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Abstract

Here, we consider a micellar surfactant solution whose surface is subjected to stationary expansion. The adsorption at the fluid interface gives
rise to diffusion of surfactant monomers and micelles, and to release of monomers by the micelles. To describe this process, we applied a recently
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erived general system of four ordinary differential equations, which are linearized for the case of small perturbations. The numerical solution of
he problem reveals the existence of four distinct kinetic regimes. At the greatest expansion rates, the surfactant adsorption is affected by the fast

icellar process (regime AB). At lower expansion rates, the fast process equilibrates and the adsorption occurs under diffusion control (regime
C). With the further decrease of the expansion rate, the surfactant adsorption is affected by the slow micellar process (regime CD). Finally, at

he lowest expansion rates, both the fast and slow micellar processes are equilibrated, and the adsorption again occurs under diffusion control
regime DE). For each separate kinetic regime, convenient analytical expressions for the dynamic surface tension and adsorption are derived. At
ow micelle concentrations, “rudimentary” kinetic diagrams are observed, which are characterized by merging or disappearance of the regimes
C and CD. Usually, only one of the kinetic regimes is experimentally detected. The developed theoretical model enables one to identify which
f the four regimes is observed in a given experiment, and to interpret properly the obtained data. We applied the model to process available data
or the nonionic surfactant Brij 58, and for two cationic surfactants, C14TAB and C16TAB. Good agreement between theory and experiment is
chieved.
 2005 Elsevier B.V. All rights reserved.

eywords: Micellar surfactant solutions; Fast and slow micellization processes; Surfactant adsorption kinetics; Dynamic surface tension; Diffusion in micellar
olutions; Strip method; Overflowing cylinder method

. Introduction

The diffusion and convective transport of monomers and
ggregates in surfactant solutions is accompanied by release or
ptake of monomers by the micelles. The first models of micellar
inetics in spatially uniform solutions have been developed by
resheck et al. [1], and Aniansson and Wall [2]. The existence
f “fast” and “slow” processes of the micellar dynamics has
een established. The experimental techniques for investigation
f the surfactant self-assembly have been reviewed in a recent
ook [3]. Detailed reviews on micellar kinetics and dynamic

∗ Corresponding author. Tel.: +359 2 9625310; fax: +359 2 9625643.
E-mail address: pk@lcpe.uni-sofia.bg (P.A. Kralchevsky).

surface tension have been published by Noskov and Grigoriev
[4], and Noskov [5].

The first theoretical model of surfactant adsorption from
micellar solutions was proposed by Lucassen [6] in relation to
the analysis of tensiometric data from experimental methods
with oscillating surface area [7]. This model uses the simpli-
fying assumptions that the micelles are monodisperse, and that
the micellization happens as a single step, which is described
as a reversible reaction of order n (the micelle aggregation
number). This nonlinear problem was linearized for the case
of small perturbations, and the assumption for local quasi-
equilibrium between micelles and monomers was employed
[6,8–10]. The nonlinear problem was solved numerically by
Miller [11] and analytically by Breward and Howell [12], again
using the assumption for monodisperse micelles. An alternative
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approach to the nonlinear problem, based on the von Karman’s
method, was proposed in [13]. More realistic models for the dif-
fusion in micellar solutions, which account for the polydispersity
of the micelles and the multi-step character of the micellar pro-
cess, were developed independently by Noskov [14], Johner and
Joanny [15], and Dushkin et al. [16,17].

In the model [6], the assumption for a complete local dynamic
equilibrium between monomers and micelles makes possible to
use the equilibrium mass-action law for the micellization reac-
tion. In such a case, the surfactant transfer corresponds to a
conventional diffusion-limited adsorption characterized by an
apparent diffusion coefficient, DA, which depends on the micelle
diffusivity, concentration and aggregation number [8,9]. DA is
independent of the rate constants of the fast and slow micellar
processes: k−

m and k−
S . Correspondingly, if the quasi-equilibrium

model [6] is applicable to a given experimental situation, then
k−

m and k−
S cannot be determined from the obtained data for the

dynamic surface tension or adsorption.
Later, Joos et al. [8–10,18] confirmed experimentally that in

some cases the adsorption from micellar solutions can be actu-
ally described as a diffusion-limited process characterized by
an apparent diffusivity, DA, but the experimental data were not
in agreement with the expression for DA from [6]. An alter-
native semiempirical expression for DA was proposed [8,9],
which agrees well with the experiment, but lacks a theoretical
basis. In subsequent studies, Joos et al. [10,19] established that
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Experimentally, depending on the specific surfactant and
method, one usually registers only one of the above regimes.
Therefore, to interpret properly the data, one has to identify
which of the four kinetic regimes is observed in the respec-
tive experiment. In particular, it was established [22] that the
exponential relaxation of the surface tension, detected and inves-
tigated in references [19,20], corresponds to the regime AB.
The diffusion-limited adsorption observed in the experiments by
Joos et al. [8,9], is consistent with the regime BC. On the other
hand, the diffusion-limited adsorption in the study by Lucassen
[6], corresponds to the regime DE.

In general, the form of the theoretical expressions, and the
shape of the kinetic diagrams depend on the type of the interfacial
dynamics used in a given experimental method. In this respect,
at least four groups of experimental methods could be identified:
(i) initial interfacial perturbation: the fast formed drop method
[23,24] and the inclined plate method [10,19,25]; (ii) stationary
expansion: the strip method [10,26], the overflowing cylinder
(OFC) [27–31], and the Langmuir trough at constant expan-
sion rate [10]; (iii) non-stationary expansion: the dynamic drop
volume method [8,18], the maximum-bubble-pressure method
[32–35], and the expanding-drop method [36,37]; and (iv) meth-
ods with oscillating surface area [6,7,38–41].

In [22] we considered the theoretical description in relation
to the first group of experimental methods, those with adsorption
at a quiescent interface, after an initial perturbation. Here, our
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ometimes the dynamics of adsorption from micellar solutions
xhibits a completely different kinetic pattern: the interfacial
elaxation is exponential, rather than inverse-square-root, as it is
or the diffusion-limited kinetics. The theoretical developments
10,19,20] revealed that the exponential relaxation is influenced
y the kinetics of the micellization processes, and from its anal-
sis one could determine the rate constant of the fast process,
−
m. The observation of different kinetic regimes for different
urfactants and/or methods makes the physical picture rather
omplicated.

Recently, we proposed a theoretical model, which general-
zes previous models of micellization kinetics in several aspects
21]. We avoided the use of the quasi-equilibrium approximation
local chemical equilibrium between micelles and monomers).
he theoretical problem was reduced to a system of four nonlin-
ar differential equations. Its solution gives the concentration of
urfactant monomers, the total micelle concentration, the mean
ggregation number, and the micelle polydispersity as functions
f the spatial coordinates and time.

In a subsequent study [22], we applied the theoretical model
rom reference [21] to the case of surfactant adsorption at a
uiescent interface, i.e. to the relaxation of surface tension and
dsorption after a small initial perturbation. Computer modeling
f the adsorption process was carried out. This analysis revealed
he existence of four different relaxation regimes (stages) for a
iven micellar solution: Regime AB: adsorption influenced by
he fast micellar process; Regime BC: diffusion-limited adsorp-
ion at equilibrated fast micellar process, but negligible slow

icellar process; Regime CD: adsorption influenced by the slow
icellar process; and Regime DE: diffusion-limited adsorption

t equilibrated both the fast and slow micellar processes [22].
im is to apply the general theory from reference [21] to analyze
he second group of methods, viz. the methods with stationary
xpansion of a fluid interface [10,26–31]. The paper is organized
s follows.

In Section 2 we give a brief overview of the basic dynamic
quations for surfactant concentrations below the critical micel-
ization concentration (CMC) for the case of stationary interfa-
ial expansion. In Section 3, we formulate the basic equations for
icellar solutions, and their special form in the case of stationary

xpansion. The theory is simpler in terms of the total (integral)
erturbations, which are considered in Section 4. Numerical
esults are presented in the form of kinetic diagrams. The four
inetic regimes, AB, BC, CD, and DE, are identified and dis-
ussed. Next, in Section 5, analytical expressions describing the
ependence of adsorption on the interfacial expansion rate are
erived for each of the four regimes. Section 6 is devoted to
he “rudimentary” kinetic diagrams, which are observed at low

icelle concentrations. Finally, in Section 7 we apply the the-
retical model to fit three sets of available experimental data
or dynamic surface tension and adsorption obtained by means
f the strip and OFC methods. It is interesting to note that the
xperimental data complies with the regime BC for the consid-
red experiments.

. Concentrations below the CMC: basic equations

When a fluid interface is subjected to uniform expansion
nd/or compression, the interfacial area becomes a function of
ime, A = A(t). The rate of surface dilatation, α̇(t), and the surface
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dilatation, α(t), are defined as follows, see e.g. [10,42]:

α̇(t) ≡ 1

A

dA

dt
= dα(t)

dt
, α(t) =

∫ t

0
α̇ dt = ln

A(t)

A(0)
(2.1)

Under stationary interfacial dilatation (or compression), we have
α̇ = const. In this case, the interfacial dilatation induces sur-
factant diffusion and adsorption, which are described by the
equations [9,10]:

−α̇z
dc1,p

dz
= D1

d2c1,p

dz2 (2.2)

α̇Γeq = D1
dc1,p

dz

∣∣∣∣
z=0

(2.3)

Here and hereafter, the subscripts “eq” and “p” denote equi-
librium value and perturbation of the respective parameter of
the system. Thus, c1,p = c1(z, t) − c1,eq is the perturbation in
the concentration of the surfactant monomers, c1; as usual, t
is time, and z is coordinate normal to the interface; the lat-
ter is located at z = 0; Γ and D1 denote surfactant adsorption
and diffusivity. Because we are dealing with a stationary pro-
cess, the derivatives ∂c1,p/∂t and dΓ /dt in Eqs. (2.2) and (2.3)
are missing. In addition, the convective term in Eq. (2.2) is
expressed by using the approximation of van Voorst Vader et al.
[43], v · ∇c1,p = −α̇z(∂c1,p/∂z), where v is velocity; see also
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To relate the dynamic surface tension, γ , to α̇, we will use the
Gibbs adsorption equation, dγ = −ΓkT d ln c1, where T is the
temperature, and k is the Boltzmann constant. For small devia-
tions from equilibrium, the latter equation yields:

γ − γeq = −ΓeqkT
c1,p(0)

c1,eq
(2.8)

Then, the combination of Eqs. (2.5) and (2.8) leads to [9]:

γ − γeq

kT
= Γ 2

eq

c1,eq

(
π α̇

2D1

)1/2

(2.9)

3. Concentrations above the CMC: basic system of
equations

3.1. General form of the linearized boundary problem

As in the previous section, we consider the general case of a
planar fluid interface, which is subjected to uniform expansion or
compression, characterized by the rate of surface dilatation, α̇(t).
Here, one of the two neighboring fluid phases is assumed to be
a micellar surfactant solution. As known [2–5], the micelle size
distribution exhibits three different regions (Fig. 1): (i) region of
the monomers and oligomers, Ωo (1 ≤ s ≤ no); (ii) region of the
rare aggregates, Ωr (no < s < nr), and (iii) region of the abundant
(
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13,44]. The validity of this approximation has been mathemat-
cally proven in [12,45,46]. This approximation is based on the
act that in most of the liquids, the thickness of the diffusion
oundary layer is much smaller than the thickness of the hydro-
ynamic boundary layer. For α̇ = const., using the boundary
ondition (2.3), one obtains the first integral of Eq. (2.2) [9,10]:

dc1,p

dz
= Γeqα̇

D1
exp

(
− α̇z2

2D1

)
(2.4)

he integration of Eq. (2.4) with respect to z from zero to infinity
ields the subsurface (at z = 0) value of the surfactant concen-
ration [9]:

1,p(0) = −Γeq

(
πα̇

2D1

)1/2

(2.5)

n the case of small deviations from equilibrium, the perturbation
n adsorption, Γ p = Γ − Γ eq, is related to the perturbation in the
ubsurface surfactant concentration, c1,p(0), as follows:

p = hac1,p(0), ha ≡
(

∂Γ

∂c1

)
eq

(2.6)

here ha is the so-called adsorption length, which is calcu-
ated from the equilibrium adsorption isotherm, Γ = Γ (c1). For

icellar solutions, ha should be estimated at the critical micelle
oncentration, i.e. at c1,eq = CMC.

