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c10 Å c10(G) . [1.1]
A theoretical approach to the kinetics of adsorption on the ex-

panding interface of a micellar surfactant solution is proposed. For example, it can be the Langmuir adsorption isotherm
The nonlinear partial differential equations of mass transfer of
the micelles and monomers are reduced to ordinary differential
equations, which are solved numerically along with the nonlin- c10( t)

b
Å G( t)

G` 0 G( t)
, [1.2]

earized adsorption isotherm as a boundary condition. Being more
general, this theoretical approach is consistent also with the special
case of small deviations from equilibrium widely used in the kinet- where b and G` are constants and t denotes time. Both non-
ics of micellization. The theory is applied further to fit the experi- ionic (3–5) and ionic (6) surfactants are found to comply
mental data for dynamic surface tension of micellar solutions of with the Langmuir adsorption isotherm. More sophisticated
sodium dodecyl sulfate and sodium polyoxyethylene-2 sulfate adsorption isotherms are also used (7). In some particular
measured by the maximum bubble pressure (MBP) method. The cases (small adsorption, small deviations from equilibrium,
expansion of the bubble surface is accounted for by using the

etc.) the adsorption isotherm can be linearized and then stan-experimental dependence of the bubble size on time. The calcu-
dard mathematical methods can be applied to solve the diffu-lated effective rate constant of micelle decay for sodium dodecyl
sion problem, see e.g., Refs. (8–10). However, the generalsulfate turns out to be sensitive to the mechanism of the micelle’s
boundary problem is essentially nonlinear. One way to solvedisintegration. This provides a possibility for one to determine the
it is to use perturbation series methods (11). Another ap-rate constants of the fast and slow processes in the relaxation

kinetics of micellization by using a relatively simple experimental proach is to solve numerically the respective set of equations,
technique for dynamic surface tension measurement like the MBP including the partial differential equation of diffusion (12,
method. q 1996 Academic Press, Inc. 13). This method, although being in principle exact, is much

Key Words: adsorption kinetics; micellar solution; dynamic sur- more time consuming. A considerably simpler and less time
face tension; maximum bubble pressure method; sodium dodecyl consuming method was recently proposed (14). The latter
sulfate. method, which is analogous to the von Karman approach to

the hydrodynamical boundary layer (see e.g., Ref. (15)) ,
was successfully applied to the interpretation of data pro-1. INTRODUCTION
vided by the maximum bubble pressure technique for surfac-

The adsorption from surfactant solutions is a process inev- tant solutions below the critical micellization concentration
itably accompanying any dynamic measurement of surface (CMC). The present article is a natural extension of Ref.
tension (1), surface elasticity, and viscosity (2) . The theo- (14) to surfactant concentrations above CMC.
retical treatment of this problem lies in solving the respective Since the micelles are unstable species, they can enhance
diffusion equation(s) under appropriate boundary condi- essentially the transport of monomers from the bulk to the
tions. In general, this is a nonlinear boundary problem. One interface or backward. The studies on kinetics of micelliza-
source of nonlinearity is the relation between the subsurface tion in homogeneous solutions reveal that the two relaxation
concentration of surfactant monomers, c10 , and the surfactant processes take place for small deviations from equilibrium
adsorption, G. In the case of diffusion controlled adsorption (16, 17). Correspondingly, their theoretical interpretation is
it is usually assumed that the instantaneous values of c10 and based on linearization of the respective kinetic equations
G are connected by the equilibrium adsorption isotherm (16–18). More sophisticated is the diffusion problem in

micellar solutions: both monomers and micelles are involved
1 To whom correspondence should be addressed. in diffusion accompanied with mass exchange between these
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224 DANOV ET AL.

surface, and the x-axis is directed inward to the solution.
Since, in general, the interfacial dilation is coupled with
some convective flow in the bulk of the solution, the bulk
monomer concentration obeys the equation of convective
diffusion (8)

Ìc1

Ìt
/ Vx

Ìc1

Ìx
Å D1

Ì 2c1

Ìx 2 / mkdcm 0 mkacm
1 , [2.3]

with Vx being the x-component of the mean mass velocity;
the last two terms in Eq. [2.3] express the source and drain
of monomers due to the presence of micelles. In particular,
cm is the concentration of the micelles, m is their aggregation
number, and ka and kd are the rate constants of the micellar
assembly and disassembly:

FIG. 1. Role of the micelles in the kinetics of surfactant adsorption. In
the bulk the micelles exist in a dynamic equilibrium with the monomers.
In the vicinity of an expanded adsorption monolayer the micelles release Am }

kd

ka

mA1 [2.4]
monomers in order to restore the equilibrium surfactant concentration on
the surface and in the bulk.

(here Am and A1 symbolize micelle and monomer) . We re-
strict our considerations to the simplest possible reaction

two species, which can be described as a chemical reaction, mechanism expressed by Eq. [2.4] , which gives the overall
see Fig. 1. Again the analytical solutions obtained are based surfactant mass balance in the reaction. We are aware of the
on linearization for the case of small deviations from equilib- fact that the real reaction mechanism can be much more
rium (10, 19, 20). Fortunately, the extension of the approach complicated (16–21). On the other hand, Eq. [2.4] is found
developed in Ref. (14) allows us to solve also the latter to reflect correctly the main features of micellization through
problem in its general nonlinear form. The article is orga- the respective mass action law.
nized as follows. Analogously, one can write the diffusion equation for the

First, we introduce the basic differential equations and micelles (8):
the respective boundary conditions. Next, following the von
Karman approach we introduce model concentration distri- Ìcm

Ìt
/ Vx

Ìcm

Ìx
Å Dm

Ì 2cm

Ìx 2 / kacm
1 0 kdcm . [2.5]bution. Then, we describe the procedure of calculation. Fur-

ther, the theoretical predictions are compared with the exper-
iment and discussed. Numerical comparison with an alterna-

