plot of nM; max vs. p at experimental parameter values
[3] denoted in the ﬁgure. (Note that this plot is independent of K.) One
sees that large disclike aggregates (with nM N 10ns) could form only at
p b 0.01. At p b 3 × 10−4, nM could exceed 106. In contrast, at p N 0.1
we havenM; max ≈ns, i.e. the disclike micelles are transformed into spherical ones. The limited range of p values, 0 b p b 0.1, where disclike micelles can form (Fig. 4b) explains why they represent a rare form of
self-assembly as compared to the cylindrical micelles.
For 0 b p b 0.01, from Eq. (4.16) and (4.21), along with Eqs. (4.19)
and (4.20), it follows that the leading terms of the series expansions of
the respective quantities at p b b 1 are [3]:
X max −X 1 ≈

256 1
;
3π4 Kn2s p4

nM; max ≈

160 1
3π2 ns p2
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volume of the micelle hydrophobic core, Vcore, on the mean volume
per hydrocarbon tail, v [3]:

nM ¼

V core
v

ð4:23Þ

ð4:22Þ

The limitations on the growth of disclike micelles, related to the existence of maximal values, such as Xmax and nM; max calls for discussion.
These maximal values appear because at p N 0 the inﬁnite sums in
Eqs. (3.10) and (4.12) are convergent for ε → 0. (In contrast, for p ≤ 0
all these inﬁnite sums diverge at ε → 0, which corresponds to the
growth of increasingly large micelles with the rise of surfactant concentration.) The convergence of the series at p N 0 is due to the term with p
in Eq. (4.4), which takes into account the increment of the excess peripheral energy of the disclike micelle. Thus, disclike micelles could
grow only at p N 0, but the positive p leads to a rise of the micelle peripheral energy, which in turns limits the micelle growth (Fig. 4a,b).
4.5. Interpretation of experimental data for disclike micelles
Because the values of p for disclike micelles are rather small (Fig. 4b),
the procedure for determining p from experimental data is nontrivial.
This procedure is illustrated in Fig. 4c with data from Ref. [3] for disclike
micelles in solutions containing cocamidopropyl betaine (CAPB), sodium lauryl ether sulfate with one ethylene-oxide group (SLES) and lauric
acid (LA). The experimental points correspond to various total surfactant concentrations, ct, at the same molar ratio, 8:2:1, of the three components. The working solutions were obtained by dilution with water
containing 110 mM NaCl, so that their ionic strength is ﬁxed and the
electrostatic interactions between the micelles are suppressed.
Experimental data for the micelle hydrodynamic radius, Rh, determined by dynamic light scattering are shown in Table 1. The massaverage aggregation number nM is estimated by division of the total

Fig. 4. (a) Plot of Xmax − X1 vs. p calculated from Eq. (4.21); the phase domains with
different micelles are shown. (b) Plot of nM vs. p calculated from Eqs. (4.16), (4.19) and
(4.20). (c) Plot of data from Table 1 as K(X − X1) vs. X − X1, where K(X − X1) is calculated from the experimental nM using Eqs. (4.13) and (4.16), whereas X − X1 is determined
from ct. The best ﬁt is a straight line of zero intercept, which corresponds to ps = 0.001
and lnK = 35.2.
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Table 1
Geometrical parameters of disclike micelles and their mean aggregation number nM
calculated by using the toro-disc model.
Experiment

Toro-disc

ct
(mM)

Rh
(nm)

L/2 + b
(nm)

Vcore
(nm3)

nM ,
Eq. (4.23)

0.220
0.275
0.330
0.440
0.550

51.9
54.5
62.2
67.6
70.5

68.3
71.7
82.0
89.2
93.1

57,561
63,666
83,548
99,101
108,001

135,422
149,783
196,558
233,148
254,087

For determining Vcore, the toro-disc model (Fig. 1) is applied:
V core ¼ V d þ V t ¼

