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human eye, in which the conditions for film rupture represent
We consider an evaporating liquid film which lies on a planar the main objective of investigation. Numerous studies have

heated solid substrate. The film contains a dissolved surfactant at been devoted to this problem, either in the geometry of free
a high concentration, so that micellar aggregates exist in the bulk. films or for liquid layers on solid substrates. Scheludko (1)
Linear stability analysis of this system is performed by investigat-

suggested the idea that rupture instability results from ampli-ing the time evolution of the amplitude of fluctuation waves. The
fication of spontaneous fluctuations in the shape of the fluidliquid-vapor interface is regarded as a two-dimensional continuum
interfaces, under the action of long-range attractive van dercharacterized by intrinsic viscosity, specific adsorption, and sur-
Waals forces. The latter are always operative at small thick-face tension. The latter quantities depend on the instantaneous
nesses, below Ç100 nm.subsurface concentration of surfactant monomers (subject to fluc-

tuation) and upon the temperature. At small Reynolds and large A surfactant monolayer, spread on the liquid interface, is
Peclet numbers, and for thin films, the lubrication approximation well known to damp the wave motion (2). The phenomenon
model can be applied to solve the hydrodynamic problem. In the is due to the fact that as the monolayer is compressed and
balance of normal stress at the fluid interface, we account for the expanded, the local variations of the adsorption lead to
contribution of intermolecular forces. There are van der Waals, changes in the interfacial tension. The combination of the
electrostatic, steric, and oscillatory structural interactions, which

resulting tension gradients (Marangoni effect) with the in-are described in terms of separate components of disjoining pres-
terfacial viscous friction brings about suppression of the sur-sure. The oscillatory structural forces are due to the presence of
face waves.surfactant micelles or other colloidal particles in the film. These

Linear stability analysis for an isothermal nondrainingforces turn out to have the highest magnitude, and are of great
film on a horizontal plate was carried out by Ruckenstein andimportance for the stability. We solve numerically the evolution

equation for the fluctuation, thus finding the critical thickness of Jain (3) , who accounted for the van der Waals interactions in
film rupture and the critical lateral wave number. The influence the context of the so-called ‘‘body force’’ approach. A gradi-
of the surfactant type and concentration and the relative signifi- ent of appropriate potential energy was added to the Navier-
cance of the particular interactions under different conditions are Stokes equations in the liquid film. Williams and Davis (4)
discussed in detail. q 1998 Academic Press proposed a nonlinear theory for the same system. The treat-

Key Words: evaporating thin liquid films; linear stability analysis;
ment was based on the fact that the unstable fluctuationoscillatory structural forces; surfactant at a high concentration; in-
disturbances had wavelengths much larger than the filmterfacial viscosity; Marangoni temperature and adsorption effects.
thickness. Constant interfacial tension was assumed by Wil-
liams and Davis (4); i.e., the Marangoni effects were dis-
carded. The nonlinear analysis of de Wit et al. (5) included

1. INTRODUCTION the variation of the interfacial tension due to local changes in
the surface coverage of insoluble surfactants; the interfacial

The stability of thin liquid films (with thickness in the viscosity was neglected in Ref. (5) . The flow in a free film
range between 10 nm and 20 mm) has important scientific was compared with that of a layer on solid substrate. It was
and technological implications. There are many particular shown that the two systems were substantially different from
systems, for example, foams and emulsions, layers obtained the hydrodynamic viewpoint (5) .
by coating and deposition processes, and tear films in the A comprehensive linear theory for the fluctuations in the

thickness of a plane-parallel film sandwiched between two
fluid phases was presented by Maldarelli (6) and Maldarelli1 To whom correspondence should be addressed. Fax: (359) 2 962 5643.
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225SURFACE FORCES IN EVAPORATING FILMS

connected with the surfactant redistribution. In addition, the interface includes the contribution of the surface forces.
Maldarelli (6) and Maldarelli and Jain (7) discussed theelectrostatic interactions were incorporated by utilizing the

body-force approach. Felderhof (8) also studied the linear ‘‘disjoining pressure’’ and the ‘‘body force’’ approaches in
detail; the former was found to be applicable in the case ofdynamics of free liquid films in the presence of repulsive

forces arising from the overlap of diffuse electric double long wavelength disturbances (such are considered here) .
When the thickness is sufficiently small, the molecularlayers (however, this was done for inviscid flow). A quasi-

static approximation was commonly adopted, in the sense interactions lead to changes in the chemical potential (and
of all other intensive thermodynamic properties) inside theof using expressions for the Maxwell stress tensor obtained

by solving the static field equations with the assumption film, with respect to a large bulk phase of the same material.
A corresponding excess pressure may be thought to be ex-that the electric charge distribution corresponded to thermal

equilibrium at any moment in time. erted on the film surfaces, in the normal direction. This is
called the ‘‘disjoining pressure,’’ P, and is defined to beRecently, some effort has been made to investigate the

dynamics of thin films on which insoluble surfactant (9) or positive for repulsion and negative for attraction (16–18).
We shall consider four different components of P, due toliquid drop of soluble surfactant (10, 11) is spreading. It

was found that the surfactant-induced interfacial tension gra- van der Waals, electrostatic, steric, and oscillatory structural
interactions. Whereas the first two have been studied inten-dients drive Marangoni convection; the latter creates film

disturbances which cause thinning in the central region (9). sively, no attempt has ever been made to explore the role
of the oscillatory structural forces in the stability of filmsThe surface diffusion of the amphiphilic substance leads to

faster spreading and suppresses the film disturbances (9) . against hydrodynamic fluctuations.
In general, whenever a surface bounds a liquid phase,The role of the surfactant solubility in the film phase consists

of decreasing both the disturbances and the surface concen- ordering is induced among the particles neighboring the wall
(19). In the case of a film, the structured regions aroundtration, and inducing adsorption-driven backflow (10). Ex-

perimental results (11) compare favorably with the theoreti- the two opposing surfaces overlap, which gives rise to an
oscillatory disjoining pressure and interaction energy. Thecal description of the flow.

Evaporation from or condensation onto the interface of amplitude of the latter decays exponentially with increase
in the film thickness (19). The phenomenon is particularlya wetting liquid film was found to induce a pronounced

destabilization (12–14). Danov et al. (15) demonstrated pronounced in colloidal suspensions such as latexes and mi-
cellar surfactant solutions. In most practical situations onethat mass transfer toward the film phase can influence sig-

nificantly the magnitude of the interfacial corrugations. encounters surfactant concentrations which are well above
the critical micellar concentration (CMC). Then, aggregatesBurelbach et al. (12) extended the nonlinear analysis of

Williams and Davis (4) by investigating the evaporative (micelles) composed of amphiphilic molecules exist in the
bulk, along with the monomers (20). It has been establishedand the thermo-capillary effects in films on a heated solid

substrate, without surfactant. The possibilities for the process experimentally that the presence of colloidal particles in liq-
uid films leads to a drastic change of behavior during theof evaporation to take place under nonequilibrium and under

quasi-equilibrium conditions were considered (12). Danov process of thinning. The latter proceeds in a stepwise man-
ner, due to layer-by-layer destruction of the crystal-likeet al. (14) studied the linear stability of the same system,

but in the presence of soluble surfactant which adsorbs on structure of ordered spheres inside the film. This phenome-
non, named stratification, was observed both with latexesthe liquid/gas boundary. The existence of interfacial viscos-

ity, the Marangoni effect connected with nonuniform adsorp- (21) and with surfactant micelles (22). It represents a mani-
festation of the oscillatory structural forces.tion, and the bulk and the surface diffusivity of amphiphilic

substances were accounted for. In principle, the dynamic In this paper we investigate the influence of structural
interactions on the stability of evaporating films which con-interfacial characteristics (Gibbs elasticity and instantaneous

adsorption, surface diffusivity, and viscosity) are known to tain surfactant micelles (above the CMC). The concomitant
oscillatory disjoining pressure turns out to be high and canbe more important factors than the value of the interfacial

tension itself (2) . The surface excess of adsorbed solute lead to either stabilization or destabilization, depending on
the instantaneous film thickness and the micellar volumeopposes the movement of the phase boundary and delays or

inhibits the appearance of instability. fraction. In essence, we use a model and computation scheme
similar to those proposed by Danov et al. (14). The lubrica-The purpose of this work is to clarify the role of the

intermolecular forces for the stability of evaporating films tion approximation is adopted for films which are much
thinner than the wavelength of the unstable corrugations.that contain large amounts of surfactant. We adopt the ‘‘dis-

joining pressure’’ approach, which means that the Navier- Linear analysis is carried out, calculating the critical thick-
ness of rupture. The latter is defined as the thickness of theStokes equations in the bulk of the film are not supplemented

with interaction terms. Instead, the boundary conditions are basic state at which the fluctuations grow so much that the
liquid/gas interface touches the solid substrate.modified, and in particular the normal stress balance on the
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226 GURKOV ET AL.

sivity of the solution, and D is the bulk diffusion coefficient
of the amphiphilic molecules. For Newtonian fluids the stress
tensor P is connected with the rate-of-strain tensor, D ,

P Å 0pI / T , T Å 2hD Å h[Çv / (Çv)T] , [2]

where p is the pressure in the liquid phase, I is the three-
dimensional idemfactor, T is the viscous part of the stress
tensor, h is the shear coefficient of dynamic viscosity, and
the superscript ‘‘T’’ denotes transposition.