Here Dm is the diffusion coefficient of the micelles. Below
tive theoretical approach is given in the Appendix.

we will consider the case when the surface dilation is iso-
tropic. As proven by van Voorst Vader et al. (2) , in this

2. BASIC EQUATIONS
case

Let us consider a uniform interface which is being sub-
Vx Å 0xa

h
( t) . [2.6]jected to expansion or compression. We assume that the rate

of interfacial dilation
The boundary conditions are

a
h
Å 1

A

dA

dt
[2.1] c1(0, t) Å c10( t) , lim

xr`

c1(x , t) Å c1` Å const [2.7]

cm(0, t) Å cm0( t) , lim
xr`

cm(x , t) Å cm` Å const [2.8]
(A is area) is a known function of time. The interfacial
dilation gives rise to a diffusion flux of surfactant in accor-
dance with the equation lim

xr`

Ìc1

Ìx
Å lim

xr`

Ìcm

Ìx
Å 0. [2.9]

dG

dt
/ a

h
( t)G( t) Å D1

Ìc1

Ìx Z
xÅ0

, [2.2] cm0 in Eq. [2.8] denotes the subsurface concentration of the
micelles, while c1` and cm` stand for the bulk concentrations
of surfactant monomers and micelles far from the surface.
It should be noted that the micelles do not adsorb. Hence,where D1 is the monomer diffusivity, c1(x , t) is the monomer

concentration; the plane x Å 0 corresponds to the solution the micellar flux at the interface must be zero (8) , i.e.,
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225ADSORPTION FROM MICELLAR SURFACTANT SOLUTIONS

Ìcm

Ìx Z
xÅ0

Å 0. [2.10]

Following the approach in Ref. (14) we introduce the quanti-
ties

l1( t) Å 1
c1`

*
`

0

[c1` 0 c1(x , t)]dx [2.11]

lm( t) Å 1
cm`

*
`

0

[cm` 0 cm(x , t)]dx . [2.12]

l1 represents the thickness of an imaginary layer adjacent to
the interface, which contains an amount of free monomers

FIG. 2. Sketch of the model concentration profiles, Eqs. [3.1] and [3.2] ,(of uniform concentration c1`) equal to the deficiency of
for free monomers and micelles ( the air /water interface is located at x Åmonomers in a vicinity of the real interface caused by the
0).surfactant adsorption. lm has analogous meaning. Next, let

us integrate Eq. [2.3] from x Å 0 to x Å ` ; thus in keeping
with Eqs. [2.6] , [2.11], and the boundary conditions [2.7] cm å cm` , cf., Eqs. [2.11] and [2.12]. From Eqs. [2.15]
and [2.9] we derive and [2.16] one finally obtains

dl1

dt
/ a

h
l1

G( t) Å A0

A( t)
G0 / c1`l1( t) / mcm`lm( t) . [2.17]

Å 1
c1`

FD1
Ìc1

Ìx Z
xÅ0

0 m *
`

0

(kdcm 0 kacm
1 )dxG . [2.13]

3. MODELING OF THE CONCENTRATION PROFILES

Equation [2.17] calls for some discussion. First of all weSimilarly, from Eqs. [2.5] , [2.6] , and [2.8] – [2.10] it fol-
recall that we are interested in the time dependence of thelows that
interfacial properties (adsorption, surface tension, etc.) . Sec-
ond, Eq. [2.17] implies that the instantaneous adsorption,dlm

dt
/ a

h
lm Å

1
cm`

*
`

0

(kdcm 0 kacm
1 )dx . [2.14] G( t) , depends on two integrals, l1( t) and lm( t) , of the con-

centration profiles c1(x , t) and cm(x , t) , see Eqs. [2.11] and
[2.12]. In other words, we need to know these integrals,

The elimination of the integral term between Eqs. [2.13] rather than the detailed information about the values of c1
and [2.14] leads to an expression for (Ìc1 /Ìx)xÅ0 , which and cm at every point x . This fact enables one to use model
upon substitution in Eq. [2.2] yields profiles for c1(x) and cm(x) possessing appropriate integral

properties, instead of the exact solutions of the respective
diffusion equations (14, 15). For c1 we will use the samedG

dt
/ a

h
G

model profile as in Ref. (14)

Å c1`S dl1

dt
/ a

h
l1D / mcm`S dlm

dt
/ a

h
lmD . [2.15]

c*
1 (x , t) Å c10( t) / [c1` 0 c10( t)]sin

px

2d1

for x £ d1 [3.1]Having in mind Eq. [2.1] one can easily integrate Eq. [2.15].
To determine the integration constants initial conditions are

c*
1 (x , t) Å c1` Å const for x § d1 ,necessary. We set

A(0) Å A0 , G(0) Å G0 , l1(0) Å lm(0) Å 0. [2.16] where d1( t) is a function which will be determined below.
As seen in Fig. 2, Eq. [3.1] determines c*

1 as a smooth
monotonic function satisfying the boundary conditionsTo have l1(0) Å lm(0) Å 0 we have supposed that the initial

moment t Å 0 corresponds to a disturbance of the interface [2.7] . The new step is the introduction of model profile for
cm asat nondisturbed uniform bulk concentrations c1 å c1` and
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226 DANOV ET AL.

In addition, from Eqs. [2.5] , [2.6] , [3.2] , and [3.8] one
c*m (x , t) Å 1

2
[cm` / cm0( t)] 0 1

2
[cm` 0 cm0( t)]cos

px

dm
obtains

for x £ dm [3.2]
dcm0

dtc*m (x , t) Å cm` Å const for x § dm ,

Å p 2Dm

2d 2
m

[cm` 0 cm0( t)] 0 kdcm0( t) / kacm
10( t) . [3.10]see Fig. 2. One check that Eq. [3.2] determines c*m as a

smooth monotonic function satisfies the boundary conditions
[2.8] – [2.10].