The combination of Eqs. (2.5) and (2.6) leads to a square-root
ependence of Γ p on α̇:

Γeq − Γ

Γeq
=
(

π α̇ h2
a

2D1

)1/2

(2.7)
typical) micelles, Ωm (s ≥ nr). In the region Ωr, the aggregate
oncentration is assumed to be relatively small (Fig. 1). In the
egion Ωm, the peak of the micelle size distribution is usually
escribed by a Gaussian curve [2]:

s = Cm√
2πσ

exp

[
− (s − m)2

2σ2

]
(s ≥ nr) (3.1)

ere Cm is the total concentration of the abundant micelles; m
s their mean aggregation number; σ2 is the dispersion of the
aussian distribution, which characterizes the polydispersity of

he abundant micelles. We assume that Eq. (3.1) holds under
oth equilibrium and dynamic conditions. In the latter case, the
arameters in Eq. (3.1) depend on the spatial coordinate, z, and
ime, t, i.e. we have: Cm(z,t), m(z,t) and σ(z,t).

The dilatation of the fluid interface gives rise to surfac-
ant adsorption and diffusion. Both surfactant monomers and

ig. 1. Sketch of the typical size distribution of aggregates in a surfactant solu-
ion; cs and s are the aggregate concentration and aggregation number; Ωo, Ωr

nd Ωm are, respectively, the regions of oligomers, rare aggregates and abundant
icelles; no and nr represent boundaries between the regions; s = m corresponds

o the peak in the region Ωm.
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Fig. 2. Process of surfactant adsorption from micellar solutions. In the neighborhood of an expanded adsorption monolayer, the micelles release monomers to restore
the equilibrium surfactant concentration at the surface and in the bulk. The concentration gradients give rise to bulk diffusion of both monomers and micelles.

aggregates take part in the diffusion. The aggregates (micelles)
exchange monomers between each other and with the surround-
ing solution (Fig. 2). This complex process can be adequately
described by four functions of z and t [21]. These are the concen-
tration of surfactant monomers, c1(z,t), and the three parameters
of the micelle distribution, Eq. (3.1), viz. Cm(z,t); m(z,t), and
σ(z,t), see Fig. 1. A full system of nonlinear differential equa-
tions for determining the latter four functions has been derived
in [21]. For small deviations from equilibrium (small pertur-
bations), this system of equations, expressed in terms of the
perturbations, can be linearized; see Eqs. (2.4), (2.22)–(2.23)
and (3.3)–(3.6) in [21]:

∂c1,p

∂t
− α̇z

∂c1,p

∂z
= D1

∂2c1,p

∂z2 − (meq − wσeq)J − Jm,0

(3.2)

∂Cm,p

∂t
− α̇z

∂Cm,p

∂z
= Dm

∂2Cm,p

∂z2 + J (3.3)

∂mp

∂t
− α̇z

∂mp

∂z
= Dm

∂2mp

∂z2 − wmeqσeq

βc1,eq
J + meq

βc1,eq
Jm,0

(3.4)

∂σp − α̇z
∂σp = Dm

∂2σp
2 + (w2 − 1)

σeqmeq
J

H
S
t
o
l
s
o

to the fast and slow micellar processes [21]:

Jm,0 = k−
mCm,eq

(
c1,p

c1,eq
+ σp − σeqmp

σ3
eq

)
(3.6)

J

k−
S c1,eq

= (meq − wσeq)
c1,p

c1,eq
− meqCm,p

βc1,eq

+ wmp

σeq
− (w2 − 1)

σp

σeq
(3.7)

Here, k−
m is the rate constant of monomer dissociation from

the micelles; k−
S is the rate constant of the slow micelle relax-

ation process, see Eq. (4.26) in [21]. The parameter β in Eqs.
(3.4)–(3.7) is the equilibrium concentration of surfactant in
micellar form, scaled by the critical micellization concentration,
CMC:

β ≡ (Ctot − CMC)

CMC
= meqCm,eq

c1,eq
(3.8)

Ctot is the total surfactant concentration and the monomeric con-
centration is c1,eq = CMC. Another equilibrium dimensionless
parameter is

w ≡ (meq − nr)

σeq
> 1 (3.9)

w
r
e
r
(
i

o
o
s

∂t ∂z ∂z 2βc1,eq

− meqJm,0

2βc1,eqσeq
− 2k−

m

σ2
eq

σp (3.5)

ere we use the same notations as in reference [21]; we have set
≈ 1, see Eqs. (3.2) and (3.3) in [21], because the concentra-

ion of the surfactant monomers is much greater than that of the
ligomers. As before, the subscripts “eq” and “p” mark the equi-
ibrium values and the perturbations of the respective variables;
ee the comments after Eq. (2.3); Dm is the diffusion coefficient
f the micelles; Jm,0 and J are reaction fluxes due, respectively,
here nr is aggregation number at the boundary between the
egions of the rare aggregates and the abundant micelles at
quilibrium (Fig. 1); σeq is the polydispersity of the equilib-
ium micelle size distribution. The convective terms in Eqs.
3.2)–(3.5), those containing α̇, are obtained by using the approx-
mation of van Voorst Vader et al. [43], see Section 2.

In view of Eqs. (3.6) and (3.7), Eqs. (3.2)–(3.5) form a system
f four linear differential equations for determining the evolution
f the perturbations in the four basic parameters of the micellar
ystem: c1,p(z,t); Cm,p(z,t); mp(z,t), and σp(z,t). To solve this
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problem, we need boundary conditions at the interface (z = 0)
and in the bulk of solution (z → ∞). Based on experimental
results, it is usually accepted that the micelles do not adsorb
at the fluid interface, and that only the monomers can adsorb
[10,11]. These assumptions lead to the following mass balance
equations at the interface:

∂Γp

∂t
+ α̇Γeq = D1

∂c1,p

∂z
at z = 0 and t > 0 (3.10)

∂Cm,p

∂z
= 0,

∂mp

∂z
= 0,

∂σp

∂z
= 0 at

z = 0 and t > 0 (3.11)

Eq. (3.10) is a generalization of Eq. (2.3). What concerns the
other limit, z → ∞, the perturbations c1,p(z,t); Cm,p(z,t); mp(z,t),
and σp(z,t) are assumed to vanish in this limit (in the bulk of
solution).

To close the set of boundary conditions, we have to specify the
mechanism of surfactant adsorption. Here we will assume that
the adsorption occurs under diffusion control. In this case, the
subsurface layer of the solution is assumed to be in equilibrium
with the adsorption layer at the interface. Then, the adsorption is
related to the subsurface concentration of monomers by means
of the equilibrium adsorption isotherm. For small perturbations,
this isotherm is given by Eq. (2.6).

The general system of equations and boundary conditions,
formulated in the present section, can be applied to describe
the surfactant adsorption under various dynamic regimes, corre-
sponding to different experimental methods. For example, such
regimes could correspond to quiescent, expanding, or oscillating
interface. The different dynamic regimes have different char-
acteristic times, and correspond to different modified versions
of the basis system of equations; therefore, they demand sepa-
rate treatment. In this paper, we will focus our attention on the
detailed investigation of the surfactant adsorption at a fluid inter-
face subjected to stationary expansion, α̇ = const., see the next
section.

3.2. Case of stationary expansion

In the case of surfactant adsorption at a fluid interface sub-
jected to stationary expansion, it is convenient to introduce the
following dimensionless quantities:

ζ ≡ z

ha
, θ ≡ h2

a

D1
α̇ , Ks ≡ h2

a

D1
k−

S , Km ≡ h2
a

D1
k−

m

(3.12)

Here, ζ, θ, Ks, and Km are the dimensionless normal coordinate,
z; expansion rate, α̇, and rate constants of the slow and fast
micellar processes, k−

S and k−
m; see [21] for details. Furthermore,

it is convenient to scale the dependent variables as follows:

ξ1 ≡ − ha

Γeq
c1,p, ξc ≡ − ha

Γeqβ
Cm,p, ξm ≡ −hac1,eq

Γeqσ2
eq

mp,

ξσ ≡ −hac1,eq

Γeqσeq
σp (3.13)

Here, ξ1, ξc, ξm, and ξσ are the dimensionless perturbations in
the concentration of surfactant monomers, c1,p; micelle con-
centration, Cm,p; micelle mean aggregation number, mp, and
polydispersity of the abundant micelles, σp. The negative sign in
Eq. (3.13) is chosen to make ξ1, ξc, and ξm positive by definition.

It is important to note that the convenient definitions of the
dimensionless perturbations ξ1, ξc, ξm, and ξσ are different for
different dynamic problems. Here, and in references [21,22], we
are using the same notation for the dimensionless perturbations
of the same variables, despite some differences in the used scal-
ing. This should not lead to any misunderstandings, because the
treatment of different dynamic problems is completely indepen-
dent here and in references [21,22].