On the heated substrate, z Å 0 (see Fig. 1) , we assume
a constant temperature Th and no specific adsorption. This is
equivalent to zero surfactant diffusion flux, so the boundary

FIG. 1. Sketch of the system under consideration. The evaporating conditions at z Å 0 are
liquid film supposedly contains surfactant micelles, or other spherical
particles.

v Å 0 , T Å Th ,
Ìc

Ìz
Å 0. [3]

2. MATHEMATICAL FORMULATION OF THE PROBLEM The balances of mass and surfactant species at the film/
vapor interface have the form (2, 12, 14, 24)

We consider a thin layer of viscous liquid lying on a
uniformly heated plate of infinite extension (Fig. 1) . The

J Å r(v 0 uds )rn , [4a]
film contains surfactant; the upper phase is gaseous and con-
sists of solvent vapor. A continuous process of evaporation ÌG

Ìt
/ Çsr(Gvs ) 0 Çsr(DsÇsG)goes on, accompanied by solvent mass flux, momentum

transfer, and energy consumption at the liquid/gas interface.
Å [0DÇc / c(v 0 uds ) ]rn . [4b]Since the solute is nonvolatile, its concentration increases

during the film thinning. However, the average adsorption
We use the following notation: Çs is the surface gradienthardly changes, because the total surfactant content always
operator, J is the mass flux due to evaporation, uds is theremains above the CMC and the interfacial layer is very
(nonmaterial) velocity of the dividing surface S , n is theclose to saturation. We assume that the density of the liquid
vector of the unit normal to S , directed toward the vaporphase is independent of the composition. The viscosity may
phase (Fig. 1) , G is the adsorption, Ds is the interfacialincrease with time when the volume fraction of surfactant
diffusion coefficient, and vs is the continuous tangential ve-micelles in the film becomes high. The bulk solution will
locity component of the material points at S . In the boundarybe treated as an incompressible Newtonian fluid. Since the
condition for the surfactant concentration [4b], the surfacethickness of film rupture is of the order of 5–10 nm, the
convection and diffusion are taken into account, togethercontinuum theory is applicable. We study the stability of
with the flux of monomers from the volume.films with initial thickness not greater than Ç2 mm, hence

We consider the limiting case of low density, viscosity,gravity effects can be neglected.
and thermal conductivity of the gaseous phase comparedThe transport equations of mass, momentum, energy, and
with the liquid (film) phase. Consequently, the stability willsurfactant in the liquid (film) phase are (23)
be determined solely by the processes in the liquid (12). In
this limit the boundary conditions for the conservation of

Çrv Å 0,
Ìv
Ìt
/ vrÇv Å 1

r
ÇrP , [1a] surface-excess linear momentum and energy at S reduce to

ÌT

Ìt
/ vrÇT Å Çr(aÇT ) ,

Ìc

Ìt
/ vrÇc Å Çr(DÇc) . Trn Å ÇsrPs / Sp / P 0 pv 0

J 2

rv
Dn , [4c]

[1b] JL Å 0(lÇT )rn , [4d]

where L is the latent heat of vaporization, l is the thermalHere t is time, Ç is the spatial gradient operator, r and T
are the liquid density and temperature, v is the average mass conductivity in the film, Ps is the surface stress tensor, P is

the disjoining pressure, and rv and pv are the vapor densityvelocity, P is the bulk stress tensor in the film, c is the
concentration of surfactant monomers, a is the thermal diffu- and pressure, respectively.
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227SURFACE FORCES IN EVAPORATING FILMS

There are many forces which can influence the hydrody- rium), Ts is the actual temperature at the fluid surface, and
JT is a solvent property that depends on Te .namic stability of thin liquid films: capillary forces, tangen-

tial stresses caused by interfacial tension gradients induced Let us denote by cs the instantaneous local value of the
subsurface bulk concentration of surfactant monomers (csby temperature and concentration inhomogeneities (Maran-

goni effects) , buoyancy due to temperature gradients (Bé- fluctuates around the CMC). The adsorption at the interface,
G, is connected with cs via an isotherm (the process ofnard convection), and molecular interactions (leading to sur-

face forces) . Whereas the first three are mainly responsible adsorption is assumed to be fast enough, without substantial
free energy barriers) . For many different surfactants, bothfor triggering the instabilities, the intermolecular forces

come into play in the later stages of film evolution toward nonionic and ionic, below and around the CMC, it was estab-
lished experimentally that the Langmuir isotherm is adequaterupture. One may distinguish four major types of interactions

operative in thin liquid films which are made from micellar (see, e.g., the review by Kralchevsky et al. (26), and the
references cited therein) . Hence, we writesurfactant solutions; the disjoining pressure that appears in

[4c] is accordingly decomposed into the following contribu-
tions: van der Waals, PvW, electrostatic, Pel , steric, Pst , and G

G`

Å cs

cL / cs

, [9a]oscillatory structural, Posc :

P Å PvW / Pel / Pst / Posc . [5] where G` is the maximum adsorption at saturation and cL is
a constant parameter of the isotherm (related to the free

Most extensively studied is the role of the van der Waals energy of adsorption per molecule) . In addition, a surface
component of P; for planar films PvW is calculated by a equation of state connects the interfacial tension, s, with G.
simple explicit equation (19): Thermodynamically consistent with [9a] is the Szyszkowski

equation (26):
PvW Å 0

A

6ph 3 . [6]

s Å sp(Ts ) / kBTsG`lnS1 0 G

G`
D . [9b]

Here A is the Hamaker constant, and h is the thickness.
When a surfactant-laden fluid interface is disturbed from

In [9b] sp(Ts ) is the surface tension of the pure solvent atequilibrium, the latter will be restored either by adsorption
temperature Ts , and kB is the Boltzmann constant. In mostfrom the bulk solution or through surface convection driven
practical systems the temperature difference (Th 0 Te ) is notby interfacial tension gradients (elasticity of the liquid
high and the parameters A , G` , and cL change insignificantly.boundary), in interplay with a specific viscous friction

within the surface (the so-called Boussinesq effect) . A sim-
3. LUBRICATION APPROXIMATION AND SCALINGple rheological model of the interfacial dynamics is provided

OF THE MODELby the linear Boussinesq-Scriven constitutive law (2, 25):

An evaporating liquid film on a solid plate is sketched inPs Å sIs / (h dil
s 0 h sh

s ) (Is :Ds )Is / 2h sh
s Ds , [7a]

Fig. 1. The liquid/gas interface and the substrate are located
at z Å h(x , t) and z Å 0, respectively, in the coordinateDs Å

1
2

[(Çsvs )rIs / Isr(Çsvs )
T] [7b]

system with vertical axis Oz and horizontal coordinates x .
The lateral and normal velocity components are denoted by

Here Is is the two-dimensional idemfactor and Ds is the u and w . It is known that short-wave perturbations disappear
surface rate-of-strain tensor. The physical parameters charac- faster than those of wavelengths longer than the film thick-
terizing the fluid boundary are the interfacial tension, s, and ness, owing to the higher viscous dissipation and capillary
the intrinsic shear and dilatational surface viscosities, h sh

s damping in the former case (7, 12, 15, 24). Therefore, the
long-wave approximation will be adopted here, which sim-and h dil

s , respectively.
In order to close the system of governing equations, one plifies the task of finding a solution to our particular problem.

In the context of such an approach one assumes a smallmust specify the mass flux, J . We will apply the simplified
Hertz-Knudsen constitutive relationship, which is widely Reynolds number, rh 2

0 / (htd) ! 1, large thermal Peclet num-
used (12, 14), ber, atd /h 2

0 @ 1, large diffusivity Peclet number, Dtd /h 2
0 @

1, and small slope of the interface, (Çsh)2 ! 1 (12, 24).
J Å JT(Ts 0 Te ) , with JT Å constant, [8] This set of assumptions is often called the ‘‘lubrication ap-

proximation.’’ The characteristic time for film thinning is
denoted here by td (see Eq. [10]) , and h0 is the initialwhere Te denotes the saturation temperature at the given

pressure (when the liquid and vapor would rest in equilib- thickness.
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228 GURKOV ET AL.

