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Abstract
A model for calculation

of the pressure

general results in the thermodynamics

tensor

components

and statistical

mechanics

is developed

on the basis of some

of spherical

interfaces.

The van

der Waals intermolecular
forces are taken into consideration.
The model contains three parameters which are to be found from experiments.
These are the interfacial tension of a flat interface
and the Hamaker constants of the two neighboring phases. Then the model allows calculation of
the interfacial

bending

moment,

interfacial tension. Numerical
at different radii of curvature.

of the Tolman

length and of the curvature

dependence

of the

results are obtained for various liquid-gas and water-oil interfaces
The results agree well with statistical-mechanical
calculations and

computer simulations by other authors. The calculated mechanical and thermodynamical
interfacial tensions turn out to differ appreciably for drop radii below 1000 w owing to the bending
moment

effect. The results can be applied for calculation

erties of different

fluid dispersions,

including

of the size distribution

and other prop-

microemulsions.

1. INTRODUCTION

The dependence of the liquid-fluid interfacial tension on curvature is important for microheterogeneous systems like microemulsions and critical
emulsions - systems of low interfacial tension and high dispersity [l-5].
An
obvious problem with these systems is that the interfacial tension of the microscopic droplets is not liable to direct measurement. However, the interfacial
tension can affect the equilibrium droplet size distribution [l-3,6,7]
and the
second virial coefficient [ 81. Hence, the droplet interfacial tension and its curvature dependence can in principle be determined indirectly by interpreting
experimental data by means of appropriate theoretical models.
In the present paper we consider the interface between two pure immiscible
fluids, whose molecules do not exhibit surface activity (like water-air, waterhydrocarbon etc. interfaces). Our purpose is to calculate the contribution of
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the van der Waals forces to the curvature dependence of the interfacial tension
o and to the interfacial bending moment B. This will be done by only using
information about the values of the London constants, ~yij,of van der Waals
interactions and about the limiting value, o,, of the interfacial tension at a flat
interface. We suppose that a, is known from the experiment, i.e. we will not
calculate this value from first principles as done in Refs [g-13]. In fact only
the curvature dependence of ais the subject of our study. We attempt to achieve
this purpose by combining some general equations of thermodynamics and
statistical mechanics and by developing an appropriate model. All parameters
of the model are intended to be determined from the values of LY,~
and a,.
As pointed out in Refs [ 14,151, one has to distinguish between the mechanical and the thermodynamical interfacial tensions, o and y, when dealing with
interfaces of high curvature. The relation connecting these two quantities for
spherical interface reads [ 151
y=a+$BH

(1.1)

where B is the interfacial bending moment and H is the curvature of the spherical dividing surface of radius a, H= -l/u. According to the curvature sign
convention (see Eqns (2.18) and (2.19) in Ref. [ 161 we consider a to be positive for liquid drops in gas and for water drops in oil. On the contrary, a is
considered here to be negative (although accounted from the center of curvature) for gas bubbles in liquid and for oil drops in water. Then B is positive
when it tends to bend the interface around the liquid phase in the case of
liquid-gas systems and around the aqueous phase for oil-water systems - (see
Ref. [ 161) . Therefore, the sign of B is certain to be independent of the sign of
curvature.
Equation (1.1) holds for every choice of the dividing surface. Here and hereafter we will assume that a is the radius of the equimolecular dividing surface,
and y, o and B are the values of the respective quantities for this specified
dividing surface.
We consider a spherical drop or bubble, phase I, composed of pure component 1, surrounded by phase II, composed of component 2. The choice of a as
radius of the equimolecular dividing surface corresponds to zero adsorption of
component 1 (see Section 2 of Part 1, Ref. [ 141, for more details).
Equation (1.1) shows that the values of y and o for a flat interface (l/u-+0)
coincide:
Yo= 00

(1.2)

The dependence of y on a can be expressed by means of the known thermodynamic Gibbs-Tolman formula [ 17-201
(1.3)
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where 8, is the Gibbs-Tolman parameter representing the distance between
the equimolecular dividing surface and the surface of tension for a flat interface. One purpose of our model is to calculate S,,for different interfaces.
The Gibbs-Tolman parameter is related to the interfacial bending moment
of a flat interface, B,, [ 16,211:
(1.4)

&=2w30

In view of Eqn (1.4)) Eqn (1.3) can be transformed to read
(1.5)
Here the Landau symbol “0 (l/a)” means that the higher-order terms tend to
zero more rapidly than l/a at large a (see for example Ref. [22] ). Besides,
Eqns (l.l)-( 1.5) yield

(1.6)
For a spherical interface one has [ 14,151
y(a) = 3 a(a) + 3 J(a)

(1.7)

where
dP(r,a) F dr

a(a) =

(1.8)

0

is the mechanical interfacial tension and
J(a) =r dP(r,a)

$ dr

(1.9)

0

is an auxiliary notation. It is seen that an expression for dP(r,a) is needed in
order to find a(a) and y(a). In acccordance with Part 1 [ 141 we seek a model
expression for AP (r,a) , satisfying the following general physical conditions:
(i) to have correct asymptotic behavior far from the interface; (ii) to give y.
in the limiting case of a flat interface; (iii) to satisfy identically the general
thermodynamic relation [ 141
J(a)+$aT=

dJ(a)

a(a)-a-

Ma)
da

(1.10)

(with a(a) and J(a) being defined through Eqns (1.8) and (1.9) ).
The curvature dependence of o and J can be presented in the form of asymptotic expansions [ 141
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de) = f

n=O

0, g,

(El

where the small parameter

J(E)= f J,&(E)
It=0

(1.11)

is

c=b/a

(1.12)

b is a parameter with a dimension of length, characterizing
the width of the
interfacial transition region. CT,,and J,, are coefficients, and g, (e), n= 0,1,2,...
is an asymptotic sequence of gauge functions (see Ref. [ 221 for the theory of
asymptotic expansions).
It is demonstrated
in Section 2 below that the knowledge of the asymptotic
behavior of AP(r,a) far from the interface allows determination
of the gauge
functionsg,(e),rz=O,
1,2 ,.... Connections between the coefficient functions a,,
and J,, arising from Eqn (1.10)) are derived in Section 3. A model expression
for the behavior of AP( r,a) close to the interfacial transition region is proposed
in Section 4 and the parameters
of the model are determined by using the
conditions (i)- (iii) formulated above. The equations derived for the calculation of So, Bo, a(a), y(a), B(a) etc. are summarized in Section 5. Section 6
presents numerical data calculated by means of our model for different interfaces: liquid argon-gas, water-gas, liquid benzene-gas, paraffin hydrocarbonsgas, benzene-water
and paraffin hydrocarbons-water.
The results are discussed and summarized in Section 7.
2. CONTRIBUTION