Because we are dealing with a steady-state process, the per-
turbations, ξi, are independent of time, but they are dependent on
the dimensionless spatial coordinate, ζ; in other words, ξi = ξi(ζ),
i = 1,c,m,σ. In view of Eqs. (2.6), (2.8) and (3.13), the dimension-
less perturbation in the subsurface concentration of monomers,
ξ1,0 ≡ ξ1(ζ = 0), is related to the perturbations in the surfactant
adsorption, Γ , and surface tension, γ , as follows:

Γeq − Γ

Γeq
= c1,eqha

Γ 2
eqkT

(γ − γeq) = ξ1,0 (3.14)

For micellar solutions, the concentration, c1,eq, the adsorption,
Γ eq, and the adsorption length, ha, are to be calculated at the
C
E

−

−

−

−

w
(

ϕ

ϕ

E
t
c

MC. In view of Eqs. (3.12) and (3.13), for a stationary process
qs. (3.2)–(3.5) acquire the form:

θζ
dξ1

dζ
= d2ξ1

dζ2 − (meq − wσeq)Ksϕs − βKm

meq
ϕm (3.15)

θζ
dξc

dζ
= Bm

d2ξc

dζ2 + Ks

β
ϕs (3.16)

θζ
dξm

dζ
= Bm

d2ξm

dζ2 − Ks
wmeq

βσeq
ϕs + Km

σ2
eq

ϕm (3.17)

θζ
dξσ

dζ
= Bm

d2ξσ

dζ2 + Ks(w
2 − 1)

meq

2β
ϕs

− Km

2σ2
eq

ϕm − 2Km

σ2
eq

ξσ (3.18)

here Bm ≡ Dm/D1, and the reaction fluxes, Jm,0 and J in Eqs.
3.6)–(3.7), are also expressed in dimensionless form:

m ≡ h3
ameqJm,0

ΓeqD1Kmβ
= ξ1 − ξm + ξσ

σ2
eq

(3.19)

s ≡ h3
aJ

ΓeqD1Ks
= (meq − wσeq)ξ1 − meqξc

+ wσeqξm − (w2 − 1)ξσ (3.20)

q. (3.19) shows that if ξσ ≈ 0 and ξ1 ≈ ξm, then ϕm ≈ 0, i.e.
he system is equilibrated with respect to the fast micellar pro-
ess, Jm,0 ≈ 0. In addition, Eq. (3.20) implies that if ξσ ≈ 0, and
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ξ1 ≈ ξc ≈ ξm, then ϕs ≈ 0, i.e. the system is equilibrated with
respect to the slow micellar process, J ≈ 0.

With the help of Eqs. (3.12)–(3.13), setting ∂Γ /∂t = 0, we
obtain the dimensionless form of the boundary conditions, Eqs.
(3.10) and (3.11):

dξ1

dζ
= −θ ,

dξc

dζ
= 0,

dξm

dζ
= 0,

dξσ

dζ
= 0 at ζ = 0

(3.21)

In the bulk of solution (ζ → ∞), all perturbations vanish.

4. Results for the total perturbations

4.1. Basic equations

Under steady-state interfacial expansion, the deviation from
equilibrium affects the concentrations of surfactant monomers
in the bulk of solution, but only in some vicinity of the interface.
The total perturbations of ξ1, ξm, ξc, and ξσ can be defined as
integrals:

ξi,T ≡
∫ ∞

0
ξi(ζ) dζ (i = 1, c, m, σ) (4.1)

The integration of Eqs. (3.15)–(3.20) with respect to ζ, along
with the boundary conditions, Eq. (3.21), yields:

−

−

−

−

w

ϕ

ϕ

I
i
m
T
u

4

o

are given in Fig. 3 for a relatively high micelle concentra-
tion, β = (Ctot − CMC)/CMC = 100. In our computations, we
assigned typical values to the following constant parameters of
the system:

meq = 60, σeq = 5, w = 3, Bm = 0.2 (4.8)

The rate constants of the fast and slow processes, Km and Ks,
are varied. To illustrate their influence, we obtained numeri-
cal data for the following three values: Km/Ks = 107 (Fig. 3a);
Km/Ks = 106 (Fig. 3b), and Km/Ks = 105 (Fig. 3c), at the
same Km = 103. The perturbation ξσ,T(θ), which is similar for
Fig. 3a–c, is shown only in Fig. 3c.

The general picture in a regular kinetic diagram, Fig. 3, is
the following. At high rates of surface deformation (point A in
Fig. 3) the total perturbation of the monomer concentration is
ξ1,T ≈ 1, while the other perturbations, ξc,T, ξm,T, and ξσ,T, are
≈0. In the limit of low deformation rates, θ → 0, all perturbations
become zero. For this reason, ξc,T, ξm,T, and ξσ,T have extremum
(sometimes a flat plateau), while ξ1,T monotonically decays with
the decrease of θ.

The most important feature of the relaxation curves (Fig. 3) is
that ξm,T merges with ξ1,T at a given point, denoted by B, while
ξc,T merges with ξ1,T (and ξm,T) at another point, denoted by
D. The surface deformation rates, corresponding to the points B
and D, are denoted by θ and θ , respectively.
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θξ1,T − (meq − wσeq)Ksϕs,T − βKm

meq
ϕm,T = −θ (4.2)

θξc,T + Ks

β
ϕs,T = 0 (4.3)

θξm,T − Ks
wmeq

βσeq
ϕs,T + Km

σ2
eq

ϕm,T = 0 (4.4)

(
θ + 2Km

σ2
eq

)
ξσ,T + Ks(w

2 − 1)
meq

2β
ϕs,T − Km

2σ2
eq

ϕm,T = 0

(4.5)

here the integrated (total) reaction fluxes, ϕs,T and ϕm,T, are:

m,T ≡ ξ1,T − ξm,T + ξσ,T

σ2
eq

(4.6)

s,T ≡ (meq − wσeq)ξ1,T − meqξc,T

+ σeqwξm,T − (w2 − 1)ξσ,T (4.7)

n view of Eqs. (4.6)–(4.7), the Eqs. (4.2)–(4.5) form a linear
nhomogeneous system of four algebraic equations for deter-

ining the four total perturbations, ξ1,T, ξm,T, ξc,T, and ξσ,T.
hus system could be solved by using standard methods. We
sed the LU decomposition method [47].

.2. Numerical results and discussion

Numerical results for ξ1,T(θ), ξm,T(θ), ξc,T(θ), and ξσ,T(θ),
btained by solving the linear system of Eqs. (4.2)–(4.5),
B D
In the regime AB, corresponding to the greatest rates of inter-

acial deformation (θ > θB), the dynamics of surfactant adsorp-
ion is affected by the micellar reaction kinetics. As shown in
ection 5.2 below, for the higher micelle concentrations (β > 10),

he effect of the fast micellar process is predominant, wile for
he lower micelle concentrations (β ≈ 1), the effects of the fast
nd slow processes become comparable.

As seen in Fig. 3, for θ < θB, we have ξσ,T ≈ 0 and ξ1,T ≈ ξm,T.
n view of Eq. (4.6), this means that for θ < θB the flux of the
ast micellar process, ϕm,T, is equal to zero. In other words, for
< θB the monomers and micelles are equilibrated with respect

o the fast micellar process. An expression for estimating θB is
iven by Eq. (5.40) below.

Likewise, Fig. 3 shows that for θ < θD, we have ξσ,T ≈ 0 and
c,T ≈ ξ1,T ≈ ξm,T. In view of Eq. (4.7), this means that for θ < θD
he flux of the slow micellar process, ϕs,T, is also equal to zero. In
ther words, for θ < θD (regime DE) the monomers and micelles
re equilibrated with respect to both fast and slow micellar pro-
esses. Thus, in the regime DE, the dynamics of adsorption
ccurs under diffusion control, see Eq. (5.46). An expression
or estimating θD is given by Eq. (5.48).

In the regime BC (Fig. 3), the monomers and micelles are
quilibrated with respect to the fast process (ξm,T ≈ ξ1,T), but
he effect of the slow process is negligible (ξc,T 
 ξ1,T). Then,
n the region BC none of the two micellar processes affects the
ynamics of adsorption, and, therefore, the latter also happens
nder diffusion control; see Eq. (5.37) below.

In the regime CD (Fig. 3), again, the monomers and micelles
re equilibrated with respect to the fast process (ξm,T ≈ ξ1,T),
owever the effect of the slow process becomes considerable. In
ther words, in the region CD, the slow micellar process affects
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Fig. 3. Total perturbations in monomer concentration, ξ1,T, micelle concentration, ξc,T, mean aggregation number, ξm,T, and polydispersity, ξσ,T plotted vs. the
dimensionless rate of surface expansion, θ, for β = 100 and Km = 1000. (a) Km/Ks = 107; (b) Km/Ks = 106; (c) Km/Ks = 105; the other parameters are given by Eq.
(4.8). The curves are obtained by numerical solution of the linear system, Eqs. (4.2)–(4.5). ξσ,0(θ) is similar for (a–c), and is shown only in (c). ξm,T and ξ1,T merge
at the point B; ξc,T and ξ1,T merge at the point D. θB, θC and θD are the coordinates of the respective points estimated by means of Eqs. (5.40), (5.41) and (5.48).

the dynamics of adsorption. An estimate for the position of the
point C, θ = θC, where the effect of the slow process becomes
considerable, is given by Eq. (5.41).

The presence of four distinct kinetic regimes, AB, BC, CD,
and DE, is a general property of the process of adsorption from
micellar solutions. In particular, such regimes are observed in the
case of surfactant adsorption at a quiescent interface, reference
[22], and at an interface subjected to stationary expansion (the
present paper, Fig. 3). Two of these regimes, AB and CD, are
affected by the micellar reaction kinetics: the rate constants Km
and Ks influence the adsorption kinetics, and consequently, they
could be determined by analysis of data for dynamic surface
tension and adsorption; see Eqs. (5.5), (5.7), (5.35) and (5.39).

In contrast, the other two regimes, BC and DE correspond
to dynamics of adsorption under diffusion control. In this case,
the dynamic surface tension is not affected by the micellar rate
constants Km and Ks; it can be described as diffusion in a solu-
tion of surfactant of apparent diffusion coefficients DBC and
DDE. The coefficients DBC and DDE depend on the equilibrium
micelle concentration, mean aggregation number and polydis-
persity through the parameters β, meq and σeq; see Eqs. (5.38)
and (5.47) below.

It should be also noted that in addition to the regular kinetic
diagrams (Fig. 3 and Section 5) one could sometimes observe
rudimentary kinetic diagrams (Section 6), characterized by
merging or disappearance of the regimes BC and CD.

5. Regular kinetic diagrams: numerical results and
analytical expressions

5.1. Numerical results for the subsurface concentration
and adsorption

The parameters, which are measured in the experiment, are
the interfacial tension γ [26], and the adsorption Γ [27–31]. For
small deviations from equilibrium, which are typical for surfac-
tant concentrations above the CMC, the perturbations in γ and
Γ are directly related to the perturbation in the subsurface con-
centration of monomers, ξ1,0 ≡ ξ1(ζ = 0), see Eq. (3.14). For this
reason, in Section 5 we will focus our attention on the calculation
of ξ1,0(θ) and on the investigation of its behavior.