We shall use a scaling procedure very similar to that pro- physical quantities, v , T , depend on time only implicitly,
through H(t, X ) and C(t, X )—see below.posed originally by Danov et al. (14). The only difference

will be the variable viscosity of the liquid phase: in the The deviation from equilibrium at the evaporating liquid
surface is measured by the parameter Nde å l /(LJTh0) , ap-present analysis the viscosity may change as a function of the

micellar volume fraction. In order to minimize the number pearing in [12a]. In the quasi-equilibrium limit, Nde ! 1, the
process of evaporation is fast and the interfacial temperature,of dimensionless quantities, Danov et al. (14) defined the

disappearance time, td , and lateral characteristic length pa- Ts , remains practically constant and equal to the saturation
temperature, Te . In contrast, the case Nde @ 1 corresponds torameter, l @ 1:
nonvolatile substances, almost without evaporation, when the
mass flux J is very close to zero (and Ts É Th) .

Leading-order equations for the shape of the dividing sur-td å
rh0

JTDT S1 / LJTh0

2l D , l å
√
4 s0td

3hh0

,
face and for the pressure are obtained after inserting the
general solutions [12] into the interfacial mass balance [4a] ,

t Å tdt, x Å h0lX , z Å h0Z , [10] and in the normal projection of the excess linear momentum
equation [4c]:

where t, Z , and X are dimensionless time and space coordi-
nates and s0 is the interfacial tension of the pure solvent at
the initial time, t Å 0. The scales of the velocity and pressure

ÌH

Ìt
/ Ç\r(HUs ) Å Ç\r(H 3

Ç\P) 0 2Nde / 1
2(Nde / H)

, [13a]
can be found directly from the mass and momentum trans-
port equations [1a] . The dimensionless film thickness, H ,

P Å Nml

4
N 2

de

(Nde / H)2 0 PHpressure, P , and normal and lateral velocity components, W
and U , are introduced as follows:

0 1
4 F1 0 Nsl

ln(1 0 NaG)
ln(1 0 Na ) GÇ 2

\ H . [13b]
h Å h0H , p 0 pv Å

12hl 2

td

P ,

Here PH denotes the dimensionless disjoining pressure, PH å
w Å h0

td

W , u Å 2lh0

td

U . [11] Ptd / (12hl 2) . In the context of the lubrication approximation
Ç\ may be shown to coincide with the dimensionless form
of the surface gradient operator, Çs . The quantity Nml in

The leading-order solutions of [1a] and [1b] for the tem- [13b] is defined as Nmlå h0( lJTDT )2 / (rvs0) , and character-
perature and velocity distributions, which obey also the izes the ratio of the linear momentum loss, caused by evapo-
boundary conditions [3] and [4d] and the constitutive rela- ration, to the dynamic pressure in the film phase. The last
tionship [8] , are term on the right-hand side of [13b] estimates the influence

of the capillary pressure on the film stability. The nondimen-
sionalised Szyszkowski equation of state [9b] has been sub-Th 0 T

DT
Å Z

Nde / H
, U Å 3Z(Z 0 H)Ç\P /

Z

H
Us , [12a]

stituted en route during the derivation, to yield [13b]. The
surfactant adsorption, G, is scaled with its value at the CMC,

W Å Z 2(3H 0 2Z )Ç 2
\ P / 3Z 2

Ç\PrÇ\H GCMC, thus introducing the new variable G Å G /GCMC. The
capacity of the interfacial layer is determined by the number

0 Z 2
Ç\rS 1

H
UsD , [12b] Na å GCMC/G` ; the parameter

where DT Å Th 0 Te is a characteristic temperature differ- Nsl å 0 kB(Th / Te )G`

2s0

ln(1 0 Na )
ence, Ç\ is the dimensionless horizontal projection of the
spatial gradient operator Ç, Us is the lateral component of
the dimensionless velocity at the interface, and the pressure represents a measure of the slope of the functional depen-

dence of the surface tension, s, vs. the logarithm of theP(t, X ) does not depend on the Z-coordinate. Equations
[12a, b] have been derived from Eqs. [1a, b] using the surfactant concentration, c . For most types of amphiphilic

molecules Na is between 0.75 and 0.95, depending on thelubrication approximation, which is represented by the set
of assumptions listed in the beginning of this section. In specific interactions within the adsorption monolayer (27).

A typical value of the coverage at the CMC is Na É 0.9.addition, quasi-steady state is supposed when the distribu-
tions of velocity and temperature are sought for. This means For water/air interfaces Nsl ranges from 0.5 to 0.7.

Combining the solutions [12] with the lateral componentthat the time derivatives Ìv /Ìt in the Navier-Stokes equation
[1a] and ÌT /Ìt in [1b] are neglected, and the respective of the surface-excess linear momentum balance equation
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229SURFACE FORCES IN EVAPORATING FILMS

[4c] one can find the dimensionless surface velocity, Us . eral solution [12] and with the expression for the surfactant
mass flux [14], Eq. [4b] can be further transformed to readUp to the leading order, we derive

Ì
Ìt

(G / NclHC) / Ç\r[2GUs 0 NPe(NsdÇ\GHÇ\P /
1

3H
Us Å

2NMtNde

3(Nde / H)2 Ç\H

/ NclHÇ\C) 0 NclHC(H 2
Ç\P 0 Us ) ] Å 0, [15]

0 2NMa

3(1 0 NaG)
Ç\G / Nsv

3
Ç\r(GÇ\Us ) . [13c]

where Nsd is the ratio between the surface and the bulk
diffusion coefficients: NsdåDs /D . The capacity of the liquidThe existing gradients of interfacial temperature and adsorp-
layer is determined by the number Ncl å h0cCMC/GCMC.tion give rise to variations of the surface tension (Marangoni

Table 1 presents typical values of the physical parameterseffects) . These are included in [13c] through the quantities
that are relevant for our problem. These data will be used
below for calculations; some of them correspond to the ex-
ample of material properties given by Burelbach et al. (12)NMt å 0 3l 2DT

4s0
S ÌsÌTD , NMa å

3l 2

8s0

kB(Th / Te )GCMC.
for relatively dilute aqueous solutions.

The classical Marangoni adsorption number is related to the
Gibbs elasticity of the interfacial layer, EG Å 0Ìs /Ì ln G
(2, 27). In our particular system G is always very close to 4. BASIC STATE AND LINEAR ANALYSIS
GCMC, and we assume the validity of the isotherm [9b].
Under these conditions, EGÅ kBTsGCMC/(10 Na ) . The Bous- There is now a complete set of four governing equations,
sinesq-Scriven constitutive law [7] leads to coupling of the [13a] – [13c] and [15], which allow us to investigate the
dilatational and shear interfacial viscosities to give one pa- hydrodynamic stability of the film. The nonperturbed (basic)
rameter: hs Å h dil

s / h sh
s . The latter depends on the local state is assumed to be static, Us Å 0 , with a flat evaporating

surfactant coverage. A simple linear relationship may be interface. All quantities that refer to the basic state will be
conjectured: hs Å hm

s G /GCMC. The corresponding dimen- designated hereafter by a subscript ‘‘b’’. Burelbach et al.
sionless number, which enters into [13c], is defined as Nsv (12) obtained the respective explicit solutions for the film

thickness, pressure, and mass flux. We shall use the follow-å hm
s /(hl 2h0) .