OF THE “TAILS”

OF dP(r,a) TO THE INTERFACIAL

TENSION

The definition domain of the function AP= AP( r) can be divided into three
parts: an inner region at a-b d r ,<a+ b where the anisotropy of the pressure
tensor is well pronounced and two outer regions, I and II, where the anisotropy
AP vanishes with the increase in the distance to the interface (see Fig. 1). (The
physical background for the introduction of these three regions is discussed in
Section 3 of Part I [ 141.) The parameter b, characterizing
the width of the
inner region, is a parameter of our model liable to determination
(see below).
Let us denote by APin(r,a), AP’(r,a) and AP”(r,a) the values of AP(r,a) in
the inner and in the respective two outer regions I and II. In Part 1 of this study
[ 141 we derived asymptotic expressions for AP’( r,a) and AP” (r,a) (Eqns (5.5)
and (6.5) respectively in Ref. [ 141).
Having in mind Eqns (1.8) and (1.9)) one can write [ 141
o= oi + a’” + ,ii

(2.1)

J=J’+J’“+J”

(2.2)

where
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a-b

fJI=

s

dP’(r,a)fdr

.I1 =

dP"(r,a)f

a-b

ccl

J

dP’(r,a)-

0

r2
a2

dr

JII=

I
a-b

dP"(r,o)~

(2.4)

dr

a+b

a+b
.in =

(2.3)

dr

a+b

0

J'=

s
s

Co

a+b
AP’“(r,a)~

r

dr

Jin =
5

dP’“(r,a)$

dr

(2.5)

a-b

In view of Eqn (2.1), one can conclude that 0’ and on represent the contributions of the two outer regions to the value of the interfacial tension cr.Explicit expressions for 0’ and on can be obtained by substitution of the asymptotic expressions for dP’ (r,a) and AP” (r,a) (Eqns (5.5) and (6.5) of Part 1
[ 141) into Eqn (2.3) and by carrying out the integration. In accordance with
Eqn (1.12) the results are

1

8

1

2-e
In ~
E

(2.6)

r-a

Fig. 1. Sketch of the anisotropy of the pressure tensor distribution, AP= PN - PT, as a function of
the distance to the equimolecular dividing surface, in a system of two neighboring fluid phases; b
represents the half-width of the transition region.
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fk

O”(E) =p
8nb2

2-2E-C2

E2

(2.7)

(2+E)2

Here
A =/II +/I,

(2.8)

with
A1 =n2(%P::

-a12p1p2)

A2 =n2(Q22Pi

-%2P1P2)

(2.9)

(2.10)

p1 and p2 are the number densities in the bulk of the two phases I and II and

Ly, (i,j= 1,2) are the constants taking part in the expression @ij (R) = -a,/
R6 for the potential energy of van der Waals interaction between a molecule
from component i and a molecule from component j separated at a distance R.
In fact A in Eqn (2.8) is the known Hamaker constant characterizing the van
der Waals interaction between the two neighboring phases [ 23,241.
The analogous expressions for J’ and J” follow after substitution of the
asymptotic expressions for dP’(r,a) and dP” (r,a) (Eqns (5.5) and (6.5) of
Part 1) into Eqn (2.4) and carrying out the integration:

(2.11)
and

&A’

P(E) =

2(1+e)(1+4e+2e2)
(2-t)V

-30(-&)-i

In T]

(2.12)

where we have used the notation

dy 1w x2n+1

arc tanhyy=
0

n=O (2n+1)2

X<l

(2.13)

It is worthwhile noting that
(2.14)

@(1)=x2/8

As mentioned above, Eis a small parameter and one can represent Eqns (2.6),
(2.7), (2.11) and (2.12) in the form of asymptotic expansions for E<< 1:
aY(e) =a,Y+aTe+Gz
JY(c)=Jz

+JTe+Jze2

e2 In e+oze2+O(e3
In e+Jze2+O(e3

In e)

(2.15)

In e) Y=I, II.

(2.16)
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TABLE 1
The coefficients
and (2.12)

in the expansions

Miiz
-2rl/i2

0 VA1
21
3

(2.15) and (2.16), calculated

2rl/i,
-;q(A-2A,)

VA*
-rl/l,(ln

-rl/l,(ln2+$$)
+qA(tln2-5)

2-F)

from Eqns (2.6), (2.7), (2.11)

VA,

M/12

-4rl/i,
idA-2A,)
-qA,(ln
2-a+$*)+
?I
+-A(ln2+4-$z2)
2

- 4vAz
VA*
-p/Al/i,(ln2-a+jn2)

The coefficients a: and Jr (Y = I,11), calculated from Eqns (2.6)) (2.7) and
(2.11)-(2.14) are presented in Table 1 for k=O,1,2 and 3. For the sake of brevity we have used the notation
(2.17)

?@/(16nb2)

Equations (2.15) and (2.16) show that the four functions cri(e), a”(t), J’(t)
and J”(E) have asymptotic expansions in terms of one and the same asymptotic sequence of gauge functions:
(2.18)

1, e, e2 In e, e2, e3 In e, e3, ...

So, we think it is reliable to identify the gauge functions g,( t ), n=0,1,2,..., in
Eqn (1.11) with the sequence (2.18). In other words, we will seek o(e) and
J(E) in the form
o(e)=a,+cr,e+a2e2

In t+03e2+O(e3

(2.19)

In e)

(2.20)

J(E)=J,+J,E+J~E~~~E+J~E~+O(~~~~E)
Equation (1.10) provides connections between coefficients
k=O,1,2 ,..., in Eqns (2.19) and (2.20) which are studied below.
3. CONNECTIONS

BETWEEN

THE COEFFICIENTS

ok and Jk,

a,, AND Jk

By means of Eqn (1.12) one can transform Eqn (1.10) to read
a(E)+E-

We)
de

=J(++,,

dJ(E)

(3.1)

Equations (2.19) and (2.20) yield
da

(3.2)

(3.3)
In accordance with Eqn (3.1)) the coefficients multiplying the identical gauge
functions in Eqns (3.2) and (3.3) must be equal. Thus one finds
CJ,=Jo

(3.4)

20, = 1 J,

(3.5)

a, =o

(3.6)

3gs=-+

(3.7)

Jz

etc. Equation (3.4) is trivial because it does not lead to any restriction on the
function AP ( r,a ) . Indeed, by introducing a new integration variable z = r - a in
Eqn (1.8) one obtains
00

API l,a=o &=Y,

(3.8)