In Section 4, we calculated ξ1,T(θ) by solving the linear sys-
tem of algebraic Eqs. (4.2)–(4.5). The problem for calculation of
ξ1,0(θ) is more complicated, because we have to solve a linear
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Fig. 4. Perturbations in the subsurface (at z = 0) monomer concentration, ξ1,0,
micelle concentration, ξc,0, and mean aggregation number, ξm,0, plotted vs. θ for
β = 100, Km = 1 and Km/Ks = 107; the other parameters are given by Eq. (4.8).
ξ1,0 is proportional to the perturbations in the surface tension and adsorption, see
Eq. (3.14). The curves are obtained by numerical solution of the general system
of equations in the Appendix A. θB, θC and θD are estimated by means of Eqs.
(5.40), (5.41) and (5.48).

system of ordinary differential equations, Eqs. (3.15)–(3.18).
For this goal, we used a second-order difference scheme that
is described in Appendix A. Illustrative numerical results are
plotted in Fig. 4, where the perturbations ξ1,0(θ), ξc,0(θ), and
ξm,0(θ) are shown. For all of them, the subscript “0” indicates
that we are dealing with the subsurface value of the respective
perturbation, i.e. with its value at ζ = 0.

The kinetic diagram for the subsurface perturbations in Fig. 4
has the same stricture as that for the total perturbations in Fig. 3.
Regimes AB, BC, CD, and DE can be identified in the same
way as in Section 4, and they have the same physical meaning.
Note that in Fig. 3, the merging of ξm,T and ξ1,T happens at the
point B. On the other hand, in Fig. 4 ξm,0 and ξ1,0 merge on the
left of the point B; the reason for this difference is explained in
Section 5.4. The situation with the point D is similar. Below, we
consider separately the above regimes, and derive expressions
for the dependence ξ1,0(θ) in each regime. Furthermore, from
ξ1,0(θ) one can determine Γ (θ), and γ(θ) by means of Eq. (3.14).

5.2. Regime AB

The regime AB takes place for sufficiently great rates of sur-
face deformation, i.e. for θ > θB, see Eq. (5.40). In this regime,
ξ1 � ξc, ξm, ξσ . Neglecting the terms with ξc, ξm, and ξσ in Eqs.
(3.19) and (3.20), we bring Eq. (3.15) in the form:

−

K

E
p
c
d

on equations of the type of Eq. (5.1) is often termed pseudo-
first-order-reaction (PFOR) model [10,17,20,48].

To find the solution of the problem in the case of stationary
convective diffusion, we will use the substitution:

ξ1 ≡ f (y)
√

θ , y ≡ ζ
√

θ (5.3)

then, Eq. (5.1) acquires the form:

d2f

dy2 + y
df

dy
− 2aABf = 0, aAB ≡ KAB

2θ
(5.4)

Because equations equivalent to Eq. (5.4) are obtained also for
other kinetic regimes, the solution of this equation is considered
separately in Section 5.3. Thus, in view of Eqs. (5.3) and (5.18),
the solution of Eq. (5.4), along with the boundary condition, Eq.
(3.21), is:

ξ1,0 = Γ̂ (0.5 + aAB)

Γ̂ (1 + aAB)

(
θ

2

)1/2

(5.5)

where Γ̂ is the known gamma function, Γ̂ (x + 1) = xΓ̂ (x)
[49,50]. Using the fact that Γ̂ (0.5) = π1/2 and Γ̂ (1) = 1, we
obtain the asymptotic form of Eq. (5.5) for small aAB:

ξ1,0 =
(π

2
θ
)1/2

(aAB 
 1) (5.6)
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θζ
dξ1

dζ
= d2ξ1

dζ2 − KABξ1 (5.1)

AB ≡ (meq − wσeq)2Ks + βKm

meq
(5.2)

q. (5.1) corresponds to stationary convective diffusion, accom-
anied by a first-order chemical reaction. In fact, every reaction
an be described as a first-order reaction in the case of small
eviations from equilibrium. For this reason, the model based
q. (5.6) is equivalent to Eq. (2.7) that describes diffusion-
imited adsorption for concentrations below the CMC; see also
qs. (3.12) and (3.14). In other words, for aAB 
 1 the effect
f the micelles on the adsorption kinetics is negligible.

In the other limiting case, aAB � 1, the asymptotics of Eq.
5.5) is given by Eq. (5.22), i.e. we have:

1,0 = θ√
KAB + θ

(aAB � 1, regime AB) (5.7)

or KAB � θ, Eq. (5.7) gives ξ1,0 ∝ θ, which essentially differs
rom the square-root dependence in Eq. (5.6).

In general, Eq. (5.5), and its asymptotic form, Eq. (5.7), which
haracterize the dependence ξ1,0(θ) in the regime AB, contain
he reaction constant KAB, which accounts for the effect of the

icelles on the adsorption kinetics. We can express KAB in the
orm

AB = (1 + Rs)β
Km

meq
; Rs ≡ meq(meq − wσeq)2 Ks

βKm
(5.8)

here the parameter Rs characterizes the relative importance of
he slow micellar process in comparison with the fast one. For
he parameter values in Eq. (4.8), we obtain:

s = 1.215 × 105 Ks

βKm
(5.9)

hus, for Km/Ks ≥ 105 and β = 100 (Figs. 3 and 4), Eq. (5.9)
ields Rs 
 1, and the contribution of the slow process is negli-
ible; then Rs could be neglected in Eq. (5.8), and the adsorption
inetics is influenced only by the fast micellar process. In con-
rast, for Km/Ks = 105 and β = 1 (low micelle concentration, see
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Fig. 5. Plot of the perturbation in the subsurface monomer concentration, ξ1,0,
vs. θ for θ-values corresponding to the regime AB. The continuous lines represent
the exact numerical solution (see the Appendix A), while the dashed lines are
obtained from Eq. (5.5). The used parameter values are given in the figure and
in Eq. (4.8).

Section 6), Eq. (5.9) yields Rs ≈ 1, and the contribution of the
slow micellar process becomes considerable.

Fig. 5 compares the asymptotic analytical expression, Eq.
(5.5) with the exact numerical solution of the system of ordinary
differential equations, Eqs. (3.15)–(3.18); see the Appendix A
for the numerical procedure. The curves in Fig. 5 show that Eq.
(5.5) is very accurate for the larger values of θ. On the other
hand, for the smaller θ, where a transition from the regime AB
to the regime BC takes place, the accuracy of Eq. (5.5) decreases.
Of course, the exact numerical solution (see the Appendix A)
describes all kinetic regimes, from AB to DE, and the transitions
between them.

5.3. Pseudo-first-order-reaction (PFOR) model

When deriving asymptotic expressions for ξ1,0(θ) in the dif-
ferent kinetic regimes, the problem is often reduced to the PFOR
model for the case of stationary diffusion; see e.g. Eq. (5.4). The
present section is devoted to the solution of this problem. In gen-
eral, we consider the equation:

d2f

dy2 + y
df

dy
− 2af = 0 (5.10)

where a is a positive constant. The solution of Eq. (5.10) has to
o

T
l

f

The substitution of Eq. (5.12) into Eq. (5.10) yields the Weber
differential equation [51]:

d2f̃

dy2 −
(

y2

4
+ 1

2
+ 2a

)
f̃ = 0 (5.13)

Because f̃ (y) → 0 for y → ∞, the solution of Eq. (5.13) can
be expressed in terms of the known Whittaker function, U, see
chapter 19 in reference [49]:

f̃ (y) = XU(b, y), b ≡ 0.5 + 2a (5.14)

where X is unknown constant. In view of Eq. (5.12), the sub-
stitution of Eq. (5.14) into the boundary condition, Eq. (5.11),
yields:

df

dy

∣∣∣∣
y=0

= df̃

dy

∣∣∣∣
y=0

= XU ′(b, 0) = −1 (5.15)

where the prime denotes first derivative with respect to y. Com-
bining Eqs. (5.12), (5.14) and (5.15), we obtain:

f (0) = − U(b, 0)

U ′(b, 0)
(5.16)

Eq. (19.3.5) in [49] gives exact expressions for the functions
entering Eq. (5.16):

U

U

F
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f

B
(

f

T
(

l

(
p

l

S
(

f

bey the following boundary conditions:

df

dy
= −1 at y = 0 and f (y) → 0 at y → ∞

(5.11)

o solve Eq. (5.10), we introduce a new function, f̃ (y), as fol-
ows:

(y) ≡ exp

(
−y2

2

)
f̃ (y) (5.12)
(b, 0) =
√

π

2b/2+1/4Γ̂ (3/4 + b/2)
,

′(b, 0) = −
√

π

2b/2−1/4Γ̂ (1/4 + b/2)
(5.17)

inally, we substitute Eq. (5.17) into Eq. (5.16), and take into
ccount that b = 0.5 + 2a. As a result, we obtain:

(0, a) = 1√
2

Γ̂ (0.5 + a)

Γ̂ (1 + a)
(5.18)

ecause Γ̂ (0.5) = π1/2 and Γ̂ (1) = 1, the asymptotics of Eq.
5.18) for small a is:

(0, a) = (π/2)1/2 for a 
 1 (5.19)

o find the asymptotic of f(0,a) for large a, we will use Eq.
6.1.40) in [49]

n Γ̂ (z) =
(

z − 1

2

)
ln z − z + 1

2
ln(2π) + O

(
1

z

)
(5.20)

1/z 
 1). With the help of the latter expression, one could
rove that

n
Γ̂ (z)

Γ̂ (z + 0.5)
= −1

2
(ln z)

[
1 + O

(
1

z ln z

)]
(5.21)

ubstituting z = 0.5 + a in the latter expression, and using Eq.
5.18), we derive the asymptotics of f(0,a):

(0, a) ≈ 1√
2a + 1

for a � 1 (5.22)
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5.4. Region BCDE

By definition, for θ < θB we have ξ1 ≈ ξm and ξσ ≈ 0,
see Figs. 3 and 4. Physically, this means that the surfactant
monomers and micelles are equilibrated with respect to the
fast process. Therefore, we could simplify the general mass-
transport problem, Eqs. (3.15)–(3.18). For this goal, we multiply
Eq. (3.17) by σ2

eqβ/meq and sum it up with Eq. (3.15). The result
reads:

−θζ
d

dζ
(ξ1 + uβξm) = d2

dζ2 (ξ1 + uβBmξm) − meqKsϕs (5.23)

u ≡ σ2
eq

meq
(5.24)

The boundary condition for Eq. (5.23) requires a special deriva-
tion. For this purpose, let us consider a small cylinder of height,
L, and bases parallel to the interface. The integration of Eq. (5.23)
for 0 ≤ ζ ≤ L, along with the boundary conditions ∂ξ1/∂ζ = −θ

and ∂ξm/∂ζ = 0 at ζ = 0 (see Eq. (3.21)), yields:∫ L

0
dζ

[
−θζ

d

dζ
(ξ1 + uβξm) + meqKsϕs

]

= d

dζ
(ξ1 + uβBmξm)|ζ=L + θ (5.25)
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Fig. 6. Dependencies of ξ1 and ξm on the dimensionless distance to the interface,
ζ, calculated by using the general procedure in the Appendix A. The parameter
values are the same as in Fig. 3a. (a) Plots for three values of θ corresponding to
the region BCD, where θ < θB. (b) A magnified plot for θ = 0.01; ξ1,E and ξm,E,
calculated by the quasi-equilibrium model, Eqs. (5.26)–(5.28), are also shown.