In the lubrication approximation the solution of the diffu- ing expressions:
sion equation [1b] is represented as a sum of uniform part,
C(X , t) , and a small perturbation, C1(X , Z , t) / l 2 , where Hb Å [N 2

de / (1 / 2Nde )(1 0 t)]1/2 0 Nde ,
the bulk concentration of surfactant monomers is scaled with
the respective value at the CMC, cCMC. C(X , t) does not Jb

JTDT
Å Nde

Nde / Hb

. [16]
depend on the vertical coordinate Z and is equal to the dimen-
sionless subsurface concentration. The Z-derivative of C1(X ,

The time for which the film would vanish as a result ofZ , t) / l 2 is comparable in magnitude to the lateral and time
evaporation only (without any fluctuations) is called thederivatives of C(X , t) (24). Thus, after integrating the
‘‘disappearance time,’’ td ; it corresponds to t Å 1, Hb Å 0.diffusion equation [1b] from 0 to H , using the boundary
Actually, unstable disturbances in the thinning film willcondition [3] , one ends up with a result for the right-hand
cause rupture at times earlier than td . With rising Nde (andside of the surfactant species mass transport equation on the
simultaneously diminishing JT ) the evaporation processinterface [4b]. Up to leading order we write (14)
slows down, since the solvent is then less volatile and Jb

decreases.
0NPe

ÌC1

ÌZ
/ NPeÇ\HrÇ\C / C SW 0 2UsrÇ\H 0 ÌH

ÌtD We consider only the case when the total surfactant con-
centration in the film, ctot , is above the CMC. Therefore, in
the nonperturbed state the individual amphiphilic molecules

Å 0 Ì
Ìt

(HC) / Ç\r[NPeHÇ\C / (H 3
Ç\P 0 HUs )C] . ( the monomers which float freely in the solution) will have

a constant concentration, equal to cCMC. The rest of the sur-
[14] factant will be engaged in micellar aggregates (20). Conse-

quently, CbÅ 1 and GbÅ 1, as the single molecules exchange
The bulk diffusion flux is scaled by using the characteristic between the bulk and the interface. The instantaneous ad-
time and length dimensions [10]; the diffusivity Peclet num- sorption, G, and subsurface monomer concentration, c , fluc-

tuate around the corresponding values at the CMC (GCMC,ber acquires the form NPe å Dtd / ( l 2h 2
0) . Now, with the gen-
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230 GURKOV ET AL.

TABLE 1
Characteristic Parameters of the System

Physical quantity Symbol Dimension Value(s) used

Vapor/liquid equilibrium temperature Te K 373.15
Vapor density rv kg/m3 0.60
Liquid density r kg/m3 960.0
Dynamic viscosity of the liquid phase h kg/(mrs) 2.88 1 1004

Thermal conductivity l J/(mrsrK) 0.680
Latent heat of vaporization L J/kg 2.3 1 106

Evaporation mass flux coefficient (Eq. [8]) JT kg/(m2
rsrK) 2.960

Hamaker constant A J 1.15 1 10020

01.15 1 10020

Surface tension of the pure solvent s0 N/m 0.030
Temperature coefficient of the surface tension (Ìs/ÌT) N/(mrK) 01.80 1 1004

Bulk diffusion coefficient of surfactant molecules D m2/s 5.0 1 1009

Surface diffusion coefficient Ds m2/s 5.0 1 1009

Critical micellar concentration (CMC) cCMC mol/m3 8.0
0.050

Adsorption at the CMC GCMC mol/m2 3.0 1 1006

Surface viscosity at the CMC kg/s 1.0 1 1008hm
s

Surface coverage at the CMC Na G GCMC/G` — 0.90
Surface dissociation constant of ionic amphiphiles Kd mol/m3 1.16 1 102

Micellar diameter d m 4.8 1 1009

Aggregation number of micelles N — 67

cCMC). The perturbations will be assumed to occur at fixed For the linear analysis of the system [13a] – [13c] and
[15] we introduce small perturbations with respect to thecomposition of the liquid phase. In other words, both c and

ctot will change, but basic state. The disturbances are in the form of surface waves
with dimensionless wave vector k and lateral wave functions
F0 Å cos(krX ) and F1 Å sin(krX ). The perturbed physicalc

ctot

Å cCMC

ctot,b

,
C

Cb

Å Ctot

Ctot,b

Å C . [17] variables (pressure, interfacial velocity and shape, adsorp-
tion, and surfactant concentration) can be represented as
follows:

Here Ctot Å ctot /cCMC and Ctot,b Å ctot,b /cCMC denote the
dimensionless total concentrations. The assumption set forth H Å Hb(1 / HfF0) , P Å Pb / PfF0 , Us Å UfF1 , [18a]
by Eq. [17] is valid only when the characteristic time of
micellization is larger than the inverse frequency of the G Å 1 / GfF0 , C Å 1 / CfF0 ,
waves (fast fluctuations) . Actually, the surfactant aggregates

Ctot Å Ctot,b (1 / CfF0) . [18b]are subject to complicated dynamic processes in the solution,
involving an exchange of molecules with the bulk. Typical

All fluctuation amplitudes carry the subscript ‘‘f ’’; they de-time scales are of the order of 1004–5 1 1002 s (20). It
pend only upon the dimensionless time, t. Note the specificshould be emphasized that our equation [15] applies for
definition of H f , relative to the film thickness in the basicsufficiently fast fluctuations only (which is likely to be the
state, Hb , which continuously decreases owing to evapora-case in reality) . Correspondingly, no source terms connected
tion. The disjoining pressure, PH , is a function of the localwith micellization were added to the transport equation for
thickness, H , and the total surfactant content, Ctot . Accord-monomers, Eq. [1b] (the latter is relevant for the develop-
ingly, we may writement of disturbances) .

On the other hand, usually the thickness of the basic state
of the film decreases slowly compared to the characteristic PH (H , Ctot ) Å PH b(Hb , Ctot,b )
time of micellization. Therefore, we assume that in the basic
state the bulk concentration of individual amphiphilic mole- / HS ÌPHÌHDb

HbH f / S ÌPHÌCtot
D

b

Ctot,bC f JF0 . [19]
cules remains constant and refers to micellar equilibrium, i.e.,
one simply writes cb Å cCMC, CbÅ 1. In summary, the micelli-
zation processes are considered to be slower than the fluctua- After linearizing the boundary condition [13b] and the

normal and tangential projections of the vectorial equationtions but faster than the film thinning due to evaporation.
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231SURFACE FORCES IN EVAPORATING FILMS

[13c], we are left with explicit relationships that connect The time dependence of the nonperturbed state affects
the wavelength at which the fluctuation has a maximumthe amplitudes of pressure, P f , and velocity, U f , with those

of shape, H f , and total surfactant monomer fluctuation, S f . increment at a given moment. Following the idea of linear
stability analysis of a draining thin liquid film (7), we shallThe latter is an auxiliary quantity, defined as Sf å Gf /

NclHbC f . The final expressions are define the critical rupture time, tc , that refers to an initial
amplitude H f (0) . For a single perturbation mode with wave
number k the film will rupture at the moment tr , when

Pf Å phHf / psS f , ph å 0 NmlN
2
deHb

2(Nde / Hb) 3 the corrugated liquid/gas interface just touches the solid
substrate; i.e., H f (t Å tr ) Å 1. Then, the minimum of tr

for all possible wave numbers k gives the critical time, tc .0 S ÌPHÌHDb

Hb /
k 2Hb

4
(1 0 Nsl ) , [20a]

The corresponding dimensionless thickness of the basic state
is called here the ‘‘critical film thickness,’’ Hc Å Hb(tc ) .

In order to solve the linear system of equations [21], oneps å 0 1
(1 / fs ) (1 0 Na )

Ctot,bS ÌPHÌCtot
D

b

, [20b]
needs initial conditions. The initial amplitude of the thickness
fluctuation, H f (0), and the initial thickness of the basic state,

krUf Å uhHf / usS f , h0 , have values chosen by us. In other words, h0 and H f (0)
are free parameters of the model. However, the total surfactant

uh å
H 2

bk 2

1 / fv
F3ph 0

2NMtNde

(Nde / Hb) 2G , [20c] monomer fluctuation at time zero, S f (0), is not an indepen-
dent quantity. It can be found by means of an asymptotic
analysis at t r 0 (14). We assume that the perturbationus å

Hbk
2

1 / fv
F 2NMa

(1 0 Na ) (1 / fs )
/ 3HbpsG , [20d]

amplitudes are proportional to the exponential time factor
exp(vt), where v is the initial increment/decrement. With
such a type of functional dependence, the set of equationswhere the surfactant factor, fs å NclHb / (1 0 Na ) , is calcu-
[21] transforms into a dispersion relationship for v. Therelated using the dimensionless form of the Langmuir isotherm
are two solutions, but we choose the greater one, vr :[9a] , with Gb Å 1. fv å k 2NsvHb is the interfacial viscosity

factor, and k 2 Å krk is the squared modulus of the wave
vector. No time derivatives are present in [20]. The temporal

vr Å
1
2

{a11(0) / a22(0)evolution of H f and S f may be determined after substitution
of the perturbations [18] into the surface mass and species
transport equations, [13a] and [15]. The subsequent lineari- /

√
[a11(0) 0 a22(0)]2 / 4a12(0)a21(0) }. [23]

sation of the resulting system yields

Let us denote by k 0 the wave number at which vr Å 0. Then,
the initially unstable waves (vr ú 0) are those with 0 õ k 2dHf

dt
Å a11Hf / a12S f ,

dSf

dt
Å a21Hf / a22S f . [21]