=

(3.9)

a
Similarly, Eqn (1.9) yields
Jo = 1,;_o
hm 7 AP(l+$dz
--a

j AP~,,,=,dz=ao
-cc

In other words, o, = Jo only if AP tends to zero far from the interface fast enough
to guarantee convergency of the integrals in Eqns (3.8) and (3.9). However,
the other conditions (3.5 ), (3.6), (3.7) etc. are not trivial. Each of these allows
determination of one unknown parameter of the model. In the next section we
will use this fact to determine the dependence of AP’” (r,a) on a.
Let us now compare Eqn (2.19) with the Gibbs-Tolman equation [Eqn
(1.6) 1.In view of Eqn (1.12) and by comparing the coefficients at t’ one obtains
01 = - a, 6,/b

(3.10)

Alternatively, by substituting from Eqns (1.3) and (1.6) into Eqn (1.7) one
derives
J=cr, [1-?+I+)]

(3.11)

(cf. also Eqn (1.2) ). Then the comparison of Eqns (2.20) and (3.11) yields
J,=-40,6,/b
From Eqns (3.10) and (3.12) it follows that J,=4o,,

(3.12)
which means that Eqn
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(3.5) is in agreement with the Gibbs-Tolman
formula. Besides, if we determine b and o1 (or J1) in the framework of our model, Eqns (1.4) and (3.10)
provide formulae for calculation of S,, and B,:
(3.13)
In addition,

it follows from Eqns (2.1), (2.15) and (2.19) that

rP(~)=o~+f~~e+o~e~

In e+0~e2+0(e3

In t)

(3.14)

where by definition
0+J/++o~

lz=o, 1, 2,...

Analogously,

(3.15)

from Eqns (2.2)) (2.16) and (2.20) one obtains

Ji”(e)=J$+J~t+J~e2

In t+J$e2+0(e3

In e)

(3.16)

with
J~zJ~-J:--J;~

k=O, 1, 2,...

We will make use of these equations
4. MODEL EXPRESSION

(3.17)
in the next section.

FOR AP’” (r,a)

From the viewpoint of statistical mechanics, LIP’” depends on the shortrange interactions
in the interfacial zone. For that reason the calculation of
dP’” from first principles is a difficult problem. This problem has been solved
for simple liquids by means of some quasi-thermodynamic
simplifications and/
or by means of computer solution of some integral equations of statistical mechanics [ 10,12,25,26].
Since we are interested in some interfacial properties expressed through integrals over dP’“, we propose here an alternative
semiempirical
model approach for determining dP’” (r,a). It is based on a series of some general restrictions imposed on the function dP’” (~,a). The first restriction originates
from Eqn (3.8), where the tension y0 of the flat interface is supposed to be
knownfromexperiment.BymeansofEqns
(1.2), (2.5), (2.15) and (3.15) the
expression (1.8) can be transformed to read
a-k-b
ok=

lim
l/a-O

I

dP’“(a,r)

;dr=y,

-a:, -ai1

(4.1)

a-b

Values of ai and C# are given in Table 1. The second restriction is a natural
condition for smooth matching of dP’” (~,a) with dP’( ~,a) and dP” (~,a) at the
boundaries of the inner region. This condition leads to the following equations:
dP’“(u-b,u)

=dP’(u-b,u)

=p1(u)

(4.2)
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AP’“(a+b,a) =AP”(u+b,a)
dAP’”
ar

aAP’
r=a-b

=---ar

(4.3)

=&a)

=%(a)

(4.4)

r=a-b

dAP”

dAP’”

(4.5)

=%(a)

ar

r=a+b

-

ar

r&b

It should be noted that p1 (a), pz (a), q1 (a) and q2 (a) can easily be determined
from the known asymptotics for AP’ (r,u) and AP” (r,u) (Eqns (5.5) and (6.5 )
ofPart 1 [14]).
The third restriction states that AP’“(r,u) must satisfy Eqns (3.14) and
(3.16 ) whose left-hand sides are given by Eqn (2.5 ). This restriction concerns
the dependence of AP’” on a.
The fourth restriction implies that Eqns (3.5), (3.6), (3.7) etc. must be
satisfied. Owing to Eqns (3.15), (3.17) and Table 1, this restriction leads to
some conditions for ap and&Y (iz= 1,2,3,...), which in turn are connectedwith
AP’“(r,u)
(cf. Eqns (2.5), (3.14) and (3.16)).
Below we will propose an appropriate expression for AP’” containing several
parameters which are intended to be determined from the restrictions enumerated above. In the inner region, u-b < r < a + b, it is convenient to replace r
with the dimensionless variable
<=&(r-u+b)

(4.6)

The boundary points r = a - b and r = a + b correspond to c= 0 and r= 1 respectively. Let us consider the model expression
APin+,

+c,<+cz~’

+c,t3 +f(t)

(pl +~~)<‘(l-<)~

(4.7)

where
f(e)=&e+j11e2

In e+A2c2+ ...

(4.6)

and &,, Al, A2, .... are constant parameters. For a flat interface (E=O) the last
term in Eqn (4.7) disappears and AP’” reduces to a cubic parabola; this simple
curve in principle can have a minimum and a maximum, as is expected for AP
in the inner region (see Fig. 1).
Obviously the last term in Eqn (4.7) and its derivative with respect to < are
zero at the boundary points r= 0 and c= 1. Hence the four parameters co, ci, c2
and c3 can be determined in terms of pl, p2, q1 and q2 by means of the four
conditions [ Eqns (4.2 ) - (4.5) 1. In this way Eqn (4.7) can be transformed to
read
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~~‘“=p,&-0+p,~+

(PI -P2

+ (P2 -P1

+2wal-r)2

-2k2K2(1-r)+f(d

(4.9)
(PI +P2)t2(1-02

The expansion in terms of the asymptotic sequence (2.18) in Eqn (4.8) was
introduced to provide agreement of Eqn (4.7) with Eqns (3.14) and (3.16).
Besides, the parameters A,,,,11,A, etc. are to be determined in such a way that
Eqns (3.5), (3.6), (3.7) etc. be satisfied. With this end in view, let us first
determine the coefficients CT: and JF in Eqns (3.14) and (3.16) by means of
Eqn (4.9).
According to Eqn ( 1.12 ) the parameters pl, p2, q1 and q2 in Eqn (4.9 ) depend
on E.From Eqns (4.2)-(4.5) one derives
k=l,2

PL(~) =Pk0 +Pk2 e2+O(c3 In c)
qk(e)

=QkO+qk2

(4.10)

k=l, 2

c2+0(t3)

(4.11)

where

Ak

pkO+l)k+lb

(4.12)