Next, let us consider the integral in Eqs. [2.13] and [2.14].Equation [3.1] contains two unknown functions of time,
Having in mind that kdcm` Å kacm

1` , we represent this integralc10( t) and d1( t) . To determine them we impose two condi-
in the formtions for equivalence between the model and real monomer

concentration distributions

Q( t) Å *
`

0

{ka[cm
1` 0 cm

1 (x , t)]

*
`

0

[c1` 0 c*
1 (x , t)]dx Å *

`

0

[c1` 0 c1(x , t)]dx [3.3]
0 kd[cm` 0 cm(x , t)]}dx . [3.11]

Ìc*
1

Ìx Z
xÅ0

Å Ìc1

Ìx Z
xÅ0

. [3.4] The substitution of c*
1 for c1 in Eq. [3.11], along with Eqs.

[2.12] and [3.1] , yields

In particular, the last equation implies that the diffusion flux
Q( t) Å 2

p
kacm

1`d1( t)GmS c10( t)
c1`

D 0 kdcm`lm( t) , [3.12]at the interface in the model system must be the same as in
the real system. By substituting Eqs. [2.11] and [3.1] into
Eq. [3.3] one derives

where

c1`l1( t) Å p 0 2
p

[c1` 0 c10( t)]d1( t) . [3.5]

Gm(j) å *
p /2

0

{1 0 [j / (1 0 j)sin v]m}dv. [3.13]

Further, by means of Eqs. [3.1] , [3.4] , and [3.5] one obtains

In view of Eqs. [3.6] and [3.11] one can transform Eqs.
[2.13] and [2.14] to readÌc1

Ìx Z
xÅ0

Å p 0 2
2c1`l1( t)

[c1` 0 c10( t)]2 . [3.6]

dl1

dt
/ a

g

l1 Å
(p 0 2)D1

2l1
S1 0 c10

c1`
D2

0 m

c1`

Q( t) [3.14]
In analogy with Eqs. [3.3] and [3.4] we impose two condi-
tions for equivalence between the model and real micellar
concentration distributions dlm

dt
/ a

g

lm Å
1

cm`

Q( t) , [3.15]

*
`

0

[cm` 0 c*m (x , t)]dx Å *
`

0

[cm` 0 cm(x , t)]dx [3.7]
where Q( t) is given by Eq. [3.12].

In summary, we have a set of seven equations, Eqs. [1.1] ,Ì 2c*m
Ìx 2 Z

xÅ0

Å Ì
2cm

Ìx 2 Z
xÅ0

. [3.8] [2.17], [3.5] , [3.9] , [3.10], [3.14], and [3.15], for de-
termining seven unknown functions: G( t) , c10( t) , cm0( t) ,
l1( t) , lm( t) , d1( t) , and dm( t) . This set includes four algebraic
equations and three ordinary differential equations of theThe derivatives Ìcm /Ìx and Ìc*m /Ìx for x Å 0 are both equal
first order. We solve this problem numerically. In general,to zero, cf., Eqs. [2.10] and [3.2]; that is the reason why
it is a comparatively simple computational problem. In theEq. [3.8] imposes equality of the second derivatives. From
next section we describe the procedure of calculations, whichEqs. [2.12], [3.2] , and [3.7] one derives an analogue of
turns out to be extremely fast and well convergent. TheEq. [3.5]
reader who is not interested in the computational details may
skip the next section and continue with Section 5, where the

cm`lm( t) Å 1
2[cm` 0 cm0( t)]dm( t) . [3.9] comparison of theory and experiment is presented.
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227ADSORPTION FROM MICELLAR SURFACTANT SOLUTIONS

4. PROCEDURE OF CALCULATIONS

4.1. Introduction of Dimensionless Variables

Let Ge be the equilibrium surfactant adsorption and T be
some characteristic time of the process. (For example, if the
maximum bubble pressure method (22–24) is used, T can
be the period of bubble release.) Then we introduce the
dimensionless variables

j1 Å
c10

c1

, jm Å
cm0

cm

, g Å G

Ge

, g0 Å
G0

Ge

[4.1]

x1 Å
c1`

Ge

l1 , xm Å
mcm`

Ge

lm , t Å t

T
[4.2]

FIG. 3. Plot of the special function Gm(j1) , Eq. [3.13], for three differ-
ent values of the aggregation number: m Å 40, 60, and 80.

y1 Å
c1`

Ge

d1 , ym Å
mcm`

Ge

dm , a Å A

A0

[4.3]

values in any subsequent numerical calculations. It should
d1 Å

√
D1Tc1` /Ge , k Å mcm` /c1` [4.4]

be noted that Gm(1) Å 0 and that in a vicinity of the point
j1 Å 1 the function Gm(j1) changes fast, see Fig. 3. For j1dm Å

√
DmTmcm` /Ge , £ Å kdT . [4.5]

õ 1 Gm(j1) levels off to Gm(0) . Physically Gm(j1) charac-
terizes the micelles of aggregation number m as sourcesThe dimensionless form of Eq. [2.17] reads
of monomers depending on the deviation from equilibrium
characterized by the parameter j1 .g Å x1 / xm / g0 /a [4.6]

4.2. Numerical MethodSimilarly, Eqs. [3.5] and [3.9] can be transformed to read
Our purpose is to solve the nonlinear system of Eqs.