Fig. 6a shows that in the bulk of the solution we really
have ξ1(ζ) ≡ ξm(ζ). In other words, in the bulk ϕm ≡ 0, i.e.
the monomers and micelles are equilibrated with respect to
the fast micellar process. However, in the close vicinity of
the interface (ζ = 0), we have a slight difference between ξ1(ζ)
and ξm(ζ). This difference is due to the different boundary
conditions: (∂ξ1/∂ζ)ζ=0 = −θ versus (∂ξm/∂ζ)ζ=0 = 0; i.e. the
monomers adsorb (nonzero diffusion flux), but the micelles do
not adsorb; see Eq. (3.21).

On the other hand, the simplified model based on Eqs.
(5.26)–(5.28) presumes quasi-equilibrium with respect to the
fast process, that is ξm(ζ) ≡ ξ1(ζ). In such case, ξm(ζ) is no longer
independent variable. Then, at the interface we can impose only
one boundary condition, for ξ1(ζ), and as noted by Joos et al.
[9], this must be the condition for the total interfacial mass bal-
ance of surfactant. Indeed, the derivation of Eq. (5.26) ensures
that the flux of surfactant molecules at the interface must be
the same for the “real” system, described by Eqs. (3.15)–(3.21),
and for the simplified quasi-equilibrium model, described by
Eqs. (5.26)–(5.28). This requirement ensures that the monomer
distributions in the “real” and “model” systems coincide in the
bulk: As seen in Fig. 6b, in the bulk we really have ξ1E(ζ) ≡ ξ1(ζ).
However, close to the interface we have a small difference (about
ext, in Eq. (5.25) we make the transition L → 0 and use the
elationship ξm ≈ ξ1, which is fulfilled in the whole region BCD.
hus, we obtain the boundary condition in the form:

1 + uβBm)
dξ1

dζ
= −θ at ζ = 0 (5.26)

n view of Eq. (3.20) for ϕs, the substitution ξσ ≈ 0 and ξ1 ≈ ξm
n Eqs. (5.23) and (3.16) yields:

(1 + uβ)θζ
dξ1

dζ
= (1 + uβBm)

d2ξ1

dζ2 − m2
eqKs(ξ1 − ξc)

(5.27)

θζ
dξc

dζ
= Bm

d2ξc

dζ2 + meqKs

β
(ξ1 − ξc) (5.28)

The simplified model, based on Eqs. (5.26)–(5.28), is appli-
able for θ < θB, i.e. for equilibrated fast micellar process. This
odel describes the adsorption dynamics in the whole region
CDE, see Figs. 3 and 4.

The perturbation in the subsurface concentration of surfactant
onomers, calculated by means of Eqs. (5.26)–(5.28), is plotted

n Fig. 4 and denoted by ξ1,0E. One sees that for the smaller val-
es of θ, ξ1,0E coincides with ξ1,0, the latter being calculated by
he general mathematical procedure in the Appendix A. How-
ver, in the vicinity of the point B, ξ1,0E differs from ξ1,0. This
ifference, which originates from the boundary conditions (see
elow), deserves a special discussion. For this goal, in Fig. 6a
e have plotted ξ1(ζ) and ξm(ζ) (calculated by using the general
rocedure; see the Appendix A) for three values of θ correspond-
ng to the region BCD, i.e. for θ < θB; see Fig. 3a.
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4%) between ξ1E(ζ) and ξ1(ζ) due to the different boundary con-
ditions.

In conclusion, the correct values of ξ1,0 are given by the full
model, Eqs. (3.15)–(3.21); see also the Appendix A. The simpler
model, Eqs. (5.26)–(5.28), which assumes that ξ1E(ζ) ≡ ξmE(ζ)
for every ζ (Fig. 6b), leads to a small difference between ξ1E(ζ)
and ξ1(ζ) in the close vicinity of the interface. This is the “price”
we pay to work with a simpler model. This difference is the great-
est for the subsurface concentrations, ξ1,0E and ξ1,0 (at ζ = 0). It
disappears for the smaller values of θ, as seen in Fig. 4, or for
greater distances from the interface (Fig. 6).

5.5. The regimes BC and CD

The mathematical problem could be further simplified for the
region BCD, where ξc 
 ξ1, see Figs. 3 and 4. Neglecting the
term with ξc in Eq. (5.27), we obtain:

−(1 + uβ)θζ
dξ1

dζ
= (1 + uβBm)

d2ξ1

dζ2 − m2
eqKsξ1 (5.29)

Using the substitutions

ξ1 ≡ f (y)θ1/2[(1 + uβ)(1 + uβBm)]−1/2 (5.30)

ζ ≡ yθ−1/2(1 + uβ)−1/2(1 + uβBm)1/2 (5.31)
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DBC ≡ D1(1 + uβ)

(
1 + uβ

Dm

D1

)
(5.38)

Here, DBC is an apparent diffusion coefficient. The analogy
between Eqs. (2.7) and (5.37) implies that in the regime BC
we are dealing with diffusion-limited adsorption. In this regime,
the fast micellar process is equilibrated, while the slow micel-
lar process is negligible. For this reason, the rate constants of
the two processes, Km and Ks, do not appear in Eq. (5.37). The
apparent diffusivity, DBC, accounts for the presence of micelles
through the parameters β, u and Dm; see Eq. (5.24) and (5.38).

Note that Eq. (5.37) is specific for the considered type of
dynamics (adsorption at fluid interfaces subjected to stationary
expansion), while Eq. (5.38) for DBC seems to be universal: it
is valid also for other types of interfacial dynamics in regime
BC. For example, the same expression for DBC was derived in
[22], for adsorption relaxation at a quiescent interface. Compar-
ing experimental data with a simpler model of monodisperse
micelles, Joos and van Hunsel [8] obtained a semiempirical
expression for DBC, which is equivalent to Eq. (5.38) with
u = 1. Experimentally, such quadratic dependence of DBC on the
micelle concentration, β, has been established for the nonionic
surfactant Brij 58 by means of the dynamic drop-volume method
[8], and by means of the strip method [9]. The regime BC has
been detected also for the surfactant Triton X-100 by means of
the maximum-bubble-pressure method [52] for the long times.
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BD ≡ m2
eqKs(1 + uβ)−1, aBD ≡ KBD

2θ
(5.32)

e represent Eq. (5.29) and the boundary condition (5.26) in the
orm:

d2f

dy2 + y
df

dy
− 2aBDf = 0 (5.33)

df

dy
= −1 at y = 0 (5.34)

qs. (5.33) and (5.34) define a boundary problem, which is
quivalent to the PFOR model in Section 5.3. Correspondingly,
he solution of this boundary problem is given by Eq. (5.18) with
= aBD. Thus, in view of Eq. (5.30), we obtain:

1,0 = [(1 + uβ)(1 + uβBm)]−1/2 Γ̂ (0.5 + aBD)

Γ̂ (1 + aBD)

(
θ

2

)1/2

(5.35)

sing Eq. (5.19), we derive the asymptotics of Eq. (5.35) for
mall aBD:

1,0 = [(1 + uβ)(1 + uβBm)]−1/2

× (πθ/2)1/2(aBD 
 1, regime BC) (5.36)

ith the help of Eqs. (3.12) and (3.14), Eq. (5.36) can be
xpressed in the form of Eq. (2.7):

Γeq − Γ

Γeq
=
(

π α̇ h2
a

2DBC

)1/2

=
(

π D1 θ

2DBC

)1/2

(regime BC)

(5.37)
his regime has been also observed in measurements of dynamic
urface tension (or adsorption) for other types of surfactants and
xperimental methods; see Section 7.

In contrast with the “diffusion-limited” regime BC, in the
egime CD the adsorption dynamics is affected by the micellar
inetics through the slow micellar process. In general, the regime
D is described by Eq. (5.35) for aBD ≥ 1. Note that aBD ∝ Ks,
here, as usual, Ks is the dimensionless rate constant of the slow
icellar process; see Eq. (5.32). In particular, the asymptotic

orm of Eq. (5.35) for aBD � 1 is:

1,0 = [(1 + βu)(1 + βuBm)]−1/2 θ√
KBD + θ

(regime CD)

(5.39)

ee also Eqs. (5.22) and (5.32). As expected, Eq. (5.39) shows
hat ξ1,0 depends on the rate constant of the slow process, Ks,
hrough KBD, and consequently, Ks could be determined from
xperimental data for ξ1,0(θ,β) in the regime CD; see also Eq.
3.14).

The boundary between the regimes AB and BC, θ = θB, can
e defined as the intersection point of the dependencies ξ1,0(θ)
efined by Eqs. (5.7) and (5.36). Setting equal the right-hand
ides of the latter two equations, we obtain:

B = KAB

[
2

π
(1 + uβ)(1 + uβBm) − 1

]−1

(5.40)

or β → 0 (very low micelle concentrations), the denominator
n Eq. (5.40) could become zero and this equation may not give
hysically meaningful values for θB. This reflects the fact that at
ow micelle concentrations the point B cannot be defined (rudi-

entary kinetic diagram, see Section 6).
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We could define the boundary between the regimes BC and
CD, θ = θC, as a point situated between the zones of validity of
the asymptotic Eqs. (5.36) and (5.39). An appropriate definition
of θC could be obtained if we postulate that at θ = θC the relative
deviation of the asymptotic Eq. (5.36) from the exact Eq. (5.35)
is 25%. This definition yields:

θC = 1.853KBD = 1.853m2
eqKs(1 + βu)−1 (5.41)

The positions of the points θB and θC in Figs. 3 and 4 (shown
by vertical dashed lines) are determined from Eqs. (5.40) and
(5.41). Note that smaller values of Ks lead to wider region BC:
compare Fig. 3a–c.

5.6. Regime DE

By definition, for θ < θD we have ξc ≈ ξ1 ≈ ξm and ξσ ≈ 0, see
Fig. 3. Physically, this means that the surfactant monomers and
micelles are equilibrated with respect to both the fast and slow
micellar processes. Consequently, we could simplify the general
mass-transport problem, Eqs. (3.15)–(3.18). For this goal, we
multiply Eq. (3.16) by βmeq and sum it up with Eq. (5.23). The
result reads:

−θζ
d

dζ
(ξ1 + βuξm + βmeqξc)
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−
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−
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(2.7) can be derived for the regime DE:

Γeq − Γ

Γeq
= ξ1,0 =

(
πα̇h2

a

2DDE

)1/2

=
(

πD1θ

2DDE

)1/2

(5.46)

DDE ≡ D1[1 + (u + meq)β]

[
1 + (u + meq)β

Dm

D1

]
(5.47)

Here, DDE is an apparent diffusion coefficient. The analogy
between Eqs. (2.7) and (5.46) implies that in the regime DE we
are dealing with diffusion-limited adsorption. Because in this
regime the fast and slow micellar processes are equilibrated, the
rate constants of these two processes, Km and Ks, do not appear
in Eqs. (5.46). The latter describes adsorption under purely dif-
fusion control. The apparent diffusivity, DDE, accounts for the
presence of micelles through the parameters meq, β, u and Dm;
see Eq. (5.47).