3qkO=m
A-6/1,

~12

=

bql2

=

(4.13)

m

~~~=-bq~~=--

3A2

(4.14)

167~b3

L!,, A2 and A are defined by Eqns (2.8)-(2.10). By substitution of Eqn (4.9)
in Eqn (2.5), after some calculations, one obtains the following expressions
for the coefficients at and Jp:
aif’ =Ji’=bho

a?=-f

+pzo) +;ho

(4.15)

-qq2o)

J~+Izo~(pIo+p20)
(4.16)
=;(Plo

-P20)

=Jii

+q20)

+~o;(Plo

+Pzo)

(pIo+pzo)

oF=J:“=&$

4”

+;kho

=$~lo

+p20)

+;(410

+b(plz

(4.17)

+p22)

-q20) +;(s12

(4.18)
-q422) +J.2;(P10

+P20)
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Now we are ready to determine the parameters of the model, namely, b, &,
2 1 and &. A substitution from Eqn (4.15) and Table 1 into Eqn. (4.1)) along
with Eqns (2.8)-(2.10) and (4.12), yields
5 A
YO==n&3

(4.19)

This simple relation determines b at a known interfacial tension of the flat
interface y. and Hamaker constant A. From Eqns (3.5), (3.15) and (3.17) one
derives
4(a:+a:‘+a~)=J:+J:‘+J~

(4.20)

Then a substitution from Table 1 and Eqn (4.16) into Eqn (4.20) leads to
lo=4BA

ff, -ff,

(4.21)

In addition, from Eqns (3.6) and (3.15) one derives
0; +o$i+or:

=o

(4.22)

In accordance with Eqn (4.17) and Table 1, Eqn (4.22) yields
(4.23)
Finally, in view of Eqns (3.15) and (3.17) one transforms Eqn (3.7) to read
-6

(a; +a;i+ai;)=J;

+J;‘+Jp

(4.24)

By substitution from Eqns (4.17), (4.18), (4.23) and Table 1 in Eqn (4.24),
one obtains
(4.25)
It should be noted that in principle the expansion (4.8) can be continued and
in a similar way the next coefficients AS,Ad,... can be determined by means of
the next members of the family of Eqns. (3.4)-(3.7). However, the first three
terms in Eqn (4.8) are enough to provide a good numerical consistence of our
model with the general thermodynamic condition [ Eqn (3.1) 1. The physical
consistence of the model can be checked by comparing its predictions with
experiment and with the available numerical data. This is done in Section 6
below.
5. CALCULATION

PROCEDURE

In this section, on the basis of the above results, we will consider the proce-
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dures for calculating the different interfacial properties: the mechanical and
thermodynamical interfacial tensions a(a) and y(a), the interfacial bending
moment B (a), the Gibbs-Tolman parameter &, the profile of dP (~,a) etc.
First, we recall that all interfacial properties of a spherical interface, considered in the present paper, are related to the equimolecular dividing surface of
radius a, defined in such a way that the adsorption of component 1 (inside the
drop/bubble) be zero. Their values for other dividing surfaces can be calculated by using standard thermodynamic relations (see for example Refs
[ 19,20,27] ). In particular, the questions about the definition of the interfacial
bending moment B and about its dependence on the choice of the dividing
surface (as well as about the difference between o and y) are considered in
detail in Ref. [ 151.
We will suppose that the interfacial tension of the flat interface, JJ~O=CJ,,
as
well as the constants of the van der Waals interaction A,, /i, and A are known.
II,and/i,aredefinedbyEqns
(2.9) and (2.10),andA=/i,+II,
(cf.Eqn (2.8)).
By using the values of yo, A, /i, and /1* one can calculate the parameters of
the model: b from Eqn (4.19), A, from Eqn (4.21) and & from Eqn (4.25); 1,
is always equal to - 15/4 in the framework of this model. It should be noted
that both A, and A2 depend on which component (1 or 2) is inside the drop
(bubble) and which one is outside. Then one can proceed with calculation of
the curvature dependence of the interfacial tension.
5.1 Parameters in the Gibbs-Tolmun equation
The approximate Gibbs-Tolman equation in its forms (1.3), (1.5) or (1.6)
can be used for calculation of the curvature dependence of interfacial tension
if only the value of the parameter So (or B,) is available. In our model, So and
B. can be determined from the value of the coefficient rrlby using Eqn (3.13).
According to Eqn (3.15)
61 =a: +a:* +a’”1

(5.1)

If one substitutes for o\ and 0:’ from Table 1 and for a? from Eqn (4.16),
then Eqn (5.1) alongwith Eqns (2.8) and (4.10)-(4.14) yields
Q =A24
1

5n b2

(5.2)

Then a substitution from Eqn (5.2) into Eqn (3.13) yields

Al -A2
so=----5rbyo

B

3442)
0

5zb

(5.3)
(5.4)
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The numerical results, presented in the next section, show that the GibbsTolman equation accounts with good accuracy for the curvature dependence
of the interfacial tension, the higher-order terms being usually negligible. In
addition, it turns out that B (a) z I&, = constant.
5.2 Higher-order terms in the curvature dependence of CT
For the time being the higher-order curvature effects (the terms neglected
in Eqns (1.3), (1.5) or (1.6) ) are under the threshold of experimental
accuracy. In spite of that, the question as to what is the next term in the GibbsTolman equation (proportional
to E’ or to 8 In E ) represents independent interest. Our model provides expressions for the higher-order terms. Of course,
we are conscious of the fact that the model simplifications used can cast some
doubt on the reliability of these expressions. Nevertheless,
in as far as the
general thermodynamic
condition, Eqn (l.lO), was utilized, we will discuss
briefly the higher-order terms.
Equation (3.6)) which is a corollary from the general equation, Eqn (1.10))
states that a, = 0, i.e. the term proportional to t2 In E in Eqn (2.19) is zero. One
can check that J2 is also zero. Indeed, it follows from Eqn (3.17) that
J,=J;+J;‘+J$’

(5.5)

The substitution of Ji and Jil from Table I and of JF from Eqn (4.17) into
Eqn (5.5) leads to
J2=0

(5.6)

In other words, the term proportional
to t2 In E in Eqn (2.20) turns out to be
zero too. Further, a combination of Eqn (3.7), which is also a corollary from
Eqn (l.lO), with Eqn (5.6) yields
a,=0
However,
derives

(5.7)
J3 is not zero. From Eqns

(3.17),

(4.18),

(4.25) and Table 1 one

(5.3)
In view of these results, Eqn (2.19 ) takes the form
b
a(a) =o, +a, ;+o

b2
0 a2

(5.9)

where o1 is given by Eqn (5.2), and Eqns (1.12) and (3.8) are also used. According to Eqn (3.13) the formula (5.9) confirms the validity of Eqn (1.6),
where the first neglected term turns out to be of an order higher than b2/a2
(see the note after Eqn. (1.5) ).
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Equations (2.20), (3.5), (3.9) and (5.6) yield a counterpart of Eqn (5.9) for