[4.6] – [4.11]. The most appropriate method for this prob-
x1 Å

p 0 2
p

(1 0 j1)y1 [4.7]
lem is the method of the explicit differential schemes applied
to the differential Eqs. [4.9] – [4.11]. This method requires
a closer inspection of the behavior of the system for smallxm Å

1
2

(1 0 jm)ym . [4.8]
times, because for t r 0, ym r 0, and Eq. [4.9] exhibits a
singularity. To elucidate this point we first ascribe an initial

Further, Eq. [3.10] takes the form value

j (0)
1 Å c (0)

10 /c1` [4.12]djm

dt
Å p 2d 2

m

2y 2
m

(1 0 jm) 0 £(jm 0 jm
1 ) . [4.9]

to the dimensionless parameter j1 . Next, we choose a small
Finally, in view of Eq. [2.1] one can transform Eqs. [3.14] time increment Dt such to obey the relations
and [3.15] to read

Dt ! 1, £Dt ! 1, k£Dt ! 1. [4.13]
d

dt
(a 2x 2

1) Å (p 0 2)a 2d 2
1(1 0 j1) 2

Then the explicit differential scheme of Eq. [4.10] leads to

/ 2£a 2x1Fxm 0
2
p

ky1Gm(j1)G [4.10]
x1 Å

1
a

√
p 0 2d1(1 0 j (0)

1 )
√
Dt . [4.14]

d

dt
(a 2x 2

m) Å 02£a 2xmFxm 0
2
p

ky1Gm(j1)G . [4.11] As an explicit differential scheme is not applicable to Eq.
[4.11], we apply to this equation an implicit differential
scheme to obtain

The integral Gm is given by Eq. [3.13]. This integral is a
function of j1 for a given value of m . We tabulated the xm Å

4
p
£ky1Gm(j1)Dt. [4.15]

values of the function Gm vs j1 (0 £ j1 £ 1) and used these
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228 DANOV ET AL.

In Eq. [4.15] y1 and j1 are unknown. To determine them conditions to start any explicit method for solving the differ-
ential equations, Eqs. [4.9] – [4.11]. Note that at each stepwe first note that for t r 0 one has y1 Ç x1 , cf., Eq. [4.7] ,

and then from Eqs. [4.13] and [4.15] it follows that xm ! of the numerical integration we determine j1 from Eq. [4.6]
( in conjunction with the dimensionless Eq. [1.1]) , y1 fromx1 . Consequently, Eq. [4.6] reduces to
Eq. [4.7] , and ym from Eq. [4.8] . As already mentioned the
numerical procedure is extremely fast and well convergent.g Å x1 / g0 /a (t r 0). [4.16]

Finally, we discuss a peculiarity of the computational pro-
cedure related to the fact that after a certain time moment,Further we proceed as follows:
t Å te , the adsorption acquires its equilibrium value, i.e.,

(1) Knowing the adsorption isotherm, that is Eq. [1.1] in
g Å 1 is the framework of some reasonable accuracy, see

dimensionless form, we substitute g from Eq. [4.16] to ob- Eq. [5.4] below. Therefore, the numerical procedure for t
tain the value of j1 . ú te must be changed. In this case since j1 cannot be ob-

(2) From Eq. [4.7] we determine y1 . tained from adsorption isotherm the solved set of equations
(3) With the above value of j1 we calculate Gm(j1) . is modified as follows.
(4) Finally, from Eq. [4.15] we determine xm . After substituting g with 1 in Eq. [4.6] one obtains
Two quantities still remain unknown, viz., jm and ym . To

determine them we present Eq. [4.9] in the form a Å ax1 / axm / g0 . [4.22]

Differentiating [4.22] by time, substituting (d(ax1)) / (dt)d

dt
(1 0 jm) / p 2d 2

m

2y 2
m

(1 0 jm)
and (d(axm)) / (dt) from Eq. [4.10] and [4.11], the equation
describing changes of the subsurface concentration j1 with/ £(1 0 jm) Å £(1 0 jm

1 ) . [4.17] time is obtained:

Then we apply an explicit differential scheme to Eq. [4.17]
and use Eqs. [4.8] and [4.13]. The result reads j1 Å 1 0

√
p

p 0 2
x1

ad 2
1
S da

dtD . [4.23]

p 2d 2
mDt 3

8x 2
m

p 3 / p 0 £(1 0 jm
1 ) Å 0, [4.18]

The final set of equations now consists of [4.22], [4.23],
and unchanged [4.7] – [4.9] , [4.11].

where

5. COMPARISON OF THEORY AND EXPERIMENT
p Å (1 0 jm) /Dt. [4.19]

5.1. Experimental Method
From Eqs. [4.7] , [4.14], and [4.15] it follows that

Below we compare the theory with experimental data ob-
tained by means of the MBP method (22–24). This methodx1 Ç

√
Dt , y1 Ç

√
Dt , xm Ç (Dt)3/2 (t r 0),

allows a quick extension of a fluid–gas interface and detec-
tion of the dynamic surface tension s during time intervalsrespectively. Hence, the coefficient multiplying p 3 in Eq.
ranging typically from 0.01 to 10 s. There are some peculiari-[4.18] tends to a finite constant for t r 0. Further, one can
ties of the MBP method which are not always taken intocheck that the cubic equation for p , Eq. [4.18], has a single
account in the relevant theoretical models of the dynamicreal solution for p , which is, moreover, always positive; this
surface tension. The most important feature is that the fullsolution reads
time dependence of s( t) is composed in fact by experimental
points corresponding to different bubbles, i.e., interfaces, ofp Å [q1 0 (q 2

1 / q 3
2) 1/2 ] 1/3

different individual life times t (24). Besides, within one
/ [q1 / (q 2

1 / q 3
2) 1/2 ] 1/3 , [4.20] bubble period the interfacial area does not remain constant

throughout the adsorption process because the bubble sur-where
face expands appreciably which can lead to additional devia-
tions from the equilibrium concentrations, at least in theq1 Å