Note that Eq. (5.46) is specific for the considered type of
adsorption dynamics (at fluid interfaces subjected to stationary
expansion), while Eq. (5.47) for DDE seems to be universal: it is
valid also for other types of interfacial dynamics in regime DE.
For example, the same expression for DDE was derived in [22]
for adsorption relaxation at a quiescent interface.

As a rule, meq � u, see Eq. (5.24). Then, we can neglect u in
Eq. (5.47). The resulting expression for DDE is identical to that
o
a
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= d2

dζ2 (ξ1 + βuBmξm + βmeqBmξc) (5.42)

he boundary condition for Eq. (5.42) can be derived in anal-
gy with the derivation of Eq. (5.26). For this purpose, we first
onsider a small cylinder of height, L, and bases parallel to the
nterface. The integration of Eq. (5.42) for 0 ≤ ζ ≤ L, along with
he boundary conditions ∂ξ1/∂ζ = −θ and ∂ξm/∂ζ = ∂ξc/∂ζ = 0 at
= 0 (see Eq. (3.21)), yields:

θ

∫ L

0
dζζ

d

dζ
(ξ1 + uβξm + meqβξc)

= d

dζ
(ξ1 + uβBmξm + meqβBmξc)|ζ=L + θ (5.43)

ext, in Eq. (5.43) we make the transition L → 0 and use the
elationship ξc = ξ1 = ξm, which is fulfilled in the region DE.
hus, we obtain the boundary condition in the form:

1 + (meq + u)βBm]
dξ1

dζ
= −θ at ζ = 0 (5.44)

he substitution ξc ≈ ξm ≈ ξ1 in Eq. (5.42) yields:

[1 + (u + meq)β]θζ
dξ1

dζ
= [1 + (u + meq)βBm]

d2ξ1

dζ2

(5.45)

athematically, the boundary problem, Eqs. (5.44) and (5.45)
s analogous to the boundary problem for concentrations below
he CMC, Eqs. (2.2) and (2.3), and it can be solved in a similar
ay. Thus, in view of Eqs. (3.12) and (3.14), an analogue of Eq.
btained by Lucassen [6] in the framework of a simplified model
ssuming the presence of monodisperse micelles of aggregation
umber meq. In [6], it was reported that this expression agrees
ell with experimental data for the adsorption of nonionic sur-

actants at interfaces of oscillating area.
Because meq � u, the dependence DDE(β), predicted by Eq.

5.47) is much stronger than the dependence DBC(β), predicted
y Eq. (5.38). (As usual, β ≡ (Ctot − CMC)/CMC is the dimen-
ionless micelle concentration.) The latter fact enables one to
asily distinguish between the regimes BC and DE, both of them
orresponding to diffusion-limited adsorption: Γ eq − Γ ∝ θ1/2;
ompare Eqs. (5.37) and (5.46). For example, Joos et al. [8,9,18]
stablished a considerable disagreement between their exper-
mental data and the Lucassen’s expression for the apparent
iffusivity. The reason is that the data by Joos et al. correspond to
he regime BC, while the Lucassen’s expression, i.e. Eq. (5.47)
ith u = 0, is derived for the regime DE. (The two regimes have
ot been distinguished at that time.)

Because the point D is defined as boundary between the
egions CD and DE, the boundary point θD could be determined
s the intersection point of the curves ξ1,0(θ) defined by Eqs.
5.39) and (5.46). Setting equal the right-hand sides of the latter
wo equations, one obtains:

D = KBD

(
2

π

DDE

DBC
− 1

)−1

(5.48)

here the apparent diffusion coefficients DBC and DDE are
efined by Eqs. (5.38) and (5.47); Eq. (5.32) relates KBD to the
ate constant of the slow micellar process, Ks. In Figs. 3 and 4,
he vertical dashed lines for θD are drawn by means of Eq. (5.48).
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5.7. Compound asymptotic expression for the whole region
ABCDE

Regular kinetic diagrams with clearly distinguished regimes
AB, BC, CD and DE are observed when β � 1 and

βKm � (meq − wσeq)2meqKs (5.49)

see the right-hand side of Eq. (5.2). In this case, the values of
θ corresponding to the separate regimes differ by order of mag-
nitude, see Figs. 3 and 4. For this reason, one could obtain a
compound analytical expression for ξ1,0(θ) by merely summing
up Eq. (5.5) for the regime AB; Eq. (5.35) for the region BCD,
and Eq. (5.46) for the regime DE. The resulting expression reads:

ξ1,0(θ) =
(

θ

2

)1/2
[

Γ̂ (0.5 + aAB)

Γ̂ (1 + aAB)

+ D
1/2
1

D1/2
BC

Γ̂ (0.5 + aBD)

Γ̂ (1 + aBD)
+ (πD1)1/2

D
1/2
DE

]
(5.50)

In view of Eqs. (5.2), (5.4), (5.32) and (5.49), aAB and aBD could
be expressed in the form:

aAB ≈ Kmβ

2meqθ
, aBD = Ksm

3
eq

2(meq + σ2
eqβ)θ

(5.51)
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is in excellent agreement with the exact numerical solution. We
recall that Eq. (5.50) is applicable only in the case of regular
kinetic diagrams, for which the relation (5.49) is satisfied.

6. Rudimentary kinetic diagrams

The rudimentary kinetic diagrams are characterized by merg-
ing or disappearance of the regimes BC and CD when the
conditions: (a) β � 1 and (b) βKm � (meq − wσeq)2meqKs are
violated; see Eq. (5.49). As a rule, this happens at low micelle
concentrations. Below, we consider separately two typical cases.

6.1. Conditions (a) and (b) are both violated

In this case, the points B and C merge with the point D. In
other words, the regimes BC and CD are missing. As illustration,
in Fig. 8a we have plotted the total perturbations ξ1,T(θ), ξm,T(θ),
ξc,T(θ), and ξσ,T(θ), calculated as described in Section 4. The
parameter values used in these computations are β = 1, Km = 1,
Km/Ks = 105; the other parameters are given by Eq. (4.8). For
these parameter values we have:

βKm ≈ (meq − wσeq)2meqKs (6.1)

Because β = 1, both the conditions (a) and (b) are violated; see
the beginning of Section 6. In Fig. 8a one sees that the curves

Fig. 8. Km/Ks = 105: rudimentary kinetic diagrams at a low micelle concentra-
tion, β = 1. The other parameter values are given by Eq. (4.8) and Km = 1. (a) Plot
of ξ1,T, ξc,T, ξm,T, and ξσ,T vs. θ. (b) Plot of ξ1,0 vs. θ; the dashed and continuous
lines, which practically coincide, are, respectively, predictions of the approxi-
mate Eq. (6.2) and the exact numerical solution described in the Appendix A.
n view of Eq. (3.14) and (5.50) determines also the dependen-
ies of the surface tension and adsorption on the expansion rate:
= γ(θ) and Γ = Γ (θ). We recall that in Eq. (5.50) Γ̂ denotes

he known gamma function (Euler integral of the second kind)
49,50].

In Fig. 7, predictions of the approximate Eq. (5.50) (the
ashed lines), are compared against the exact numerical solution
escribed in the Appendix A (the continuous lines). As seen in
ig. 7, the dashed and continuous lines practically coincide. In
ther words, the approximate analytical expression, Eq. (5.50),

ig. 7. Plot of ξ1,0 vs. θ for three values of Km/Ks, denoted in the figure; β = 100,

m = 1000; the other parameter values are given by Eq. (4.8). The dashed and
ontinuous lines, which practically coincide, are, respectively, predictions of
he approximate Eq. (5.50) and the exact numerical solution described in the
ppendix A. Note that ξ1,0 is proportional to the perturbations in the surface

ension and adsorption, see Eq. (3.14).
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Fig. 9. Km/Ks = 106: rudimentary kinetic diagrams at a low micelle concentra-
tion, β = 1. The other parameter values are given by Eq. (4.8) and Km = 1. (a) Plot
of ξ1,T, ξc,T, ξm,T, and ξσ,T vs. θ. (b) Plot of ξ1,0 vs. θ; the dash-dotted, dashed
and continuous lines are, respectively, the predictions of Eq. (5.50) and (6.2),
and of the exact numerical solution in the Appendix A.

ξm,T(θ) and ξc,T(θ) merge with the curve ξ1,T(θ) practically at
the same point. In other words, the points B and D (and the
intermediate point C) coincide; compare Fig. 8 with Fig. 3a–c.
The latter fact suggests trying an analytical formula for ξ1,0(θ),
obtained from Eq. (5.50) by deleting the term accounting for the
region BCD:

ξ1,0(θ) =
(

θ

2

)1/2
[

Γ̂ (0.5 + aAB)

Γ̂ (1 + aAB)
+ (πD1)1/2

D
1/2
DE

]
(6.2)

where aAB is defined by Eqs. (5.2) and (5.4), while DDE is given
by Eq. (5.47). In other words, in Eq. (6.2) we keep only the terms
corresponding to the regions AB and DE.

In Fig. 8b, we compare the prediction of Eq. (6.2) (dashed
line) with the exact numerical solution described in the Appendix
A (continuous line). One sees that the dashed and continuous
lines coincide, i.e. Eq. (6.2) gives ξ1,0(θ) very accurately.

6.2. Only the condition β � 1 is violated

In this case, the regime BC (diffusion control) is missing,
but the regime CD (interfacial dynamics affected by the slow
micellar process) is present. As an illustration, in Figs. 9a and 10a
we have plotted the total perturbations ξ1,T(θ), ξm,T(θ), ξc,T(θ),
and ξσ,T(θ), calculated as described in Section 4. The parameter

Fig. 10. Km/Ks = 107: rudimentary kinetic diagrams at a low micelle concentra-
tion, β = 1. The other parameter values are given by Eq. (4.8) and Km = 1. (a) Plot
of ξ1,T, ξc,T, ξm,T, and ξσ,T vs. θ. (b) Plot of ξ1,0 vs. θ; the dash-dotted, dashed
and continuous lines are, respectively, the predictions of Eqs. (5.50) and (6.2),
and of the exact numerical solution in the Appendix A.

values are the same as in Fig. 8a, except the ratio Km/Ks, which
is equal to 106 and 107 for Figs. 9 and 10, respectively. For these
parameter values, the relation (5.49) is satisfied. Hence, only the
condition β � 1 is violated.