J(a):
J(a)=cr,+4qi+JS$+o

0

(5.10)

$

where a, and J3 can be calculated from Eqns (5.2) and (5.8). By substitution
from Eqns (5.9) and (5.10) into Eqn (1.7), along with Eqn (1.2), one obtains
a generalization of the classical Gibbs-Tolman formula [Eqn (1.3) 1:
y(a)=y,+2o,i+j

Js$+o

0

(5.11)

$

Besides, by means of Eqns (l.l), (1.2), (3.13), (5.9) and (5.11) one derives
an equation for the curvature dependence of B:
B(a)=&-

($ b J3) :+o

0

(5.12)

i

where B, and J3 are to be calculated from Eqns (5.4) and (5.8).
5.3 Calculation of AP( r,a)
AP= PN - PT expresses the anisotropy of the pressure tensor due to the interfacial forces. In our model, AP is represented in the form
forO<r<a-b
fora-b<r<a+b
fora+b<r<co

AP’(r,a)
AP(r,a) = AP’“(r,a)
i AP”(r,a)

(5.13)

where AP’ and AP” are given by Eqns (5.5) and (6.5) of Part 1 [ 141, AP’” by
Eqn (4.9)) and the quantities Eand < are given by Eqns (1.12 ) and (4.6). The
parameters b, pl, p2, ql, q2 and f(e) are expressed through Ai, A2 and l/o as
follows:
(5.14)

Al
Pl

=g&T

q1==
f(E)=

(

A2

l+t2A-64

34

Ul

>

p2=8nb3(

>

qz=-a(

(

>

3fk?

l+c2A-6Al

124

48c+-Te21nc+t2

[

(5.15)

l-$2
1+

:(7+101n2)+40+

(5.16)

>

1

(5.17)
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Equations (5.14)-(5.17)
CanbeeasilyderivedfromEqns
(4.10)-(4.14),
(4.21),
(4.23), (4.25). From the expression
(5.13) for dP(r,a)
one can calculate
PN (r,a) by using the hydrostatic equilibrium condition, Eqn (6.5 ) (see below).
The other component of the pressure tensor, Pr, simply equals PN-dP.
In
this way one calculates all components of the pressure tensor. According to the
procedure used the tensor thus calculated will satisfy the three general physical
conditions formulated after Eqn (1.9) in the Introduction.
6. NUMERICAL

RESULTS

AND DISCUSSION

Our model in its present form is applicable only to interfaces whose surface
tension is expected to be due to the surface excess van der Waals interaction.
In the case when there are surfactant molecules adsorbed at the interface, our
model enables us to calculate the component of the interfacial bending moment, which is due to the van der Waals interactions.
(In Ref. [ 161 this component was denoted BP).
Below we will first consider liquid/gas interfaces and secondly oil/water
interfaces.
6.1

Liquid/gas

interfaces

We will suppose that the density of the gas phase is small enough to be set
equal to zero (p2 --0) in Eqns (2.8)-(2.10).
Then one can write
A =/1, = n2 cyll /I;

l&=0

(6.1)

p1 is the number

density of the component 1 (in this case the liquid phase ).
One can calculate the Hamaker constant A in Eqn (6.1) by using data for
the parameters E* and R* in the Lennard-Jones
potential of intermolecular
interaction:
U(R) =E* [($2&y]

Then cyll in Eqn (6.1) is determined
crll =2 E* (R*)6

(6.2)
as
(6.3)

As pointed out in the literature [ 24,281, a simple integration of the pair interaction energy U(R) in Eqn (6.2) over a liquid phase may lead to inaccurate
results because of the non-additive nature of the molecular interactions therein.
Below we will use effective values of the interaction
parameters
t* and R*,
determined especially for liquids. They differ from the values determined for
gases and account for the non-additive
interactions
still allowing pair summation [ 11,13,29].
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To characterize
boring molecules

the mean distance between the centers of two nearest neighin the phase I we will use the parameter
(6.4)

where u1 is the volume per molecule in the liquid phase. (As discussed below,
in the case of liquid paraffins we take for u1 the volume of a -CH,-CH,fragment.) From a physical viewpoint our model is reliable when the half-width of
the transition zone, b, is of the order of d,.
Let us first consider the interface liquid argon/gas, whose properties have
been calculated by means of the methods of statistical mechanics [ 9,11,13,19].
We determined cxy,,from Eqn (6.3 ) by using the same values of the parameters
E* and R* as in the work by Kirkwood and Buff [ 91. The resulting value of the
Hamaker constant A as well as the experimental
value of the surface tension
y. at 84.3 K ( - 188.85’ C) are presented in Table 2. Then we calculated d, from
Eqn (6.4), b from Eqn (4.19), So from Eqn (5.3) and B. from Eqn (5.4) (cf.
also Eqn (6.1) ). The results are also shown in Table 2 where the first line is
for argon. (The second line corresponds to another choice of values for the
Lennard-Jones
interaction parameters E*, R*, used by other authors (see below) ). The calculated value So = 3.8 A is in a good agreement with the result of
Kirkwood and Buff [9], who obtained So= 3.63 A. A quasi-thermodynamic
TABLE 2
Liquid-gas
Phase I

Argon

interfaces
Temperature
(“C)

A.1020

188.85

4.684”
2.213b
4.500
25.54
8.90
10.66
11.41
11.97
12.62
13.08
13.49
13.73
14.19
14.48
14.72
14.97

-

Water
Benzene
n-C,H I z

n-Cd, 6
n-GH,s
nGH20
n-GoH22
n-C,

1H24

n-C12H26
n-C,Jb
n-C,ctH~o
n-Cd32
~-GGHM
n-G,Hx

“The Lennard-Jones
bThe Lennard-Jones

25
20
20
20
20
20
20
20
20
20
20
20
20
20
parameters
parameters

(J)

yo
(mN m-’ )

d,
(A)

13.45

3.60

72.0
28.9
16.1
20.3
21.8
23.0
23.9
24.8
25.5
26.1
26.7
27.2
27.6
28.1

3.11
5.28
4.00
3.93
3.91
3.90
3.89
3.88
3.87
3.87
3.86
3.86
3.85
3.85

E*, R* taken from Ref. [ 33 1.
e*, R* taken from Ref. [ 131.

b

60

Bo* lOI

(A)

(A)

(N)

5.89
4.05
2.49
9.38
7.42
7.23
7.22
7.20
7.25
7.24
7.25
7.23
7.27
7.28
7.28
7.28

3.77
2.59
1.59
6.00
4.75
4.63
4.62
4.61
4.64
4.63
4.64
4.63
4.65
4.66
4.66
4.66

10.14
6.97
22.90
34.68
15.30
18.80
20.14
21.21
22.18
22.96
23.66
24.17
24.83
25.35
25.72
26.19
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study by Hill [lo] gave S,,= 2.8 A, but the surface tension, calculated in the
same work, exhibited large deviations from the experimentally determined value
at the argon/gas interface (Hill’s estimate is yo=6.0 mN m-’ against the experimental value of 13.45 mN m-’ (cf. Table 2) ). From molecular dynamics
simulations,
values for So were obtained varying in the range 1.5-5.8 A
[ 26,29,30]. At present it seems to be commonly accepted that for liquid/gas
interfaces (not only for argon) the parameter So should be positive and of the
order of a few angstroms. An exception are the results of Refs [ 31,321, where
negative So values were obtained by means of the simplified penetrable spheres
model.