π 2 π2 2
4 3
RL þ R L þ πR
2
3
2

ð4:24Þ

where L = 8(Rh − b)/3, see Eqs. (2.4), (2.5) and (2.13), with
b = 2.8 nm — the length of the CAPB molecule, and R = 2.04 nm. For
each Rh, we calculated L, Vcore and nM using Eqs. (4.23) and (4.24); the
results are given in Table 1.
Furthermore, the procedure for data processing and determining the
parameters p and K is as follows [3]: (i) A tentative value is assigned to
ps. (ii) For each experimental value of nM in Table 1, we calculate εs by
solving numerically Eq. (4.16). (iii) The obtained εs is substituted in
Eq. (4.13), and K(X − X1) is calculated using also Eqs. (4.14) and
(4.15). (iv) The obtained K(X − X1) values, corresponding to different
experimental nM , are plotted vs. the experimental X − X1; see Fig. 4c.
The parameter ps is varied until the plot of the calculated K(X − X1)
vs. the experimental X − X1 complies with a linear regression of zero
intercept; see the solid line in Fig. 4c. This regression determines the
physical value of ps, and its slope gives the physical value of K. The points
in Fig. 4c represent data from the ﬁrst and last columns of Table 1,
recalculated in terms of (X − X1) and K(X − X1) by using the above
procedure. The best ﬁt given by the solid line in Fig. 4c corresponds to
ps = 0.001 and lnK = 35.2.


For ns = 83, in view of Eq. (4.5) we calculate μ ðsÞ −μ ðdÞ =ðkT Þ ¼
ðlnK Þ=ns ¼ 0:42 , which is a reasonable value. In addition, from
Eqs. (4.8) and (4.11) we obtain p = 3.2 × 10− 5. In spite of being
small, the above value of p is accurately determined, because small
variations in ps produce a signiﬁcant effect on the ﬁt. Because the intercept of this plot is sensitive to X1, the value of X1 (i.e. the CMC) is
essential for the present procedure of data processing, despite the
relation X1 b b X.
At p → 0, the size distribution of the disclike micelles, Xn, is gradually transformed into that for cylindrical micelles; compare Eqs. (3.4) and
(4.4). In view of Eq. (3.10), the same is true also for nM. For this reason, at
small p values the mass-average aggregation number of the disclike micelles nM grows linearly with (X − X1)1/2, as predicted by Eq. (3.12).
However, at not-too-small p values, which are observed for micelles
from ﬂuorinated surfactants [9], the plot of nM vs. (X − X1)1/2 may
deviate from straight line [3].
In Ref. [3], the existence of a “resonance peak” in viscosity is reported
at a given ratio of the three components, viz. 80:20:12 CAPB/SLES/LA.
This phenomenon consists in a jump of viscosity of the micellar solution
from e.g. 10 to 600 mPa.s in the close vicinity of the aforementioned
special composition of the ternary surfactant mixture. As a possible explanation, it was proposed that because p is expected to depend on the
composition, this parameter could undergo a transition from small
positive values (corresponding to disclike micelles) to negative values
(corresponding to cylindrical micelles; see Fig. 4a) in the narrow concentration range where the peak of viscosity is observed. Such a transition should be accompanied with a large jump in the micelle aspect
ratio that, in turns, would lead to the observed jump in solution's
viscosity [48]; see Ref. [3] for details.

5. Conclusions
The above analysis allows us to answer the question asked in the beginning of this article, viz. if the disclike micelles are predecessors of the
often observed lamellar phase, why they represent a rare form of selfassembly. The answer is that the same factor, which engenders the appearance of disclike micelles, simultaneously limits their growth. This
factor is the difference between the chemical potentials of a surfactant
molecule in a cylindrical and in a disclike micelle, which is characterized


by the dimensionless parameter p ¼ μ ðcÞ −μ ðdÞ =kT. Two basic quantities of micellar thermodynamics grow proportional to p: (i) the energy
gain upon the formation of discoidal (instead of cylindrical) micelles
and (ii) the increment of the peripheral energy of a disclike micelle.
The outcome of the counteraction of these two opposing factors can
be quantiﬁed through their effect on the micelle size distribution,
Eq. (4.4). The results show that disclike micelles could form in a limited
range of surfactant concentrations, X1 b X ≤ Xmax (Fig. 4a), and that
their mean aggregation number can vary in a limited domain (Fig. 4b).
Large disclike micelles can form only for small positive p values.
However, in this case the micellar system is close to the border (at
p = 0) between disclike (p N 0) and cylindrical (p b 0) micelles. Then,
small variations in the experimental conditions (e.g. changes in temperature; variations in the composition of mixed micelles, or replacement
of the common water with heavy water) could induce a transformation
of the disclike micelles into cylindrical ones, or vice versa [3].
The positive excess peripheral energy of the disclike micelles preserves their round shape. Indeed, if a disclike micelle occasionally
forms at p b 0, its peripheral energy would be negative, which would
give rise to a branching instability [34]. Thus, it turns out that the
same factor, which causes the appearance of disclike micelles and limits
their growth, also stabilizes their shape.
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