õ k 2
0 . For each k the initial condition for S f that leads to

faster film rupture is S f (0) Å a21(0)H f (0) /[vr 0 a22(0)] .
The coefficients of the problem [21] depend on time, t, Some typical curves vr (k) are shown below. The very long
and on the wave number, k , in the following complicated waves (k ! 1) are unstable owing to thermal effects con-
manner: nected with evaporation: in the thinner part of the film the

interfacial temperature is higher, which accelerates the va-
porization and the thickness decreases even faster.a11 Å

(2Nde / 1)(Nde / 2Hb)
2Hb(Nde / Hb) 2 0 uh 0 k 2H 2

bph ,
Numerical solution of the problem [21] (which represents

a set of two ordinary differential equations) is obtained by
a12 Å 0us 0 k 2H 2

bps , [22a] using Runge-Kutta fourth-order scheme with dimensionless
time step 1 1 1004 . The derivatives (ÌPH /ÌH)b ,

a21 Å 0Ncl
(2Nde / 1)(Nde / 2Hb)

2(Nde / Hb) 2 0 2uh , (ÌPH /ÌCtot )b in [20a] and [20b] are also found numerically.
Some difficulties connected with the stability of the proce-
dure may arise at high surfactant concentrations, when thea22 Å 02us 0 k 2NPe

Nsd / fs

1 / fs

. [22b]
derivatives of PH become very large and the set [21] is ren-
dered stiff. In such cases we apply another computational
scheme, whose idea is to increment the functions H f (t) ,It should be noted that the derivatives of the disjoining pres-

sure, which occur in [20a] and [20b], refer to the basic state. S f (t) over a small time interval Dt by solving Eqs. [21]
with constant coefficients, aij , taken in the middle of theHence they are easily calculated from the analysis of the inter-

molecular forces acting in plane-parallel film geometry. time interval (at t / Dt /2) . This method has improved
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convergence, especially for stiff systems, as described else- On the other hand, the thinning of the basic state of the
film is usually slower than the characteristic time of micelli-where (14).

Before considering in detail the influence of particular zation. Therefore, we assume that in the basic state the bulk
concentration of individual amphiphilic molecules remainsmolecular interactions, it is instructive to summarize the

main assumptions of our hydrodynamic model: constant and refers to micellar equilibrium; i.e., it is simply
cb Å cCMC, Cb Å 1.

( i) We neglect the temperature dependence of the den- (v) We reason that there is no specific adsorption of any
sity, r Å r(T ) ( i.e., Bénard convection is discarded). Such substance on the solid substrate. With the surfactant this
a simplification is acceptable because the effect due to the premise gives the boundary condition [3] , and with the ionic
temperature dependence of the interfacial tension, s(T ) , is species it leads to zero slope of the potential: (ÌF /Ìz)zÅ0 Å
much more important in thin films, as discussed by Edwards 0—see Section 5.2.
et al. (2) . Similarly, the other material properties like viscos-
ity, diffusion coefficient, and adsorption, are supposed not 5. CONTRIBUTIONS OF MOLECULAR INTERACTIONS
to be functions of T . TO THE DISJOINING PRESSURE

( ii ) The lubrication approximation is adopted, which is
reasonable for thin films, in the sense of very small thickness 5.1. Van der Waals Forces
compared to the wavelength of the relevant fluctuation dis-

We accept the simple expression [6] for the descriptionturbances. Inherent to this model treatment are the assump-
of the van der Waals disjoining pressure in a plane-paralleltions of small Reynolds number (negligible inertia) , large
film, as done by other authors (7, 14). Equation [6] doesPeclet numbers (predominant diffusion of heat and species,
not take into account the electromagnetic retardation (19).insignificant convective transfer) , and small slope of the
In other words, the parameter A ( the Hamaker constant) issurface.
assumed to be independent of h . The rigorous theory predicts( iii ) The adsorption, G, is always supposed to correspond
that A should fall progressively with increasing h (28). Forto local equilibrium of the interface with the (fluctuated)
our purpose it is not necessary to include this effect because,subsurface monomer concentration, c . In other words, the
as will be shown below, the van der Waals interactions startphysical process of adsorption is regarded as fast enough,
to influence the stability of evaporating films only at verywithout substantial free energy barriers. Such a view is sup-
small thicknesses, when the corrections due to retardationported by the experimentally confirmed fact that the ex-
are insignificant.change of individual surfactant monomers, which float freely

Let us now comment on the value of A for the systemin the bulk solution, with the molecules engaged in big ag-
under consideration, which is of type solid/ liquid/gas (Fig.gregates (micelles) is really very rapid (20). The character-
1) . The compound Hamaker constant, Asolid / liquid /gas , can beistic times fall in the range of nanoseconds to microseconds
conveniently represented as a combination of other constants(20). This is the so-called fast relaxation process (20). The
that correspond to simpler systems:rate of exchange of molecules between a large interface and

the adjacent subsurface zone should be of the same order of
magnitude. The above reasoning justifies the applicability Asolid / liquid /gas

of the equilibrium isotherm, Eq. [9a] , to connect G with c
even in the fluctuated state. Å 1

2
(Aliquid /gas / liquid 0 Asolid /gas /solid / Asolid / liquid /solid ) . [24]

(iv) The formation and disintegration of micelles as dis-
tinct objects involve a mechanism which is actually a se-
quence of many steps (each representing an exchange of The interactions in the gaseous phase may be neglected be-
one molecule) . The overall sequence (perceived as creation cause of the low density. Many experimental data and theoret-
or disappearance of one micelle as a whole) has been identi- ical estimates of A are available in the literature for different
fied as a slow relaxation process, whose characteristic time substances interacting across vacuum or across a liquid phase.
is of the order of 1004–5 1 1002 s (20). In the context of We shall utilize the information collected in the book by
our model, it is natural to consider the micellization to be Israelachvili (19). Thus, for the particular example of aqueous
slower than the fluctuations in the film. For this reason, the films on polystyrene or polyvinylchloride (PVC) plates, Eq.
local disturbances are assumed to occur at constant composi- [24] yields APVC/water /gas Å 01.15 1 10020 J. The negative
tion; i.e., the concentrations of the monomers and micelles value of A means that the van der Waals forces are repulsive.
fluctuate proportionally (Eq. [17]) , as no micellar equilib- In contrast, if we take polytetrafluoroethylene (PTFE) as a
rium succeeds to establish. Correspondingly, no source term solid substrate, then a positive compound Hamaker constant
connected with micellization is included in the mass balance would result: APTFE/water/gas Å /0.265 1 10020 J. In the latter
equation of surfactant monomers, Eq. [1b], which is relevant case there is van der Waals attraction. Obviously, the interac-

tions are sensitive to the chemical nature of the materials, andfor the development of fluctuations.
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233SURFACE FORCES IN EVAPORATING FILMS

neous volume phase. Then, the concentration cel,0 will be
purely fictitious, as there is no such place in the film where
F Å 0. Nevertheless, cel,0 can be found and Eq. [25] is useful
(see below).

It is reasonable to work in the approximation of thick
films, which in the present context means kh @ 1. The Debye
length, k01 , characterises the effective width of the double
electric layer around the charged surface. According to its
definition, the parameter k is connected with cel,0 (17),

k 2 Å 8pe 2cel,0

ekBT
, [26]

where e is the dielectric permittivity of the medium. Typical
values of k01 are below 1 nm for electrolyte concentrations
above 0.1 mol/L. For our particular system of evaporating
film (in its basic state) , the validity of the condition kh @
1 is maintained during the whole process of thinning, until

FIG. 2. Schematic diagram of the electric potential inside the film.
the moment of rupture. In this framework, the electrostaticThe liquid/gas interface is charged because of adsorbed ionic surfactant
problem is simplified considerably by introducing the as-molecules that may be partially dissociated.
sumption originally proposed by Verwey and Overbeek
(29): F0 É 2F1(h) . Here F1(h) denotes the potential at

PvW can even change sign. In our analysis we shall use both a distance h from a single charged interface (bounding a
positive and negative values of A . semiinfinite liquid phase) with the same surface potential,

Fs , as that in the case of a film (cf. Fig. 2) . For planar
5.2. Electrostatic Forces geometry the nonlinear Poisson-Boltzmann equation, which

is to be satisfied by F1 , has an analytical solution. The stan-The liquid/gas interface may carry electric charges, due
dard electrostatic theory (17, 19, 26) then yields a relation-to the presence of an adsorbed layer of ionic surfactant. It
ship between f0 and fs ,will be assumed here that no specific adsorption of ions

takes place on the solid substrate. The respective boundary
condition for the electric potential, F, at the uncharged plane tanhSf0