By using Eqn (5.13) we calculated dP= PN - PT for a flat argon/gas interface (T= 84.3 K). The resulting curve is compared in Fig. 2 with the respective
curve, calculated by Croxton and Ferrier [ 131. In our calculations we used the
same parameters E* and R* as in Ref. [13] (see the second line for argon in
Table 2 ). They yield a value of 2.21. 10e2’ J for the Hamaker constant A. The
zero on the abscissa in Fig. 2 corresponds to the position of the equimolecular
dividing surface. One sees that the curve resulting from our model agrees well
with the curve calculated by Croxton and Ferrier [ 131 by means of a statistical
mechanical approach. (It is worthwhile noting that the value of y. calculated
by Croxton and Ferrier is in excellent agreement with experiment.)
In addition, AP calculated by using our model exhibits correct asymptotic behavior
far from the interface.
The molecular dynamics simulations of the argon/gas interface [ 26,291 provide AP profiles of the same kind as those in Fig. 2. The results of some authors,
based on the density gradient theory, indicate that AP can be negative on the
gas side of a liquid/gas interface [ 12,251. However, the molecular dynamics
results [ 261 demonstrate
that such an effect is negligible at least for not too
high gas densities.

Fig. 2. Anisotropy of the pressure tensor distribution AP as a function of the distance to the
equimolecular dividing surface for a flat liquid argon/gas interface at 84.3 K: curve 1, according
to Eqn (5.13), curve 2, results of Croxton and Ferrier [ 131.
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We also determined the normal pressure component distribution PN (r,a) by
making use of the mechanical equilibrium condition in a fluid system of spherical symmetry [ 341:
(6.5)
On integrating

Eqn (6.5 ) one derives
cc

PN(r,a)

-P”=2

s

AP(r,a)

dr
r

(6.6)

where as usual dP=PN-Pr,
and Pii is the bulk pressure in the outer phase.
In view of Eqns (2.3) and (2.5) the normal pressure distribution can be obtained as follows.
(i) For r>a+b
(outer region II):
03
P N (ru)--PI’=2
7

APd’
s

(ii) For a-b<r<u+b

(6.7)

r

(inner region):
a+b

P,(r,e)-P”=~[a”(b,o)+

(6.8)

J :APdr]
r

(iii) For r<u-b

(outer region I):
a-b

PN(r,u)-P1’=i

a”(b,u)+a’“(b,u)+

(6.9)
r

on can be calculated from Eqn (2.7) and gin from Eqns (3.14) and (4.15)(4.18). AP is given by Eqn (5.13).
In Fig. 3 numerical results for PN -PII vs. (r-u)
are presented for liquid
argon/gas interfaces of different radii a. It is seen that even for the smallest
droplet (a = 50 A) there is a homogeneous bulk liquid phase (PN = constant )
in the interior of the droplet (we do not consider completely inhomogeneous
droplets of extremely small radii). The pressure difference (P’ -PI’ ) increases
with decreasing drop size in accordance with the Laplace equation
pLpII=26=2Y+B
a

a

(6.10)
U2

where P1=PN(r=O,
a).
Further we consider the water/gas

interface.

For the Hamaker

constant

we
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3
4
-20

-10

I0

.

r-a,1

Fig. 3. Normal pressure distribution P,(r,a) across a liquid argon/gas spherical interface
(T=84.3
K):curve1, a=50 A;curve 2, a= 100 A; curve 3, a=200 A; curve 4, a=500 A.

took a value determined in experiments on thinning of free water films [ 24 1.
The calculated value, S, = 1.59 A, (Table 2) is close to the estimates of Tolman
[35], &=0.99A, and of Wingrave et al. [36], S,=l.l A.
In Table 2 numerical results for the benzene/gas interface are also shown
with a Hamaker constant calculated with the aid of values for E*and R* given
on p. 36 of Ref. [37].
In a similar manner, liquid normal saturated hydrocarbons were investigated. The Hamaker constants (Table 2) were calculated according to Eqns
(6.1) and (6.3 ). We used data for the Lennard-Jones interaction parameters
E* and R* taken from Ref. 1371. In Ref, 1371 the molecules of the paraffins
were subdivided into elementary fragments which were treated just like separate molecules interacting through a Lennard-Jones potential [Eqn (6.2) 1.
As an elementary fragment a -CH,-CH,- group, equal to a methane molecule
CH*, was taken (see p. 338 of Ref. [ 371). The interaction energy c: of an
elementary fragment in a molecule of r fragments was determined (pp. 339,
340 and Table 16.181 on p. 341 in Ref. [37] ). The calculations were carried
out using the experimental Lennard-Jones parameters for liquid methane (Eqn
(16.181) in Ref. [ 371). Two sets of values of E: were obtained in Ref. [ 3’71 for
saturated hydrocarbons from C,Ha to C,,H,,. The first set resulted from compressibilities and the second from molar enthalpies of liquid paraffins (Figs.
16.83 and 16.84 on p. 346 in Ref. [ 3’71). We utilized the data from compressibilities since they had been determined under isothermal conditions. Besides,
we interpolated for even numbers of C atoms between the values given in Ref.
[ 371 for hydrocarbons with uneven number of C atoms. Correspondingly, the
number density pr in Eqn (6.1) was set to be equal to the number of elementary
fragments per unit volume. The results are presented in Table 2. The surface
tension at a flat hydrocarbon/gas interface y. is taken from experiments [ 38 ] .
The Tolman length S,, is found to be almost constant for all the paraffins

139

studied, 6% 4.6 A. The interfacial bending moment at a flat hydrocarbon surface, BO,ranges from 15 to 26 pN, being greater for liquids of larger Hamaker
constant.
It should also be noted that the half-width of the transition region b has an
approximately constant value: b=7.2-7.3 A for the liquid paraffins studied.
Having in mind Eqn (4.19 ), we checked this result by plotting the experimental surface tension at a flat interface y,,vs. the calculated Hamaker constant A
in Fig. 4. A straight line was obtained with a slope of 1.87. 1013cm-’ (the data
for y. are measured at 20 ’ C ) .
A similar linear relationship between y. and A has been recently reported as
an empirically observed feature of systems with predominating Lifshitz-van
der Waals (i.e. dispersion) interactions [ 281. This is exactly the case of the
liquid paraffins where only dispersion interactions exist. The empirical factor
of proportionality was found to be 3.32~10’~ cm-* [28] for a temperature of
25°C.
Finally, we calculated the curvature dependence of the mechanical surface
tension o from Eqns (5.9) and (5.2), of the thermodynamic surface tension y
from Eqns (5.11), (5.2) and (5.8), of the bending moment B from Eqn (1.1)