4x 2
m£(1 0 jm

1 )
p 2d 2

mDt 3 , q2 Å
8x 2

m

3p 2d 2
mDt 3 . [4.21]

vicinity of bubble surface. In contrast to these observations,
MBP data were interpreted until now by theoretical models
which are valid strictly for a single nonexpanding interfaceFrom [4.19] and [4.20] one determines jm , which is then

substituted in [4.8] to find ym . (9, 22, 25) or at small deviations from equilibrium (26).
Although these approaches are not entirely unfounded, bear-Thus, we determined the values of all variables in the

time moment t Å Dt. Further, these values serve as initial ing in mind their application for solutions without micelles
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229ADSORPTION FROM MICELLAR SURFACTANT SOLUTIONS

(see, e.g., Refs. (27, 28)) , one needs a higher degree of To see what our theoretical expectations are we first simu-
late the adsorption process in the experiments with the MBPconsistency between theory and experiment to make more

decisive conclusions for the micellization kinetics. method in the case of SDS solutions. For that purpose we
assume that the bubble area increases linearly with time, viz.Our theoretical approach avoids most of the contradic-

tions between theory and experiment mentioned above.
First, there is no assumption for small deviations from

A( t) Å A0S1 / 1.5
t

tl
D , 0 £ t £ tl , [5.3]equilibrium which makes the model applicable to experi-

mental methods like the MBP method, where the initial
perturbation sometimes creates an almost clean interface.
Second, we take into account the expansion of the inter- where tl is the bubble lifetime. The latter dependence is close

to the reality (see below). Then we substitute some relevantface in the course of adsorption which can lead effectively
to an increase of the surface tension s (decrease of the numerical values of the parameters for SDS as follows: D1

Å 5.6 1 1006 cm2/s and Dm Å 1.1 1 1006 cm2/s, m Å 80,adsorption) although the dominating trend is to lower s
with time due to an increase of the adsorption. Third, as G0 Å 0, c10 Å CMC Å 1003 mol/ liter. Next, we start the

numerical procedure described in the previous section; Eq.we know the exact law of bubble expansion, we integrate
the respective equations for individual bubbles and com- [5.1] plays the role of Eq. [1.1] . The numerical results for

s vs tl simulated in this way are shown in Figs. 4a, b.bine them in a composite solution for s( t ) .
Figure 4a shows s vs tl curves for, cm` Å 6.25 1 1006

5.2. Effect of the Micelles on the Surface Tension mol/liter and three different values of the micellar decay
rate constant kd . As can be seen, the faster the micellarOur main purpose below is to compare our solution of
decay, the faster the relaxation of the surface tension. Suchthe diffusion–adsorption problem with the experiment. To
a dependence should be expected because the increase of kdbe sure that a possible difference between theory and experi-
leads to an increase of the source of monomers due to thement is not a consequence of the usage of an improper
presence of micelles.adsorption isotherm, G(c) , we will use empirical isotherms,

Another factor leading to the same effect is the increasewhose main merit is that they provide a very good fit of the
of the total surfactant concentration, cs Å c1` / mcm` , whichexperimental data.
results in an increase of cm` in so far as c1` Å CMC Å const,Tajima (29) proposed an analytical expression for the
see Fig. 4b. This is equivalent to an increase of the densityequilibrium adsorption isotherm c1 Å c1(G) for aqueous
of the sources of monomers, which, in turn, accelerates thesolution of sodium dodecyl sulfate (SDS) with 0.115 M
relaxation of s.NaCl added, see also Ref. (14):

A similar study of the role of kd and cs on the relaxation
of s has been carried out by Miller (31). For that purpose

c10 Å 2.1795 1 1005SG`

G D
0.43

he solved the partial differential equations of diffusion for
the case of an initial interfacial disturbance followed by
surfactant diffusion toward quiescent, nonexpanding surface

1 G

G` 0 G
expS G

G` 0 GD , [5.1] ( i.e., the convection term VxÌc /Ìx in Eqs. [2.3] and [2.5]
is zero) . Our results and his, about the role of kd and cs , are
qualitatively similar; quantitative coincidence should not be

where 1/G` Å 25 Å2 and c10 is expressed in mol/ liter. To expected because of the difference in the processes simu-
find the interfacial equation of state, i.e., s Å s(G) with s lated. It is interesting to note that the main difference is that
being the surface tension, we need a connection between s Miller (31) established a pronounced effect of the ratio Dm /
and c10 . As usual, we assume that the dependence of the D1 on the s vs tl curves, whereas such an effect does not
surface tension on the subsurface concentration, s Å s(c10) , appear in our calculations simulating the MBP method. The
is the same in equilibrium and nonequilibrium conditions. explanation is the following. The convective influx of mi-
We measured the equilibrium (c10 Å c1`) dependence s Å celles accompanying the surface extension in the MBP
s(c10) for SDS solutions with 0.115 M NaCl added. Then, method turns out to be much more effective than the diffusion
following Mysels (30) we fitted the experimental depen- influx driven by the gradient of the micellar concentration,
dence below CMC with a parabola in terms of logc10 at least for the values of tl studied. Consequently, Dm has

no appreciable effect on the s vs tl curves in this case. In
s(c10) the case studied by Miller there is no convection, so the

diffusion remains the only micellar supply.Å 0112.986 0 68.0136 logc10 / 6.44987 log2c10 , [5.2]
The negligible effect of Dm on the s vs tl curves, estab-

lished by the above simulations of the MBP method for SDSwhere c10 and s are expressed in mol/ liter and mN/m, re-
spectively. Equations [5.1] and [5.2] give the surface equa- solutions, has two additional consequences. For this system:

(i) Dm cannot be determined from the s vs tl curves bytion of state, s Å s(G) , in a parametric form.
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FIG. 4. Dynamic surface tension of micellar surfactant solution computed at (a) different values of the micelle decay rate constant kd and (b)
different total surfactant concentration cs . The other constants of the model are taken for SDS (containing 0.115 M NaCl): cs Å 1.5 1 1003 mol/ liter ;
Ge Å 4.29 1 10010 mol/cm2; D1 Å 5.6 1 1006 cm2/s; Dm Å 1.4 1 1006 cm2/s; m Å 80.

analogy with the determination of D1 from similar curves 1 1003 mol/ liter. In this case, the increase of the bubble area
with time was measured using a CCD camera for individualbelow CMC (14). ( ii ) The theory developed in Ref. (10)

turns out to be applicable to the interpretation of data ob- bubbles of different lifetimes tl , see Fig. 5. Despite the differ-
ent bubble lifetimes, the data for one and the same concentra-tained by means of the MBP method. We recall that in Ref.

(10) analytical expressions were derived at the cost of the tion are close to each other which is confirmed also for
bubbles of smaller tl , which are not shown in Fig. 5. Allassumption that Dm É D1 , which is not crucial as far as the

results are not sensitive to Dm . In the Appendix we demon- curves are of typical shape observed already for SDS solu-
tions below CMC (24). Initially there is the sudden growthstrate that the theory from Ref. (10) gives satisfactory results

even in the case of adsorption on a quiescent interface, when of a bubble which makes the bubble area A different from
the ratio Dm /D1 should be a physically essential parameter. the cross-sectional area of the capillary Ac Å pR 2

c . Since the
duration of this growth is less than the time resolution of

5.3. Comparison with Data of the MBP Method our video system (0.033 s) we cannot say whether the bubble
starts to grow from a flat interface, i.e., A(0) Å Ac . After

First, we present results for SDS measured with three that, the bubble area increases almost linearly with time, and
different surfactant concentrations above CMC in the pres- this gradual growth occupies the larger part of the bubble
ence of 0.128 M NaCl. CMC of this system is c1` Å 1.08 evolution; cf., Eq. [5.3] . Reaching hemispherical shape (A

Å 2 pR 2
c ) the bubble expands spontaneously and escapes

from the capillary tip. This final stage of evolution is ex-
cluded from the computation of the dynamic surface tension
(it is taken into account by the so-called dead time correction
of the experimental data (24)) .

By comparing the data of Tajima (29) for the surface
adsorption isotherm, GÅ G(c) , with the expression proposed
by him, Eq. [5.1] , we reached the following conclusions.
Equation [5.1] provides a good fit for c õ c * Å 4.3 1 1005

mol/ liter ; for c ú c 9 Å 6.85 1 1004 mol/ liter one can write
GÅ GeÅ constÅ 4.291 10010 mol/cm2. In the intermediate
region, c* õ c õ c 9, we fitted the data with an appropriate
expression. Thus we obtained

FIG. 5. Time dependence of the area A of single bubbles of different lifetime G(c) Å

GT(c) for c õ c *

a1 / a2

√
c / a3c for c* õ c õ c 9 [5.4]

Ge for c ú c 9,
tl blown in micellar solutions of SDS. The bubbles are formed on a hydrophobic
glass capillary of hydrophilic tip (24) (capillary radius Rc Å 142 mm).
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FIG. 6. Fits of experimental data for the dynamic surface tension of micellar solutions of SDS measured by the maximum bubble pressure method.
Surfactant concentrations are: (a) cs Å 1.25 1 1003 mol/ liter ; (b) cs Å 1.5 1 1003 mol/ liter ; (c) cs Å 2 1 1003 mol/ liter. The constants are taken as
D1 Å 5.6 1 1006 cm2/s (36); Dm Å 1.4 1 1006 cm2/s; m Å 80. The bubble area is shown in Fig. 5.

where GT(c) is determined by the Tajima expression, Eq. cs Å 2 1 1004 mol/ liter are shown in Fig. 7, where the
circles represent experimental data for the dynamic surface[5.1] . The constants a1 , a2 , and a3 are determined by the
tension measured by the MBP method (Vakarelski, I., pri-conditions G(c *) Å GT(c *) , G(c 9) Å Ge , and dG /dc Å 0
vate communication). The bubble area follows similar timefor c Å c 9. Equation [5.4] was substituted for Eq. [1.1]
dependence as the one depicted in Fig. 6 for SDS. Thein our numerical calculations. The surface tension s was
adsorption isotherm of SDP2S was calculated from experi-calculated from experimental data fits like Eq. [5.2] . As
mental data for the equilibrium surface tension (Petkova,demonstrated above (Fig. 4a) kd (unlike Dm) affects consid-
V., private communication) (CMC is 1.0 1 1004 mol/ liter) .erably the s vs tl curves. Consequently, kd can be determined
The fit of the data by our theory is traced by solid line withfrom these curves as an adjustable parameter. We applied
parameters listed in Table 1. The theory agrees well withthe numerical procedure described in the previous section.
the experiment.Two adjustable parameters were used: kd and G0 , the latter

being the adsorption in the initial moment of bubble forma-
TABLE 1tion ( t Å 0) which is not liable to be a direct measurement.

Parameters of Micellar Surfactant Solutions Calculated fromThe fits are shown in Figs. 6a–c for three total surfactant
Dynamic Surface Tension Dataconcentrations above CMC. The function A( t) was taken to

be an interpolation curve of the data shown in Fig. 5. The Surfactant c mol/liter G0 /Ge kd s01

obtained values of the adjustable parameters kd and G0 are
SDS 1.25 1 1003 0.78 10.9listed in Table 1.