8 D Å tanhSfs

4 Dexp(0kh) , [27]
z Å 0 is (ÌF /Ìz)zÅ0 Å 0. The shape of the function F(z) is
sketched in Fig. 2. It now becomes evident that the problem
for finding F is mathematically equivalent to the analogous where fs å eFs / (kBT ) .
problem in a symmetric liquid film whose thickness is equal Another useful equation follows from the boundary condi-
to 2h . The latter configuration has been well studied (17, tion that establishes a link between the charge and the poten-
19, 26), and we can apply some results directly. Thus, the tial at the liquid/gas interface. One should account for the
disjoining pressure, Pel , obeys the following equation (17): partial dissociation of the polar heads of the adsorbed surfac-

tant molecules. Even when the monomers in the bulk are
Pel Å 2kBTcel,0[cosh(f0) 0 1]. [25] fully ionized, a closely packed surface layer is likely to

exhibit a degree of dissociation considerably lower than
The dimensionless potential at the solid wall, f0 , is defined 100%. This effect has been studied mostly with ionic mi-
as f0 å eF0 / (kBT ) , where F0 å F(z Å 0) (Fig. 2) , and e celles (30). We accept the notion of existing ‘‘chemical’’
Å 4.8 1 10010 CGSE is the elementary charge. We assume equilibrium (19),
that only monovalent electrolyte is dissolved in the film.
For example, let S0 and K/ be the surfactant ions and the

SK }

Kd

S0 / K/ , [28]counterions, respectively. We shall consider also the pres-
ence of an inorganic salt, A0K/ , with the same cation K/ .
The quantity cel,0 in Eq. [25] represents the total electrolyte which involves the neutral species SK and the ions S0 resid-

ing on the interface. The counterions K/ that can be ex-content at a point where F Å 0, i.e., in the bulk of an
imaginary solution which would rest in electro-chemical changed are located near the surface, where their bulk con-

centration is cel,0exp(0fs ) . We define the degree of dissoci-equilibrium with the film. In reality, however, the evaporat-
ing liquid layer may not be in equilibrium with any homoge- ation, as , connected with the ‘‘reaction constant’’ Kd :

AID JCIS 5312 / 6g3c$$$125 02-05-98 14:35:32 coida



234 GURKOV ET AL.

perimental results for the interaction force vs. separation
as Å

1

1 / cel,0

Kd

exp(0fs )
. [29] distance between adsorption layers of surfactant in solutions

above the CMC. It was found that the effective ionic strength
of the surfactant is determined solely by the completely dis-
sociated monomers plus the counterions released from theThus, the surface charge is equal to (0easG) and the electro-
micelles. Using Eq. [3] of Richetti and Kékicheff (31), westatic boundary condition at z Å h acquires the form
may write for our particular system

0 e

kBTk

dF

dz ZzÅh

Å
√
2[cosh(fs ) 0 cosh(f0)]

cel Å cAK /
1
2

[2cCMC / am(ctot 0 cCMC)] . [33]

Å k

2cel,0

asG. [30] The degree of micellar dissociation, am, can be rationalized
again with the help of the concept of a ‘‘reaction,’’ Eq. [28].
Since the actual concentration of the counterions K/ in the

The next task is to find cel,0 . This can be accomplished
film volume is practically equal to cel , an estimate for am may

by considering the material balances of the ions in the film:
be extracted from the relationship am Å Km/(Km / cel ) . The
dissociation constant Km has a meaning analogous to Kd .

There is now a set of three nonlinear equations, [27],K/ : cel,0 *
h

0

expS0 eF

kBTDdz Å celh / asG, [31a]
[30], and [32], which contain three unknowns, fs , f0 , and
cel,0 . This set is solved numerically for arbitrary values of
the film thickness in the basic state, h . Of course, the overallS0 / A0 : cel,0 *

h

0

expS eF

kBTDdz Å celh . [31b]
electrolyte content, cel , is a function of h through ctot and
cAK, as the amount of dissolved material is conserved in the
process of film thinning. Then, Pel is readily obtained from

The real concentration of electrolyte in the liquid layer is Eq. [25].
denoted here by cel , which is a known quantity (see below). Let us finally discuss the assumption that the concentration
Validity of the Boltzmann law is always assumed, so that of surfactant monomers does not depend on the z-coordinate
cel,0exp[0eF / (kBT )] is the local concentration of K/ spe- (up to the leading order) . This was used when solving the
cies at the place where the potential is F. Straightforward hydrodynamic problem (at the end of Section 3), and may
application of the classical electrostatic theory leads to the be expected to fail with ionic surfactants because of the
following connection between cel,0 and cel , influence of the electric potential. In fact, the film is thick,

so that the requirement kh @ 1 is met. Hence, the dependence
c(z) will be negligible in the interior of the film and willcel

cel,0

Å cosh f0 0
√
2

kh H√
cosh f0 / 1

be appreciable only in a narrow zone very close to the fluid
interface. On the other hand, the Langmuir adsorption iso-
therm can be considered to hold with the bulk value of c1 ESarcsin

√
cosh fs 0 cosh f0

cosh fs 0 1
,

√
2

cosh f0 / 1D instead of the true subsurface concentration, cs (cf. Eq.
[9a]) . The latter circumstance is supported by available ex-
perimental evidence (see, e.g., the review by Kralchevsky/ 2

√
cosh fs 0 cosh f0

1 0 exp(0fs )
J , [32]

et al. (26) and references cited therein) . These arguments
justify the applicability of our analysis even to systems with
ionic surfactants.where E(w, m)å *w

0

√
1 0 m2sin2c dc is the elliptic integral

of second kind. 5.3. Steric Repulsion
The liquid phase in our system may have a complex com-

position, containing salt, A0K/ , surfactant monomers, S0 , We shall take into account the possibility of the appear-
ance of steric interactions at sufficiently small thickness ofand also micelles which are partially dissociated and have

released some counterions, K/ . Such solutions have been the film in its basic state. The adsorbed surfactant molecules
often possess voluminous hydrophilic heads, e.g., when thestudied and the question of how to find the ionic strength

has been discussed. In general, it was established that the polar part of the amphiphile consists of oxyethylene chains.
The latter may overlap at close approach of two layerscharged micelles themselves should not be included explic-

itly, as they contribute in an intricate manner to the screening packed with surfactant. Our films always contain micelles
that are pressed (and deformed) between the surfaces whenof the electrostatic interactions between two film surfaces

or colloidal particles. Richetti and Kékicheff (31) fitted ex- the separation distance is very small.
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mechanics. For the sake of estimates, Israelachvili (19) pro-
posed an analytical expression in which both the oscillatory
period and the decay length of the forces were set equal to
the particle diameter, d . This oversimplified expression was
proved to be unsatisfactory (32), as the experimental data
with stratifying films give indications of an appreciable de-
pendence of the oscillatory period and decay length on the
particle volume fraction. In order to obtain a quantitatively
correct equation, Kralchevsky and Denkov (32) adopted a
semi-empirical approach. They analyzed the more sophisti-
cated theories of other authors, and succeeded in con-
structing a convenient explicit equation for the calculation
of the oscillatory structural contribution to the disjoining
pressure, Posc . The result was

Posc Å P0cosS2ph

d1
DexpS d 3

d 2
1d2

0 h

d2
D , [35a]

for hú d . Here h is the film thickness, d denotes the diameter
of the particles, and P0 is the osmotic pressure in the film
interior. It should be emphasized that Eq. [35a] is validFIG. 3. Qualitative illustration of the oscillatory structural component
only for hard spheres. P0 may be found from the Carnahan-of disjoining pressure, engendered by partial ordering of spheres which are

confined between the two surfaces of a thin film. Starling equation,

Let L be the threshold thickness at which the steric interac- P0 Å rkBT
1 / w / w 2 0 w 3

(1 0 w)3 , [35b]
tion becomes operative. The repulsive force will be de-
scribed by means of a model expression for the respective

where w is the volume fraction and r is the number densitydisjoining pressure component,
of the particles in the solution: r Å 6w / (pd 3) (32).