and of the distance 6= a-a, with a, being the radius of the surface of tension.
The last was determined from the relation [ 151
a s =a

y-B/a

1’3*

( >
___

CJ

’

(6.11)

&u-u,

26

C
0 5
10

12

14

Ar102~,

Fig. 4. Experimental surface tension y0 for liquid paraffins vs. the calculated Hamaker constant
(Eqns (6.1) and (6.3 ) ) . Full circles correspond to hydrocarbons with an even number of C atoms
for which the interaction parameter t* has been interpolated between the values for hydrocarbons
with an odd number of C atoms, given in Ref. [ 371. Open circles correspond to the latter values;
T= 20°C.

140

(For the sign of the curvature see Eqn (1.1) and thereafter.)
Numerical data
are presented in Figs. 5 and 6 for water/gas and n-decanelgas
interfaces.
It is seen that for both interfaces the dependence of the mechanical surface
tension ISon the curvature is linear. On the contrary, the thermodynamic
surface tension y exhibits deviations from the linear behavior, the latter corresponding to the Gibbs-Tolman
equation [Eqn (1.3) 1. These deviations are
due to the non-linear term in Eqn (5.10) but its magnitude is fairly small (see
Figs. 5 (a) and 6 (a) ). The mechanical and the thermodynamical
surface tensions CJand y are observed to differ appreciably at radii below 1000 A, owing to
the presence of the bending moment B (see Eqn (1.1) and Figs. 5(a) and
6 (a) ) . For the n-decanelgas
interface this difference amounts up to 10% of
the value of y at a = 50 A.
Since D and y decrease as the curvature of the interface increases, positive
values of B and 6 are obtained. Both the bending moment B and the distance
S between the equimolecular
surface and the surface of tension turn out to
depend weakly on the radius a. The maximum deviations from the limiting
values on a flat interface are less than 15% at a=50 A.
6,b;

’

a)

, Al.59
5o

I .

a,i

Fig. 5. Curvature dependence of the mechanical and thermodynamical surface tensions, bending
moment and Tolman length for a water/gas interface. (a) Curve 1, the mechanical surface tension
a; curve 2, the thermodynamical surface tension y; curve 3, a straight line corresponding to the
Tolman equation [Eqn (1.5)]; c= b/u. (b) Curve 1, the interfacial bending moment B, curve 2,
the Tolman length, S= a - a,.
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6,X ,
lVJN/m
23
22

I

-=500

100

5o

,

a,1

Fig. 6. Curvature dependence of the mechanical and thermodynamical surface tensions, bending
moment and Tolman length for an n-decanelgas interface. The notation is the same as in Fig. 5.

6.2 Oil/water interfaces
We will next consider liquid/liquid interfaces between hydrocarbons (normal paraffins and benzene) and water. For the sake of definiteness we shall
suppose the oil to be inside the droplet (phase I). The compound Hamaker
constant A was calculated from Eqn (2.8) by using the data for the liquid/gas
Hamaker constants presented in Table 2. We used the Hamaker assumption
a112=&Z

(6.12)

to determine cy12.The resulting values of A are given in Table 3. Experimental
measurements on equilibrium planar films of different hydrocarbons in water,
stabilized by various surfactants, gave a compound Hamaker constant A ranging from 0.3 to 1.5. 10-20 J [ 391, which is close to the values of A in Table 3.
The values of the second constant LIP,together with the results for b, So and
&, calculated from Eqns (2.9), (4.19), (5.3) and (5.4) respectively, are also
presented in Table 3, where )+,is the experimental interfacial tension (taken
from Ref. [ 381) at the plane interface hydrocarbon/water.
It is seen that S, is negative and of the order of 5 A. In view of our curvature
sign convention for oil drops in water (see the comments after Eqn (1.1) ) this
means that the surface of tension is located in the oil phase. This is not surprising since oil is more “dense” than water with respect to the van der Waals
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TABLE

3

Liquid-water
Phase I

Benzene
n-W,,
n-WI,,
n-C&I,,
n-C&o
n-CJ-I,,
n-C,&,
n-C,,&,
+kJI,o
n-C&,

interfaces

(at 20 ’ C )

A.10”

A,. lo20

(J)

(J)

8.599
0.743

14.82
2.571

1.308

3.734
4.244

51.7

4.631
5.084

52.0
51.2

5.408
5.699

52.5
52.9

6.199
6.581

53.3
53.8

1.579
1.791
2.048
2.236
2.407
2.708
2.942

YO

b

-B,,*lO”

(mN m-‘)

(A)

(N)

35.0
49.0
51.2

4.94
1.23
1.59
1.74
1.85
1.99
2.06
2.13

7.15
4.65
4.82
4.89
4.94
5.07

2.25

5.05
5.08
5.14

2.33

5.19

5.425
4.557
4.936
5.056
5.138
5.192
5.303
5.375
5.479
5.584

interactions (i.e. oil has a larger Hamaker constant than water). Therefore the
surface of tension occurs in the more “dense” phase, just as it is in the case of
liquid/gas interfaces. Similar observations have been reported for emulsion
systems consisting of oil droplets in a mixture of water and methyl alcohol
[ 40,411. For instance, experimental measurements in a system of tribromomethane in water plus methyl alcohol [40] showed that Eqn (1.3) holds with
l&l =2.4 A (with the surface of tension in the oil phase).
Unlike the case of liquid paraffin/gas interfaces, for paraffin/water interfaces the half-width b of the transition region depends on the paraffin chain
length (see Table 3 ). A pot of b vs. the Hamaker constant A in a double-logarithmic scale is shown in Fig. 7. The parameter b increases as the Hamaker
constant increases, with the dependence being a power function. From Eqn
(4.19 ) , used for the calculation of b, one obtains
lnb=constant+1

1nA-i

lny,

(6.13)

Then the plot in Fig. 7 implies that In y. must be also a linear function of In A.
The slope of the straight line in Fig. 7 together with Eqn (6.13) gives
y,(A) =con~tant.A’.‘~l. Most probably this non-linear dependence (cf. the
linear dependence in Fig. 4) is due to the presence of polar interactions between the two phases.
Further, by means of Eqn (5.13) we calculated the anisotropy dP of the
pressure tensor distribution in emulsion-type systems of oil in water. The results for n-decanelwater and benzene/water interfaces are compared in Figs 8
and 9 with the corresponding curves for liquid/gas interfaces (i.e. oil/gas and
gas/water) at the same radius, a= 1000 A. For liquid/gas interfaces (curves 1
and 2 ) the pressure difference LIP= PN - Pr turns out to be positive throughout
the system whereas for liquid/liquid systems LIPtakes negative values too. It
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Fig. 7. Half-width of the transition region for liquid paraffin/water
