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Summary

A theoretical model for neutralization of alkaline waste waters, based on Donnan dialysis, i8
proposed. The alkaline water is flowed through a pipe made of a cation-exchange membrane. The
outside of the pipe is rinsed with acid solution. Thus, laminar boundary layers form on both sides
of the membrane. A neutralization reaction takes place in the vicinity of the inner boundary layer.
This leads to ion transport across the membrane: the H+ ion goes into the pipe, while the hasic
jon goes out. The proposed theory allows optimization of the process.

Introduction

Waste waters are very often polluted by acids or bases. Their neutralization
can be achieved by reverse osmosis or electrodialysis. Both methods are, how-
ever, very sensitive toward even small amounts of colloidal particles and or-
ganic ions. A new method for neutralization of waste waters, based on Donnan
dialysis, was proposed by Wisniewska and Winnicki [1,2] and Pozniak et al.
[3]. In order to avoid lengthy explanations, we will consider below only the
case of alkaline waste waters. The essence of the new method is the following.
An alkaline polluted water is flowed through a pipe made out of cation-ex-
change membrane. The outer surface of the pipe is rinsed continuously with
acid solution (Fig. 1). If the flows inside and outside the pipe are turbulent,
laminar boundary layers of thicknesses 5, and d; will form on the inner and
outer pipe surfaces [4,5]. The thicknesses d; and &, can be estimated from'the
respective Reynolds numbers by means of well known formulae. As the cation-
exchange membrane has negative bulk charge, the hydrogen ions and the cat-
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Fig. 1. A schematic representation of the system under consideration. (Not to scale).

ions from the base can penetrate it. Thus, concentration gradients appear.
These lead to ion transport in the following directions: H* through the mem-
brane into the alkaline solution, while the base cation goes through the mem-
brane into the acid solution. In the vicinity of the inner pipe surface the neu-
tralization reaction takes place:

H*+0OH--H,0 (1)

The ion transport will stop when the base in the pipe is totally neutralized.
By exchanging the places of the acid and base solutions, and by using anion-
exchange membrane, purification of acid polluted water can be performed, The
new method has several advantages: (1) it does not require pretreatment of the
waste waters; (ii) the equipment is simpler than that for electrodialysis; (iii)
it 1s energetically more favorable; (iv) the ion fluxes are automatically con-
trolled by the pH difference on both sides of the membrane.

Our purpose now is to develop a theory, which can be used for optimization
of the technological process.

Theory

We consider the following system: inside a pipe made of cation exchange
membrane with bulk charge density p, a potassium hydroxide (KOH) solution
is flowing. The flow velocity is V, and the base concentration at the pipe en-
trance is C,,,. The outer surface of the membrane is rinsed continuously with
hydrochloric acid (HC1) with concentration m. We are looking for a solution,
connecting the flow velocity V, the concentrations C,, and m, the membrane
charge density p, the membrane thickness H, the pipe radius R, and the pipe
length L, necessary for complete neutralization.

'The theoretical approach, we will be using, is similar to the one from Ref.
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[4,5] . Thus, we fii‘{ide the system into zones which are numbered as shown in
Fig. 1. The z-axis is perpendicular to the membrane surface. As §, < R, and
J3 << R, the pipe surface is assumed flat.

We adopt the following notations for the concentrations:
[K+*]1=C+; [Cl7]=C_; [H"]=m,; [OH l=m_

These notations will be used with superscript i==0,1,2,3,4 denoting the zone
number.

We will use the following main agsumptions:

(a) in zone O no H™ ions are present;

(b) neither C1~ nor OH ™ ions can penetrate into the membrane;

(c) there are no Cl~ ions in zones 0 and 1, nor OH ™~ ions in zones 3 and 4. This
statement follows directly from assumption (b);

(d) the variation of base concentration along the pipe is slow, so that only the
dependence of the system variables on the transversal coordinate z must be
accounted for in the transport equations;

(e) the electroneutrality condition is fulfilled locally in every zone;

(f) since there are not net free charges, the diffusion fluxes of all ions must
remain constant (i.e. independent of z) across each zone;

(g) reaction (1) is considered as being irreversible and instantaneous. This
implies assuming that all H™ that have cro ssed the membrane and reached the
inner pipe surface react immediately, so that in region 1, where the solution is
alkaline, m, , << m,_. For simplicity we assume m, . = 0;

(h) the following simplifications are assumed, regarding the diffusion
coefficients:

Dy=D,=D;=D for K* and Cl1~ in the respective zones, dy=d; =d;=d for H*
and OH™ in the respective zones, D,=D,, (for K*); dy=d,, (for H") in the
membrane; :

(i) there are no specific interactions between the ions and the membrane, so
that their distribution is determined solely by electrostatic interactions.

The range of validity of some of these assumptions is discussed at the end of
the paper.

The ion fluxes are denoted by jix and j;o for K* and CL~ respectively, and
by j;u and jion for H' and OH (i=1,2,3). Following the method of Ref. [5],
we will eliminate the electric potentials ¢; (i=1,2,3,4) from the system of
transport equations to obtain in this way the concentration profiles. The po-
tentials, ¢; (i=1,2,3), are expressed in RT'/F units, R being the gas constant,
T temperature and F faraday.

Zone 0
The ion concentrations in this zone are assumed to be independent of z.