Figs. 9a and 10a indicate that now the points B (merging of
ξ1,T and ξm,T) and D (merging of ξ1,T and ξc,T) are well distinct.
As in the case of regular kinetic diagrams (Fig. 3), on the left of
the point B we have ξσ,T ≈ 0 and ξm,T ≈ ξ1,T. In view of Eq. (4.6),
this means that the flux of the fast micellar process, ϕm,T, is equal
to zero, and the monomers and micelles are equilibrated with
respect to the fast micellar process. In addition, on the left of the
point D we have ξσ,T ≈ 0 and ξc,T ≈ξ1,T ≈ ξm,T. This means that
on the left of the point D, the flux of the slow micellar process,
ϕs,T, is also equal to zero (see Eq. (4.7)), and the monomers and
micelles are equilibrated with respect to both the fast and slow
micellar process. Then, the dynamics of adsorption occurs under
diffusion control.

In Figs. 9b and 10b, the exact numerical solution described
in the Appendix A (the continuous line) is compared with the
predictions of the approximated Eq. (5.50) (the dash-dotted line)
and Eq. (6.2) (the dashed line). One sees that in some regions of
θ-values, Eqs. (5.50) and (6.2) are close to the exact solution for
ξ1,0(θ), but in other regions there is a considerable difference.
For this reason, in the considered case of rudimentary kinetic
diagrams it is preferable to use the exact numerical solution.
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7. Comparison of theory and experiment

To compare our model with the experiment, and to illustrate
its applicability, here we present fits of experimental data pub-
lished by other authors.

7.1. Dynamic surface tension of Brij 58 measured by the
strip method

The dynamic surface tension, γ , of the nonionic surfactant
polyoxyethylene-20 hexadecyl ether (Brij 58) has been mea-
sured by Li et al. [9] by means of the strip method. It has
been established that for each given surfactant concentration
the experimental data satisfies the relationship γ − γeq ∝ α̇1/2,
where α̇ is the surface expansion rate, see Eq. (2.1). In other
words, the data indicate adsorption under diffusion control. In
addition, Li et al. [9] have established that the apparent diffusiv-
ity of the surfactant solution, determined from their data, agrees
with an expression equivalent to our Eq. (5.38) with u = 1. This
finding implies that this set of experimental data corresponds
to dynamics of adsorption in the regime BC. Consequently, the
data could be interpreted by using the analytical expressions for
the regime BC derived in Section 5.5.Combining Eqs. (3.14) and
(5.37), we obtain:
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Fig. 11. Plot of the dimensionless apparent diffusion coefficient, DBC/D1, vs.
the dimensionless micelle concentration, β. The points are experimental data
for the nonionic surfactant Brij 58 from reference [9]. The continuous line is
the best fit by parabola in accordance with Eq. (7.2). The values of u and Bm,
determined from the fit, are shown in the figure.

7.2. Dynamic adsorption of C14TAB and C16TAB by the
overflowing cylinder method

The overflowing cylinder method allows one to measure
directly dynamic adsorption, Γ (α̇), by ellipsometry [27,30,31],
or by neutron reflection [28]. Sets of such experimental data
for aqueous solutions of the cationic surfactants tetradecyl-
and hexadecyl-thrimethylammonium bromide (C14TAB and
C16TAB) have been published in reference [12]; see also [31].
The solutions contain 100 mM electrolyte, NaBr, which sup-
presses the electrostatic effects. As demonstrated below, it turns
out that these data agree well with the kinetic regime BC, like
the data for Brij 58 in Section 7.1.

The data in [12] give Γ for various couples of values (α̇, β).
However, a systematic dependence Γ (α̇) at fixed β is not avail-
able. For this reason, the approach for data interpretation from
Section 7.1 cannot be applied. Instead, we will use the following
modified approach.Eqs. (5.37) and (5.38) can be represented in
the form

Γ = Γeq − Γeq(τdif)
1/2Y (7.3)

Y ≡
{

πα̇

[2(1 + uβ)(1 + uβBm)]

}1/2

(7.4)

where τdif = ha
2/D1 is the characteristic diffusion time of the

s
v
t
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r
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− γeq = Γ 2
eqkT

CMC

(
πα̇

2DBC

)1/2

(7.1)

rom equilibrium surface-tension data for aqueous solutions
f Brij 58 it is known that CMC = 1.0 × 10−8 mol/cm3 and
eq = 2.70 × 10−10 mol/cm2 (at CMC) [9]. Then, from the slope

f the experimental plot γ − γeq versus α̇1/2 for a fixed micellar
oncentration, β, one can determine the apparent diffusivity of
he surfactant solution, DBC(β). On the other hand, Eq. (5.38)
ields:

BC(β) ≡ D1(1 + uβ)(1 + uBmβ) (7.2)

ere, as usual, β = (Ctot − CMC)/CMC; Bm = Dm/D1 is the ratio
f the diffusivities of the micelles and monomers. For Brij 58
he value D1 ≈ 5 × 10−6 cm2/s was used [9].

The points in Fig. 11 represent the data for DBC/D1 versus β

rom reference [9]. We fitted these data with parabola, DBC(β),
n accordance with Eq. (7.2). The best fit yields Bm = 0.243
nd u = 1.06. The latter values are close to those in [9] where
= 1 is presumed, and Bm = 0.25 is obtained. From our value
f u = σ2

eq/meq and the micellar aggregation number, meq = 70
or Brij 58 [53], we calculate the polydispersity of the micelles:
eq = 8.6.

The fit of the experimental data in Fig. 11 is very good, and
he obtained values of the parameters Bm and σeq are reasonable.
his confirms that the adsorption kinetics in this experiment
orresponds to the regime BC. We recall that in this regime, the
ate constants of the fast and slow micellar processes, Km and
s, do not affect the surfactant adsorption kinetics, and cannot
e determined from the fit of the data.
urfactant monomers. We plotted the experimental data for Γ

ersus Y in accordance with Eqs. (7.3) and (7.4). The parame-
ers u and Bm, were varied until the best fit of the data by linear
egression was achieved (Fig. 12). The intercept of this linear
egression, corresponding to Y = 0 (i.e. α̇ = 0), gives the equi-
ibrium adsorption at CMC, Γ eq.

Fig. 12a shows the fit of the data for C14TAB from reference
12], plotted as Γ versus Y; see Eq. (7.3). The best fit corresponds
o Bm = Dm/D1 = 0.232 and u = σ2

eq/meq = 1.2. The aggrega-
ion number of the C14TAB micelles is reported to be meq = 80, in
he absence of added electrolyte [53]. Assuming that the addition
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Fig. 12. Plot of the adsorption, Γ , vs. the parameter Y, in accordance with Eqs.
(7.3) and (7.4). The points are experimental data for the cationic surfactants (a)
C14TAB and (b) C16TAB published in reference [12]. The values of u and Bm,
determined from the best linear regression (the straight line), are shown in the
figures.

of 100 mM NaBr does not change meq, from u = 1.2 we deter-
mine that the polydispersity of the C14TAB micelles is σeq = 9.8.
The obtained values of Bm and σeq are reasonable, and the data
in Fig. 12a comply well with a straight line, whose intercept
gives a realistic value for Γ eq. This agreement between theory
and experiment confirms that, in the considered case, the kinetic
regime is BC.

Fig. 12b is similar to 12a, but this time the surfactant
is C16TAB. The best fit corresponds to Bm = Dm/D1 = 0.180
and u = σ2

eq/meq = 0.26. The obtained smaller value of Bm
for C16TAB (in comparison with C14TAB) seems reasonable,
because C16TAB exhibits a tendency to form larger elongated
micelles [54,55]. For a surfactant with hexadecyl chain, the
aggregation number of the minimum spherical micelle is about
100 [31,55]. The addition of electrolyte is known to increase
the aggregation number of the micelles of ionic surfactants
[56,57]. If the aggregation number of C16TAB micelles (for
CC16TAB < 10 mM) in the presence of 100 mM NaBr is the same
as for 100 mM C16TAB without NaBr (because of the same ionic
strength), we could use the value meq ≈ 170 [53,58]. Then, from
u = 0.26 we estimate σeq = 6.7. The latter value seems somewhat

smaller than expected. Nevertheless, the reasonable values of
Bm and Γ eq (the latter determined from the intercept of the lin-
ear regression in Fig. 12b) indicates that, in the considered case,
the kinetic regime is again BC.

7.3. Discussion

The theory developed in this paper is based on lineariza-
tion for small perturbations; see Section 3.1. Therefore, it is
important to estimate the limits of applicability of this linearized
theory.

If data for the variation of the surface tension, �γ = γ − γeq
is available as a function of the surface dilatation rate, α̇, the sim-
plest way is to plot �γ versus α̇1/2, as suggested by Li et al. [9],
see Fig. 2 therein. For the lower α̇, and for the higher surfactant
concentrations, the plot of �γ versus α̇1/2 is linear; this is the
region where the linearized theory is applicable. In contrast, for
the greater α̇, and for the lower surfactant concentrations, a por-
tion of the plot of �γ versus α̇1/2 may deviate from straight line;
this is the region where the linearized theory is not applicable.
Fig. 2 in reference [9] represents a good illustrative example.

Alternatively, if data for the variation in the adsorption, Γ ,
are available, one could plot Γ versus α̇1/2 for a given concen-
tration, or Γ versus Y for various concentrations, as in Fig. 12.
The linearized theory is valid for the region of not-too-large α̇

(or Y), where the respective plot complies with a straight line.
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or example, for the experimental point with the smallest � in
ig. 12, we have ξ1,0 = (Γ eq − Γ )/Γ eq = 0.56; in other words,
1,0 is not so small, but nevertheless the linearized theory could
e applied (the data agree with a straight line). This could be
xplained with the fact that the perturbation ξ1 decays very fast
ith the distance from the interface, inside the micellar solution.
The above two criteria for validity of the linearized theory

re applicable when the surfactant transfer takes place under
he regime BC; see Eq. (5.37). When the kinetic regime is dif-
erent, analogous criteria can be obtained from the requirement
he experimental data to agree with the kinetic equation of the
espective regime. Thus, for the regime AB this is Eq. (5.5), or
ts asymptotic forms, Eqs. (5.6) and (5.7). For the regime CD this
s Eq. (5.39), and for the regime DE this is Eq. (5.46). Note that
athematically Eqs. (5.7) and (5.39) are similar, and one could

dentify whether the regime is AB or CD from the values of the
arameters determined from the fit. Likewise, mathematically
qs. (5.37) and (5.46) are similar, but one could identify whether

he regime is BC or DE from the coefficients DBC and DDE deter-
ined from the fit. In general, it is expected that DBC 
 DDE,

ee Eqs. (5.38) and (5.47).