1.5 1 1003 0.58 72.5In the same way, we processed MBP data for aqueous
2 1 1003 0.33 62.0solutions of sodium dodecyl polyoxyethylene-2 sulfate

SDP2S 2 1 1004 0.73 8.5 1 1004

(SDP2S) with 0.128 mol/ liter NaCl added. The results for
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and the same for all concentrations, there is a difference in
the values shown in Table 1. For SDS, the smallest value
of kd obtained at 1 1 1003 mol/ liter differs appreciably from
the other two values which seem close to each other. This
difference is most probably due to the oversimplified reac-
tion scheme, Eq. [2.4] , used. The experiments on micelliza-
tion show that the relaxation in a micellar solution is charac-
terized by two relaxation times (16, 17), which can be inter-
preted in the following way. The decay of a micelle is
considered as a consequence of a fast and a slow process.
The fast process is

Am r

kf

Am01 / A1 , m ú n , [5.5]

FIG. 7. Fit of experimental data for the dynamic surface tension of where k f is the respective rate constant. In other words, for
micellar solution of SDP2S at cs Å 2 1 1004 M. The solid line is drawn m greater than a certain value n a micelle can easily release
by our theory with constants taken as D1 Å 5.0 1 1006 cm2/s; Dm Å 1.2

a monomer and transform into micelle of aggregation num-1 1006 cm2/s (37); m Å 77 (37). The dashed line is drawn by Eq. [A.1],
ber m 0 1 without destruction of the micellar aggregate. Insee the Appendix.
contrast, the detachment of a monomer from a micelle with
the critical aggregation number m Å n leads to a breakup

The dashed line in Fig. 7 represents the fit drawn by means of the micelle into highly unstable fractions, which disinte-
of the approximated theory in Ref. (10) (see Eq. [A.1] in grate to monomers. This is the slow process, which can be
the Appendix to the present article) . characterized by the equation

The values of the initial adsorption, G0 , listed in Table 1
are far from zero, which means that initially there is always

An r

ks

nA1 . [5.6]adsorbed surfactant at the bubble surface. The values of the
other adjustable parameter, kd , given in Table 1, are dis-

Here ks is the rate constant of the slow process, which cancussed below.
be c.a. 100 times smaller than k f (16, 17). Equations [5.5]

5.4. Discussion and [5.6] characterize the decay of a micelle as a two-stage
process.To judge the reliability of the values of the rate constant

Let us consider surfactant concentrations slightly aboveof micelle decay kd obtained by us for SDS we compare
CMC, that is cm` ! c1` . A decrease of the monomer concen-them with literature data available for homogeneous systems
tration (caused e.g., by an expanding interface) will first(kinetics of micellization). In this case the experiment gives
start the fast process, Eq. [5.5] . As cm` ! c1` , the monomersthe micellization time, tM , directly while the rate constant
released by the fast process will not be enough to compensatekd , as well as the micelle aggregation number m , are calcu-
for the shortage of monomers in the solution. Consequently,lated after that by means of a model for the micellization
all micelles will quickly transform into critical n-aggregates,kinetics. That is why two types of data for the rate constant
which will then decay by means of the slow process, Eq.are available in literature. The first type are data determined
[5.6] . In such a case, the micelle’s decay will be controlledconsidering the simplified reaction pathway, Eq. [2.4] , uti-
by the slow process, whose kinetic equation readslized also in our calculations. These are especially early

papers on the kinetics of micellization (21, 32, 33) which
interpret tM following the model proposed in Ref. (21). For dcn

dt
Å 0kscn . [5.7]

example the rate constant of SDS solutions containing 0.1
M NaNO3 obtained by temperature jump (T-jump) (33) is
kd Å 5.3 s01 at temperature 357C and micelle aggregation Let m be the mean aggregation number of the micelles at

equilibrium. The experiment (34) shows that m 0 n is aboutnumber m Å 95. For SDS solution with no electrolyte added
the respective values are kdÅ 30 s01 and mÅ 63 as measured 5% of m . Then one can set n É m in Eq. [5.7] and identify

kd with ks . The surfactant concentrations cs Å 1.25 1 1003by pressure jump (p-jump) at 257C (32). These data are
close to the values for kd obtained by us from the dynamic mol/ liter (Table 1) satisfies the condition cm` ! c1` (CMC

Å 1.08 1 1003 mol/ liter) ; hence, the respective value kdsurface tension of SDS solutions containing 0.128 M NaCl.
On the same order is also the rate constant for another surfac- can be identified with ks for SDS, i.e., ks É kd Å 10.8 s01 .

Measurements with the ‘‘stop-flow’’ technique (35) give kstant, dodecylpyridinium iodide, kd Å 50 s01 (21).
Although the values of kd determined by us should be one of the same order of magnitude.
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On the other hand, when cm`§ c1` the monomers released found by Joos and Van Hunsel (9) to compare well with
experimental data. In fact, every reaction mechanism reducesby the fast process, Eq. [5.5] , will be enough to make up

for the deficiency of monomers and therefore, the slow pro- to a reaction of ‘‘pseudo-first’’ order for small deviations
from equilibrium, see e.g., Ref. (10), Section 5. This is thecess, Eq. [5.6] , will not be ‘‘activated.’’ Consequently, in

such a case the source of monomers due to the micelles will case with the experiments by Joos and Van Hunsel (9) car-
ried out by means of the ‘‘inclined plate’’ and ‘‘dynamicbe dominated by the fast process. Hence, one can expect

that for larger surfactant concentration the effective rate con- drop-volume’’ methods.
On the other hand, the application of our theoretical ap-stant kd will level off to a value determined by the fast

process. The SDS data in Table 1 indicate that the latter proach makes sense for not too small deviations from equi-
librium, like those observed with the MBP method. Other-value can be about 70 s01 . To interpret this value we simplify

Eq. [5.5] as wise, for small deviations the diffusion–adsorption problem
becomes linear and one may apply the standard Laplace-
transform technique (26).