The oscillatory period, d1 , and the decay length, d2 , are
Pst Å AsterFexpS02p

h

LD 0 exp(02p)G , [34] determined by empirical relationships:

d1

d
Å

√
2
3
/ 0.23728Dw / 0.63300(Dw)2 , [35c]at h õ L . This is written by analogy with Alexander-de

Gennes’ theory for grafted polymer brushes (19). In the
original treatment, the coefficient in Eq. [34] was identified d2

d
Å 0.48663

Dw
0 0.42032; Dw å p

3
√
2
0 w. [35d]as Aster Å 100 kBTG 3/2 (19). Here we shall assume that L

is of the order of the effective micellar diameter, deff . The
assumption is plausible for low volume fractions in the liquid The maximum solid content with three-dimensional close
phase, w õ p / (3

√
3) É 0.6046, smaller than the limiting packing of rigid spheres is wmax Å p / (3

√
2) É 0.7405. Kral-

value for one flat layer of hard spheres tightly packed be- chevsky and Denkov (32) tested the numerical results
tween two walls. The role of the steric interactions in film yielded by Eqs. [35] against the outcome from the statistical
stability will be considered below with different numbers mechanical theories of other authors. Reasonably good
for Aster . agreement was reported.

The considerations outlined above are utilized in this pa-5.4. Oscillatory Structural Forces
per to study the impact of the oscillatory structural forces
on the instabilities in an evaporating film which containsThe physical origin of these forces was discussed in detail

in the book by Israelachvili (19) (see also the introduction micelles. Posc is calculated from Eq. [35a] and is inserted
into Eq. [5] . Posc depends on the thickness, h , both explicitlyof this paper) . An illustration of the dependence Posc (h) ,

and its connection with the partial ordering of spheres in the and implicitly (through w) . That is why the maxima of the
curve Posc (h) will not be positioned at h Å d , 2d , 3d , etc.,film, is shown in Fig. 3. Rigorous theoretical studies of the

phenomenon were carried out by computer simulations and as drawn in Fig. 3. (Note that Fig. 3 shows a simplified
graph, for d1 É d and w Å constant.) The magnitude of Poscnumerical solutions of the integral equations of statistical

AID JCIS 5312 / 6g3c$$$126 02-05-98 14:35:32 coida



236 GURKOV ET AL.

6. NUMERICAL RESULTS AND DISCUSSION

In Fig. 4 we plot the computed critical thickness of film
rupture as a function of the initial surfactant concentration
(h0 Å 50 nm). Each point was obtained by scanning through
all possible wavenumbers of unstable modes, k , finding the
maximum value of Hc . A typical dependence of the rupture
thickness upon k is shown in Fig. 5. With rising concentra-
tion Hc is observed to increase (Figs. 4 and 5), which means
more pronounced instability. This may seem surprising, be-
cause a large amount of surfactant is commonly believed to
stabilize the film. An explanation of our peculiar finding is
given below. It is connected with the role of the micelles,
i.e., with the oscillatory structural forces.

We wanted to check the influence of the electrostatic inter-
actions (Pel ) . With ionic amphiphiles, however, a change

FIG. 4. Role of the surfactant concentration in the film stability. deff Å of concentration leads to a change of the Debye screening
d Å 4.8 nm, h0 Å 50 nm. (1) Full diamonds: calculations accounting for length, k01 . This in turn will affect Posc , through deff and
the direct electrostatic interactions due to adsorbed ionic surfactant on the the particle volume fraction, w. In order to exclude the indi-film/gas interface, in the presence of inorganic salt (1 CMC); (2) asterisks:

rect impact on Posc , all calculations in Fig. 4 were performedas for (1) , but without added salt; (3) open triangles: no electrostatic
without taking into account the Debye atmosphere as partinteractions are considered (nonionic surfactant) . Such is the case also with

(4) and (5). (1–3, and 5): DT Å 0.107C; (4): DT Å 10.07C. (1–3): of the effective micellar diameter: deff Å dcore Å d was as-
Constant viscosity of the bulk liquid in the film is assumed; (4 and 5): the sumed. Now, if we look at cases (1–3) in Fig. 4, it becomes
viscosity increases with the volume fraction, according to the hard-sphere evident that the electrostatic forces are negligible. Irrespec-model.

tive of the presence of added salt, the points lie on the same
curve, which also describes the case with no electrostatics
at all. The reason for such behavior is that if the film containsincreases with rising w. We determine the volume fraction
micelles then Pel is always much smaller in absolute valuew at each value of h using the equation r Å (ctot 0 cCMC)/
than Posc .N , where N represents the aggregation number of the mi-

Figure 4 presents also data for a higher temperature differ-celles. We take N Å 67 (which holds for sodium dodecyl
ence, DT Å 10.07C (curve 4). Here, the destabilizing effectsulfate) .
of the surfactant is virtually nonexistent. Indeed, in this situa-Some discussion is needed for the case of ionic surfac-
tion the thermal instabilities due to evaporation dominate andtants. The charged micelles experience electrostatic interac-
the other factors are of little importance. Similar trends weretions and, therefore, are not exactly hard spheres. Neverthe-
observed by Burelbach et al. (12) and Danov et al. (14).less, they can be represented as such by taking into account

the Debye counterion atmosphere (31, 33). We define the
effective diameter

deff Å dcore / 2k01 , [36]

which is identified with d in [35]. dcore denotes the hydrody-
namic diameter of the micelles themselves, measured, for
instance, by dynamic light scattering; k01 is the Debye
screening length.

Another matter of concern is the rheological behavior of
the liquid in the film: as the evaporation proceeds the solution
becomes increasingly more concentrated, and this will affect
the viscosity. Insofar as the micelles are regarded as hard
spheres, it is reasonable to adopt the corresponding sem-
iempirical equation which describes the effective viscosity
of the suspension: heff Å h(1 0 w /0.63)02 (28). Here h
refers to the pure solvent. The expression is valid for both FIG. 5. Dependence of the critical film thickness upon the wave number
neutral and charged particles (provided that kd @ 1). Of of the fluctuation, calculated at three different surfactant concentrations.

The conditions are the same as in Fig. 4, case 3.course, it will be applied for w õ 0.63.
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237SURFACE FORCES IN EVAPORATING FILMS

damping of the interfacial corrugations, as will be discussed
below (Figs. 10, 13).

Although the direct electrostatic forces, Pel , turn out to
be insignificant, the addition of an inorganic salt influences
the hydrodynamic stability. The effective volume fraction
of the micelles changes via k01 and deff , Eq. [36]. Conse-
quently, the magnitude of Posc will decrease with rising elec-
trolyte content, since the ionic atmosphere around the micel-
lar aggregates shrinks. Figure 7 illustrates this idea. In gen-
eral, films with an ionic surfactant are less stable (Hc is
higher) compared to nonionic amphiphiles with the same
diameter of the ‘‘bare’’ micelles, dcore . The effect is easily
understood in view of the fact that deff ú dcore , and the
destabilizing oscillatory disjoining pressure is greater with
an ionic surfactant. In the presence of a large amount of salt

FIG. 6. Disjoining pressure in the basic state, at different initial concen- dcore @ k01 , deff É dcore and the two curves in Fig. 7 necessar-
trations of nonionic surfactant. d Å 4.8 nm, h0 Å 50 nm, DT Å 0.107C.

ily converge. Below Ç0.1 CMC the concentration of addedThe arrows point to the critical thickness of film rupture.
salt becomes much smaller than that of the surfactant, which
is itself an electrolyte.

Figure 8 presents the results for the critical thickness ofCurves 4 and 5 in Fig. 4 are calculated with the changing
rupture as a function of the diameter d of spherical particles

viscosity of the liquid phase, heff , taken into account. No
inside the film. Typically, Hc has values of about 0.1 4 0.2

influence of heff upon Hc is seen for initial concentrations
(see also Figs. 4, 5, 7, 12), which means that the critical

belowÇ10 CMC (curve 5), but at higher surfactant contents
rupture time, tc , falls in the range 0.92 4 0.83 (with Nde É(up to 20 CMC) the increased viscosity partially compen-
2.0, cf. Eq. [16] and Table 1). Hence, the disappearance

sates for the unfavorable effect of the micelles. The stability
time, td , defined by Eq. [10], provides a relevant scale for

rises sharply beyond 20 CMC (curve 5), when the fluid in
the order of magnitude of the time elapsed from the initial

the film becomes very viscous (e.g., at 21 CMC w É 0.59
state, with thickness h0 , until the occurrence of rupture.

just before rupture, and heff É 248 h) . At DT Å 107C, in The increase in Hc for larger d (Fig. 8) is due to the
the concentration range above 18 CMC, the critical thickness impact of Posc . However, if one plots the time evolution of
Hc is also observed to diminish (curve 4 in Fig. 4) , but in the fluctuation wave amplitude, H f , of the most unstable
this case the effect is suppressed by the intensive evapora- mode, some interesting effects will be discovered (Fig. 9) .
tion. The fact that high values of heff promote the film stabil- For d Å 5 nm, H f grows monotonously. In contrast, the
ity is discussed below in view of the time evolution of the curve for d Å 6.5 nm demonstrates the existence of a time
fluctuation amplitude (Fig. 13). period when the disturbance is damped. It is easy to rational-

Let us now explore the behavior of the total disjoining
pressure, P (see Eq. [5]) , during the film thinning, under
the conditions of Fig. 4 (cases 1–3). The results are plotted
in dimensionless form in Fig. 6 as a function of the thickness
in the basic state. The moment of rupture is indicated by
arrows on the curves. There is a positive slope of consider-
able magnitude, (dPH /dH)b ú 0, for initial concentrations
in the range 12.5–17.5 CMC. This form of the dependence
PH (Hb) is due to the oscillatory structural forces, which bring
about film destabilization (compare with Fig. 4) . In the
literature, the positive slope of the disjoining pressure vs.
thickness has been recognized to enhance the fluctuation
disturbances (7) . In our case the effect is caused by the
micelles and is highly sensitive to the instantaneous condi-
tions in the film, because Posc is an oscillating function.