. Summary and conclusions

Here, we consider a micellar surfactant solution whose sur-
ace is subjected to stationary expansion. The adsorption at the
uid interface gives rise to diffusion of surfactant monomers
nd micelles, and to release of monomers by the micelles. To
escribe this process, we applied a recently derived general sys-
em of four ordinary differential equations, which are linearized
or the case of small perturbations, see Eqs. (3.15)–(3.18). The
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numerical solution of this problem reveals the existence of four
distinct kinetic regimes (Fig. 3). At the greatest expansion rates,
the surfactant adsorption is affected by the fast micellar pro-
cess (regime AB, Section 5.2). At lower expansion rates, the
fast process equilibrates and the adsorption occurs under diffu-
sion control (regime BC, Section 5.5). With the further decrease
of the expansion rate, the surfactant adsorption is affected by
the slow micellar process (regime CD, Eq. (5.39)). Finally,
at the lowest expansion rates, both the fast and slow micel-
lar processes are equilibrated, and the adsorption again occurs
under diffusion control (regime DE, Section 5.6). For each sep-
arate kinetic regime, convenient analytical expressions for the
dynamic surface tension and adsorption are derived (Section 5).
At low micelle concentrations, “rudimentary” kinetic diagrams
are observed, which are characterized by merging or disappear-
ance of the regimes BC and CD (Section 6). Usually, only one
of the kinetic regimes is experimentally detected. The devel-
oped theoretical model enables one to identify which of the four
regimes is observed in a given experiment, and to interpret prop-
erly the obtained data for the dynamic surface tension and/or
adsorption. We applied the model to process available data from
references [9,12] for the nonionic surfactant Brij 58, and for
two cationic surfactants (C14TAB and C16TAB); see Section
7. Good agreement between theory and experiment is achieved
(Figs. 11 and 12), which implies that the kinetic regime is BC
in the considered specific cases.
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Appendix A. Numerical procedure for solution of the
boundary problem (3.15)–(3.21)

At the first step, we introduce a convenient new scaling of the
normal coordinate, ζ, and of the perturbations, ξ1, ξc, ξm and ξσ ,
as follows:

ζ = ζ̃θ−1/2, ξi ≡ ξ̃iθ
1/2 (i = 1, c, m, σ) (A.1)

The substitution of Eq. (A.1) into Eqs. (3.15)–(3.18), yields:

−ζ̃
dξ̃1

dζ̃
= d2ξ̃1

dζ̃2 − (meq − wσeq)
Ks

Kmθ̃
ϕ̃s − β

meqθ̃
ϕ̃m (A.2)

−ζ̃
dξ̃c

dζ̃
= Bm

d2ξ̃c

dζ̃2 + Ks

βKmθ̃
ϕ̃s (A.3)

−ζ̃
dξ̃m

dζ̃
= Bm

d2ξ̃m

dζ̃2 − Ks

Kmθ̃

wmeq

βσeq
ϕ̃s + 1

σ2
eqθ̃

ϕ̃m (A.4)

−ζ̃
dξ̃σ

dζ̃
= Bm

d2ξ̃σ

dζ̃2 + Ks

Kmθ̃
(w2 − 1)

meq

2β
ϕ̃s

− 1

2σ2
eqθ̃

ϕ̃m − 2

σ2
eqθ̃

ξ̃σ (A.5)

where θ̃ = θ/Km, and the rescaled fluxes, ϕ̃s and ϕ̃m, are defined
by expressions analogous to Eqs. (3.19)–(3.20):

ϕ̃m ≡ ξ̃1 − ξ̃m + ξ̃σ

σ2
eq

(A.6)

ϕ̃s ≡ (meq − wσeq)ξ̃1 − meqξ̃c + wσeqξ̃m − (w2 − 1)ξ̃σ

(A.7)

The boundary condition (3.21) is transformed in a universal
form, which does not contain θ:

dξ̃1

dζ̃
= −1 ,

dξ̃c

dζ̃
= 0,

dξ̃m

dζ̃
= 0,

dξ̃σ

dζ̃
= 0 at ζ̃ = 0

(A.8)

To solve numerically the boundary problem (A.2)–(A.8), one
has to specify the values of the following input parameters: (i)
parameters related to the equilibrium micellar solution: β, meq,
σeq, and w; (ii) diffusion and kinetic parameters: Bm and Km/Ks;
and (iii) the dimensionless interfacial expansion rate, θ̃. It is
important to note that the boundary problem (A.2)–(A.8) does
not contain the characteristic diffusion time, τdif = h2

a/D1. In
particular, we have Km/Ks = k−

m/k−
S , and θ̃ = α̇/k−

m; see Eq.
(4.1). Moreover, to solve this dimensionless boundary problem,
w −
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e have not to introduce the absolute value of km or Km.
The solution of this problem yields the dependencies ξ̃i,0(θ̃)

nd ξ̃i,T (θ̃). To obtain the kinetic diagrams of ξi,0(θ) and ξi,T(θ),
ike those in Figs. 3, 4 and 7–10, one has to specify the value
f Km. Because, these diagrams are given in double-logarithmic
cale, it is convenient to present the relations between the two
ypes of variables in the form:

og θ = log θ̃ + log Km (A.9)

og ξi,0 = log[ξ̃i,0(θ̃)θ̃1/2] + 1

2
log Km (A.10)

i = 1,c,m,σ). In addition, ξ̃i,T = ξi,T , see Eqs. (4.1) and (A.1).
ote that log Km enters Eqs. (A.9) and (A.10) as an additive

erm. Consequently, the variation of Km ≡ k−
mτdif (or the sepa-

ate variations of k−
m and τdif) leads only to a simple translation

f the curves ξi,0(θ) and ξi,T(θ) (in Figs. 3, 4 and 7–10), without
hanges in their shape. In the case of ξi,T(θ), the translation is
nly along the horizontal axis.

As mentioned in Section 3, the interfacial expansion creates
perturbation in the bulk of solution. Under steady-state con-

itions, the penetration depth of this perturbation depends on
he rate of surface expansion, θ. However, in terms of the new
ariables, defined by Eq. (A.1), θ disappears from the boundary
onditions; compare Eqs. (3.21) and (A.8). For this reason, in
erms of ζ̃, the penetration depth of the perturbation is universal
nd decays as exp(−ζ̃2/2). Consequently, the width of the inte-
ration domain, 0 ≤ ζ̃ ≤ ζ̃∞, determined by ζ̃∞, can be fixed
n a universal manner, irrespective of the specific value of θ.
n our computations, we chose ζ̃∞ = 7. Indeed, for ζ̃∞ = 7 we
ave exp(−ζ̃2∞/2) = 2.3 × 10−11, and consequently, all pertur-
ations are practically zero for depth ζ̃ > 7.
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To solve the boundary problem (A.2)–(A.8), we divided the
numerical domain, [0, ζ̃∞], on N equal intervals of endpoints
ζ̃0, ζ̃1, ζ̃2, . . . , ζ̃N , with step �ζ̃ = ζ̃∞/N. We used a second
order difference scheme [47]; the first and second derivatives in
the bulk are computed as follows:

df

dζ̃
= f (ζ̃ + �ζ̃) − f (ζ̃ − �ζ̃)

2�ζ̃
,

d2f

dζ̃2

= f (ζ̃ + �ζ̃) − 2f (ζ̃) + f (ζ̃ − �ζ̃)

(�ζ̃)2 (A.11)

In the boundary condition (A.8), the second order forward dif-
ference scheme is used for the first derivative [47]:

df

dζ̃
= −3f (ζ̃) + 4f (ζ̃ + �ζ̃) − f (ζ̃ + 2�ζ̃)

2�ζ̃
(A.12)

With the help of Eqs. (A.11) and (A.12), the boundary prob-
lem (A.2)–(A.8) is reduced to a linear system of equations.
The values of functions in the discrete nodes 0, ζ̃1, ζ̃2, . . . , ζ̃N

are ordered as ξ̃1(0), ξ̃c(0), ξ̃m(0), ξ̃σ(0); ξ̃1(ζ̃1), ξ̃c(ζ̃1), ξ̃m(ζ̃1),
ξ̃σ(ζ̃1), etc. This procedure reduces the considered system of
equations to a system with eight upper and lower diagonals,
which is solved using the generalized Thomas algorithm [47].
Our calculations have been carried out at N = 400,000, which
gives a very high accuracy of the obtained numerical results:
t
3

R

[

[

[

[

[14] B.A. Noskov, Diffusion of micellar surfactants in liquids. The influence
of the fast relaxation process, Kolloidn. Zh. 52 (1990) 509–514.

[15] A. Johner, J.F. Joanny, Block copolymer adsorption in a selective sol-
vent: a kinetic study, Macromolecules 23 (1990) 5299–5311.

[16] C.D. Dushkin, I.B. Ivanov, Effects of the polydispersity of diffusing
micelles on the dynamic surface elasticity, Colloids Surf. 60 (1991)
213–233.

[17] C.D. Dushkin, I.B. Ivanov, P.A. Kralchevsky, The kinetics of the sur-
face tension of micellar surfactant solutions, Colloids Surf. 60 (1991)
235–261.

[18] J. van Hunsel, G. Bleys, P. Joos, Adsorption kinetics at the oil/water
interface, J. Colloid Interface Sci. 114 (1986) 432–441.

[19] G. Geeraerts, P. Joos, Dynamic surface tension of micellar Triton X-100
solutions, Colloids Surf. A 90 (1994) 149–154.

[20] K.D. Danov, D.S. Valkovska, P.A. Kralchevsky, Adsorption relaxation
for nonionic surfactants under mixed barrier-diffusion and micellization-
diffusion control, J. Colloid Interface Sci. 251 (2002) 18–25.

[21] K.D. Danov, P.A. Kralchevsky, N.D. Denkov, K.P. Ananthapadmanab-
han, A. Lips, Mass transport in micellar surfactant solutions. 1. Relax-
ation of micelle concentration, aggregation number and polydispersity,
Adv. Colloid Interface Sci. 119 (2006), in press.

[22] K.D. Danov, P.A. Kralchevsky, N.D. Denkov, K.P. Ananthapadmanab-
han, A. Lips, Mass transport in micellar surfactant solutions. 2. The-
oretical modeling of adsorption at a quiescent interface, Adv. Colloid
Interface Sci. 119 (2006), in press.

[23] T. Horozov, L. Arnaudov, A novel fast technique for measuring dynamic
surface and interfacial tension of surfactant solutions at constant inter-
facial area, J. Colloid Interface Sci. 219 (1999) 99–109.

[24] T. Horozov, L. Arnaudov, Adsorption kinetics of some polyethylene
glycol octylphenyl ethers studied by the fast formed drop technique, J.
Colloid Interface Sci. 222 (2000) 146–155.

[

[

[

[

[

[

[

[

[

[

[

he error in the numerical scheme is of the order of (�ζ̃)2 =
.06 × 10−10.

eferences

[1] G.C. Kresheck, E. Hamory, G. Davenport, H.A. Scheraga, Determina-
tion of the dissociation rate of dodecylpyridinium iodide micelles by a
temperature-jump technique, J. Am. Chem. Soc. 88 (1966) 246–253.

[2] E.A.G. Aniansson, S.N. Wall, On the kinetics of step-wise micelle asso-
ciation, J. Phys. Chem. 78 (1974) 1024–1030.

[3] R. Zana (Ed.), Dynamics of Surfactant Self-Assemblies, CRC Press,
Boca Raton, 2005.

[4] B.A. Noskov, D.O. Grigoriev, Adsorption from micellar solutions, in:
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