Am r

kf

An / (m 0 n)A1 . [5.8]

6. CONCLUDING REMARKS
The respective kinetic equation reads

Our main goal in the present article is to develop a theoret-
ical method describing the adsorption from micellar surfac-dc1

dt
Å (m 0 n)kfcm . [5.9] tant solutions. We developed a generalization of the ap-

proach from Ref. (14), which was initially designed for
surfactant concentrations below CMC. The resulting numeri-The latter is to be compared with the kinetic equation stem-
cal procedure turned out to be extremely fast and well con-ming from Eq. [2.4]:
vergent (see Section 4 above).

As an ingredient of the theory, we needed to introduce a
reaction scheme of the micelle decay. As a first step wedc1

dt
Å mkdcm . [5.10]

chose the most simple reaction scheme given by Eq. [2.4] .
The rate constant of micelle decay, kd , and the total surfac-

Thus, one determines tant concentration, cs , were found to affect strongly the time
dependence of surface tension, s( tl ) , measured by the MBP
method, see Fig. 4. In contrast, the micellar diffusion coeffi-

k f Å
m

m 0 n
kd . [5.11]

cient, Dm , does not affect appreciably the s( tl ) curves. This
is a corollary of the fact that the convection accompanying
the MBP experiment provides a more efficient supply ofWith kd Å 70 s01 and m / (m 0 n) Å 20, one calculates k f
micelles than the diffusion.Å 1400 s01 . This seems to be a quite reasonable value, in

Experimental data for s vs tl were fitted by means of ourso far as k f /ks É 100 is expected, see Refs. (16, 17).
theoretical approach; kd was determined as an adjustableThe decrease of G0 with the increase of cs (Table 1) is
parameter. Concentration dependence of kd was establisheddifficult to interpret. Most probably this is an artifact origi-
which can be attributed to the two-stage character of thenating from an inadequacy in our model reaction scheme,
micelle’s decay. Until now time constants have been mea-Eq. [2.4] , in comparison with the real two-stage process of
sured only by the so-called fast relaxation techniques of themicelle disintegration, cf., Eqs. [5.5] and [5.6] .
chemical kinetics; p-jump, T-jump, or stopped flow. FromAs a concern to the result for SDP2S, the value of kd listed
an experimental point of view these bulk methods are morein Table 1 is substantially smaller than the values for SDS.
complicated than a surface stress experiment like the maxi-This value suggests much slower micellization kinetics for
mum bubble pressure method used by us. The sensitivity ofSDP2S than the common surfactants like SDS. This is not
the MBP measurements to the mechanism of micellar kinet-surprising bearing in mind that the adsorption of SDP2S is
ics is an interesting finding, which stimulates us to extendmuch slower (on the order of dozens of seconds) than the
this study in the future by including a more realistic (andadsorption of SDS (tens of seconds) as it is seen in Figs. 6
more complicated) reaction scheme, like that based on Eqs.and 7.
[5.5] and [5.6] .Finally, it should be noted that the reaction model based

on Eq. [2.4] , which we are using after Lucassen (8), is not
APPENDIXa very essential part of our theoretical approach, whose most

important steps are presented in Section 3 above. Indeed,
Comparison with Analytical Solution

one can apply the same ‘‘von Karman’s’’ type of approach
in conjunction with another reaction model. For example, it Here we compare our model with analytical solution for

the surface tension for quiescent interface (10)can be a reaction of ‘‘pseudo-first’’ order, which has been
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Ds( t)
Ds(0)

Å 1
2F

exp(0bt)F(1 / F)ES1 / F

2

√
t

tD
D

0 (1 0 F)ES1 0 F

2

√
t

tD
DG , [A.1]

where Ds Å s 0 se ; E(x) Å exp(x 2)erfc(x) is a function
comprising the error function complement erfc(x) Å 1 0
erf(x) ; F Å

√
1 / 4b ;

b Å tD

tM

is the Damköhler number defined as the ratio of the charac- FIG. 8. Comparison between the predictions of our theoretical approach
(solid lines) and Eq. [A.1] (dashed lines) for small deviations from equilib-teristic diffusion time
rium at b Å 0.1 and b Å 1.

tD Å
1

D1
S dGe

dc1e
D2

[A.2]
where T Å t /tD is dimensionless time. Equation [4.6] and
the adsorption isotherm g Å g(j1) can be written as

and the characteristic time of micellization tM . In the model
g Å x1 / xm [A.6a]of micellar kinetics with one relaxation time tM is given by

(21)
g Å 1 0 d( ln Ge )

d( ln c1e )
(1 0 j1) . [A.6b]

tM Å
1

kd(1 / mu)
, u å mcm`

c1`

. [A.3]

Equations [A.5] and [A.6] are solved numerically to ob-
tain the surface tension as a function of dimensionless timeEquation [A.1] is derived (10) for nonexpanding interface,
T Å t /tD shown in Fig. 8 for two different values of b. Thea

g

Å 0, assuming small deviations from equilibrium, É1 0
curves calculated by our approach in Section 3 above (thej1É ! 1 and É1 0 jmÉ ! 1, and nearly equal diffusivities
solid lines) are in close agreement with the analytical solu-of monomers and micelles, D1 É Dm .
tion [A.1] (the dashed lines) . The deviation at large T canTo simplify the respective equations in our model we
be due to the fact that some of the approximations made inexpand the nonlinear terms in Eqs. [2.3] and [2.5] in series
our model become substantially different than the approxi-
mations made in deriving Eq. [A.1].cm

1 É cm
1`[1 0 m(1 0 j1)] . [A.4]
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