FIG. 7. Role of the inorganic electrolyte in the stability of films con-From Fig. 6 it is seen that for 20 CMC (dPH /dH)b É 0 at
taining micelles of ionic surfactant. The addition of salt causes shrinkingrupture; for even higher initial surfactant concentrations sta-
of the Debye atmosphere whose width is k01 . deff Å dcore / 2k01 , dcore Å

bilization may be expected, since (dPH /dH)b is then negative 4.8 nm, h0 Å 50 nm, DT Å 0.107C. The initial surfactant concentration
(here and in Figs. 8–10) is equal to 10 cCMC.in a wide range of H . Indeed, (dPH /dH)b õ 0 leads to
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FIG. 8. Role of the micellar size in the stability of films containing a
nonionic surfactant. h0Å 50 nm, DTÅ 0.107C; the initial surfactant concen- FIG. 10. Disjoining pressure isotherms in the basic state, corresponding
tration is equal to 10 CMC. to the two curves in Fig. 9.

ize this behavior if we compare Fig. 9 with the functional (A ú 0) is connected with destabilization, as might be ex-
dependence PH (t) . The latter is drawn in Fig. 10 with the pected. A 160-fold decrease in the CMC renders the thicker
same parameters as in Fig. 9. When d Å 5 nm the disjoining films less unstable (curve 3 in Fig. 11).
pressure decreases with time; i.e. (dPH /dH)b ú 0, up to the Figure 12 illustrates the role of the steric repulsion. We
moment of rupture, t É 0.87. The stabilizing branch of the vary the constant Aster (see Eq. [34]) by several orders of
curve (Fig. 10) cannot be reached. On the other hand, the magnitude. The stronger the steric interaction, the lower the
slope of PH vs. t for d Å 6.5 nm switches over from wave critical thickness of rupture, and the more stable the films.
damping (in the interval 0.74 õ t õ 0.8) to destabilization There is also a pronounced effect of shift of the most unstable
(for t ú 0.8) . Thus, the peculiar dependence of H f (t) is modes to small wavenumbers, k , as Aster increases. Only very
explained. long waves may grow when excess repulsion is operative,

From the data plotted in Fig. 11, it follows that the films then the lateral gradients of the physical variables (pressure,
with higher initial thickness, h0 , are very unstable. A similar interfacial tension, etc.) become insignificant. The evapora-
conclusion was also drawn by Danov et al. (14). The effect tion appears to be the predominant factor in destabilization.
of the van der Waals disjoining pressure is investigated by The time evolution of the fluctuation in the film thickness,
changing the sign of the Hamaker constant, A . Comparing H f , is shown in Fig. 13a for a high initial surfactant concen-
cases 1 and 2 in Fig. 11, we observe that PvW has an influence tration. The concomitant change of the bulk liquid viscosity
only for extremely thin films: h0 ° 10 nm. The attraction

FIG. 9. Time dependence of the fluctuation wave amplitude for films FIG. 11. Dependence of the film stability on the initial thickness, h0 .
d Å 4.8 nm, DT Å 0.107C; the initial concentration of nonionic surfactantwith a nonionic surfactant. The wavenumbers are k Å 2.15 for d Å 6.5 nm

and k Å 0.950 for d Å 5.0 nm (the most unstable modes); h0 Å 50 nm, is equal to 10 CMC. (1): A Å 01.15 1 10020 J; (2 and 3): A Å /1.15 1
10020 J. (1 and 2): cCMC Å 8.0 mol/m3; (3): cCMC Å 5 1 1002 mol/m3.DT Å 0.107C.
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tors. In general, thicker films are less stable than thinner
films. Steric and van der Waals interactions play a role only
at very small thicknesses. Repulsion brings stabilization, as
might be expected.

It is worth pointing out the existence of interdependence
between the influences of various factors. Thus, for example,
the temperature difference, DT , and the viscosity in the
liquid film, heff , modify the impact of the surfactant concen-
tration on the stability (Fig. 4); the Hamaker constant, A ,
and the value of the CMC influence the dependence of the
critical thickness of rupture, Hc , on the initial thickness, h0

(Fig. 11).
With ionic surfactants the direct electrostatic forces be-

tween the two film surfaces are always negligible, because
in the presence of micelles Pel is much smaller in absolute

FIG. 12. Role of steric interactions in the film stability. A Å /1.15 1
10020 J, d Å 6 nm, h0 Å 20 nm; the initial concentration of nonionic
surfactant is equal to 10 CMC.

(according to the hard sphere model) is plotted in Fig. 13b.
There is a marked difference in the behavior of the distur-
bances with k Å 1.50 for 10, 30, and 50 times the CMC.
The system with 10 CMC is unstable, as H f increases monot-
onously until rupture (H f Å 1). At 30 CMC there is partial
damping of the wave amplitude, but ultimately the film can-
not survive. A different kind of development is observed at
50 CMC. The fluctuation first grows, but subsequently is
damped and finally dies out (Fig. 13a). Moreover, the vis-
cosity in the film simultaneously rises considerably (Fig.
13b), since the particle volume fraction approaches the lim-
iting value of 0.63. The film eventually solidifies and is
stable. Therefore, unlike relatively low surfactant concentra-
tions (between 1 and 20 CMC), sufficiently high concentra-
tions bring about film stabilization.

7. CONCLUSIONS

We have carried out a linear stability analysis of evaporat-
ing liquid films on a solid substrate. The role of different
molecular interactions (van der Waals, electrostatic, steric,
oscillatory structural) was the main subject of the investiga-
tion, which was based on the disjoining pressure approach.
It is demonstrated that the oscillatory structural forces, Posc ,
are most important for the evolution of hydrodynamic fluc-
tuations in films containing colloidal particles (systems with
surfactant micelles are considered here) . At a relatively low
volume fraction instability is promoted, and stable films may
be expected only at a sufficiently high surfactant content. In

FIG. 13. Role of the surfactant concentration in the time evolution ofthe latter case the viscosity of the liquid phase rises too
instabilities in the film. DT Å 0.107C, h0 Å 120 nm, d Å 6 nm (nonionicmuch, and at the same time the disturbances disappear under
surfactant) . (a) Time dependence of the fluctuation wave amplitude for

the influence of the oscillatory structural interaction. With wave number k Å 1.50. (b) Concomitant change in the bulk viscosity of
increasing temperature difference (DT ) the thermal effects the micellar solution, as the film thins due to evaporation and the particle

volume fraction inside increases.become predominant and suppress the impact of other fac-
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evaporating thin liquid films in the presence of surfactant. I. Lubricationvalue than Posc . Addition of an inorganic electrolyte leads
approximation and linear analysis. Phys. Fluids 9(12) (1997). [ into shrinkage of the Debye counterion atmosphere around
press]

the particles, thus decreasing the effective volume fraction. 15. Danov, K. D., Ivanov, I. B., Zapryanov, Z., Nakache, E., and Raharima-
Consequently, the magnitude of the oscillatory forces dimin- lala, S., in ‘‘Synergetics, Order and Chaos’’ (M. G. Velarde, Ed.) , p.

178. World Scientific, Singapore, 1988.ishes. The latter can either enhance or damp the fluctuation
16. Derjaguin, B. V., Colloid J. USSR 17, 191 (1955).amplitude, depending on the instantaneous film thickness
17. Derjaguin, B. V., ‘‘Theory of Stability of Colloids and Thin Films.’’and the micellar content.

Plenum Press, New York, 1989.
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