interfaces vs. the calculated
compound Hamaker constant [Eqns (2.8) and (6.12)], in a double logarithmic scale. For the
meaning of full and open circles see the caption to Fig. 4.

APxlO-*,Pa

Fig. 8. Anisotropy of the pressure tensor distribution for a drop of radius a= 1000 A: curve 1, a
drop of n-decane in gas; curve 2, a gas bubble in water; curve 3, a drop of n-decane in water.

is worth noting that the region of negative LIPis located at the side of the phase
which is less “dense” with respect to the van der Waals interactions. In our
case this is the water phase since it has a smaller Hamaker constant than the
oil phase (Table 2 ) .
From Eqns (5.9), (5.1), (1.1) and (6.11) we calculated the curvature dependence of o, y, B and 6 of the interfaces n-decanelwater (Fig. 10) and benzene/water (Fig. 11) . The results are quite similar to those obtained for liquid/
gas interfaces (see Figs. 5 and 6). Again B and S exhibit a slight dependence
on the radius a. In accordance with the curvature sign convention (see Eqn
(2.19) in Ref. [ 161) the values of B are negative. B tends to bend the interface
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Fig. 9. Anisotropy of the pressure tensor distribution for a drop of radius a= 1000 t% curve 1, a
drop of benzene in gas; curve 2, a gas bubble in water, curve 3, a drop of benzene in water.
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t

48-/

b)

-s,w

-6.0

2

I

-5.5
-5.0

I

m

200 100

5o

a,R

Fig. 10. Curvature dependence of the mechanical and thermodynamical interfacial tensions, bending moment and Tolman length for a n-decanelwater interface. (a) Curve 1, the mechanical
interfacial tension a; curve 2, the thermodynamical interfacial tension y; curve 3, a straight line
corresponding to the Tolman equation [Eqn (1.5) 1; E= b/u. (b) Curve 1, the interfacial bending
moment B, curve 2, the Tolman length, 6= a-aa,.

around the oil phase (i.e. around the phase of larger Hamaker constant) which
resembles the results for liquid/gas interfaces where B, being positive, was
tending to bend around the liquid phase (see Table 2 ) .
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a)

b)

-8,X

46-/
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100

-10
-9
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I_
’ a,2

Fig. 11. Curvature dependence of the mechanical and thermodynamical
interfacial tensions, bending moment and Tolman length for a benzene/water
interface. The notation is the same as in Fig.
10.

A pronounced deviation between the mechanical and the thermodynamical
interfacial tensions o and y is again observed at radii below 1000 A (Figs 10 (a)
and 11 (a) ). Hence, for microemulsion systems it is important to discriminate
between these two quantities.
7. CONCLUDING

REMARKS

The model developed in this paper is aimed to express the mechanical properties of an interface in terms of the molecular interactions between the phases.
The interfacial tension and the interfacial bending moment are related to the
anisotropy dP = PN - PT of the pressure tensor distribution. Far apart from
the interface, AP is calculated on the basis of the theory by Irving and Kirkwood [42] by using the long-range part of the Lennard-Jones interaction potential. In close vicinity to the interface a model expression for AP appeared to
be necessary. Since we worked with the equimolecular dividing surface, some
thermodynamic relations allowed us to determine the unknown parameters in
this model expression and to obtain the profile AP across the whole interfacial
zone. A comparison of our results for the pressure distribution AP with statistical mechanical calculations and computer simulations of other authors shows
that our model seems to be close to the reality.
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The model demands three parameters to be known independently. The first
is the surface tension on a flat interface, yO,and the others are the two Hamaker
constants of the two neighboring phases. (To determine the compound Hamaker constant we also used Eqn (6.12 ). ) Having known these constants for
some liquid/gas and oil/water interfaces, we calculated a full set of mechanical
characteristics of the interface and their curvature dependences: the mechanical surface tension a, the bending moment B, the radius of the surface of tension a,, etc. It is worthwhile noting that simple algebraic expressions have been
obtained for some interfacial properties. For example, the effective half-width
of the interfacial transition zone, b, is connected with the Hamaker constant
A and the surface tension y. via Eqn (4.19); similar expressions are derived for
the Tolman length 8, [ Eqn (5.3) ] and for the interfacial bending moment B.
[ Eqn (5.4) 1. Also explicit expressions for calculating the variation of the pressure tensor components across the interfacial zone are derived (see Eqn (5.13) ).
The numerical results show that the bending moment plays an important
role in the mechanics of interfaces. In particular, it can lead to a pronounced
deviation between the mechanical and the thermodynamical interfacial tensions (see Figs. 5 (a), 6(a), 10 (a) and 11 (a) ). Therefore, for highly curved
interfaces one should distinguish between these two interfacial characteristics.
In spite of the fact that our model is developed for interfaces without adsorbed surfactant molecules, our results can also be applied to more complicated microemulsion systems, which contain adsorbed surfactant and cosurfactant molecules as well as electrolyte in the aqueous phase. Indeed, as
demonstrated in Ref. [ 161, the total interfacial bending moment can be represented as a sum of several components. One of them (it is denoted B, in Ref.
[ 161) accounts for the van der Waals interactions between the two phases in
the case when all surfactant and cosurfactant molecules are removed from the
interface. In fact this component of the bending moment is calculated in the
present paper. Its magnitude (see Tables 2 and 3) is of the order of 10 pN, so
it can be comparable to the electrostatic and steric components of the interfacial bending moment (see Ref. [ 161). Thus, similarly to the disjoining pressure in thin films (see for example Ref. [ 431) the interfacial bending moment
of a microemulsion drop turns out to be a superposition of van der Waals,
electrostatic and steric components.
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