(This can be achieved by leading the process under turbulent regime, or by
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installing convenient turbulizers in the pipe). Then the mass balance of the
ions K* or OH~ for z= — J; reads:

dc, ., | dCor 2
ER?] VT = _anp.]lK or dc = — VRD (2)
where x is the longitudinal coordinate. We note that in this zone Cy . =m,_, so

that the same equation is valid for the OH ™ ions.
At the entrance of the pipe we have the following boundary condition:

Cﬂ+xcen:atx=0 (3)
while at the pipe exit no K+ (or OH ™) ions should be present, thus:
C(]+ :0, at x=L (4)

If the dependence j;x (Cy. ) 1s known, eqn. (2) can be integrated to yield:

Cen

dCoy, _ 2L 5)
) jw(Cor) ™~ VR,

and we can easily obtain the length L, necessary for complete neutralization if
the velocity V is given:

e T dc,

L= . (6)
2 L A Ji(Coy)
If the flux j;x does not depend on C, .. we obtain:
L=X‘_@1_2_Q§g (7)
27k

Equation (7) determines the pipe length L, necessary for complete neutrali-
zation for given velocity or vice versa. So, the problem is reduced to the deter-
mination of the quantity .

Zone 1
According to assumption (g) above, in this zone m, . =0. Hence, the elec-
troneutrality condition is:

Since no electric current is present, the ion diffusion fluxes must be equal:
Jik =Ji—m (9)

For the ion fluxes we have the Nernst—Planck equations (cf. also (9)):



49

: dcC d
K= —D[ d;+ +Cl+‘a%1“}

. , dm; . d¢
J0H=]1K"—'—‘“d[ d; "mx_al] (11)

(10)

The summation of (10) and (11), along with (8), allows eliminating
de,/dz, thus leading to:

dC, dml—___ lefl 1)

—

dz dz 2 \d (12)

Using the boundary condition C,, =m,, =my_ at z= —4, (see Fig. 1) we
obtain the solution of eqn. (10):

Cra(2) =1 (2) =~ (2+8,) +mo_ (13)
1
where
Loy y
9, 2\d D (14)
Zone 2

The electroneutrality condition reads:
Coq +myy —p=0 (15)

The absence of electric current requires:
jz}( +j2H=0 (16)

Since the K * ion flux must be conserved throughout all zones and remain
equal to j;k one thus obtains:

le =j2K= —sz (17)
The diffusion fluxes are:

X dC d

J2K=—Dm|:‘f‘+cz+—c£{l (18)
) dm d

J2H=“dm|:”“&zz_++m2+%] (19)

The ion distribution on both sides of the inner membrane surface_ (z=0) is
determined by the difference of the electric potentials in the respective phases
(see assumption (i) ):
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02-4- =e#(¢2_¢l); ’_ngi:e—-(m—m), at z=0
Ch+ M+

These conditions are in fact equivalent to the well known ion exchange equi-
librium constant at the boundary between zones 1 and 2:

Cormy.,
K=—"r———
Crymay

Equation (20) along with eqn. (8) and assumption (g) vields:

=1atz=0 (20)

Moy =My Coy fC1L =Coymyy/my_ KCyy (21)
So, at the membrane surface eqn. (15) simplifies to:
Cg+ =p at z=0 (22)

Substituting in eqn. (19) joy from eqn. (17) and ms., from eqn. (15) one
obtains:

. dC d
Jledm[_ dz++(p—02+)“%] (23)

Equation (23) along with (17) and (18) allows obtaining an expression for
dg¢,/dz, which substituted back into eqn. (23) leads to the following differen-
tial equation for C, , :

dC, ik | Jik .
iz ~“*pg, T, 0 (24)
Here:
1 1/ 1 1
a=3loo-1) 25)
The solution of eqn. (24), with the boundary condition (22) yields:
Coy (2) ( 23 ) (leKz) Dy
=|1-—
’ 2D, exp 0, +2Dm (26)
Zone 3

Before writing the transport equations for the ions, we remind that the ions
Cl~ cannot penetrate into the membrane (assumption (b)), i.e. for their flux
we have j;y=0. The flux of K* ions remains constant again:

Jsg =J1x (27)
No electric current is present, so that:

J3K +Jjsu=0or JaK = —Jau =]k (28)



The electroneutrality condition in this zone is:

Csy +may —C;_=0

(29)

The fluxes of the ions K+, H* and Cl~ can be written as follows:
. ) dC d
Jak =J1ik = —D[ d{;+ +CB+%] (30)

X ) dm. d
—JsH =J1K=d[ d;+ +m3+“€%‘:\ (31)
i d(Cs,. +may) do.
JaClz—D[ 3+dz s —(Cys+ +m3+)—;—§—]=0 (32)

The derivative d¢,/dz is eliminated in the same way as before and after short
transformations we obtain:

J1K dCyy | Jix Cs.
e 24 33
D dz Dy (Cay tmay) (33)
Sik dmsy Jix M3

— - 34)
d dz Dy (Caq +may) (
where
EMRTENEY (35)
2, 2\D d

By subtracting eqns. (33) and (34) and integrating the result over z, we find:

C3+ +m3+ - '—J—l@IS“Z‘l_Aa (36)
3

The integration constant A; can be determined by using the following bound-
ary conditions:

CB+ =0 andm3+ =My =matz=H+63 (37}

where H is the membrane thickness. (The first eqn. (37) is the condition for
immediate removal of the ions K* once they have reached the outer boundary
of zone 3.) Thus:

ca+<z>=—m3+(z)—%“(z—ﬂ—63)+m (38)
3

Now, we substitute C;4 from eqn. (38) in eqn. (34) and c‘)bta‘in an ordinary
nonhomogeneous differential equation for my,. whose solution 1s:



le(z“"H—53)r le(Z—H_as):I
m+ d 11~ 2am o)
Mo (2)= he—H—5)
.@gm

When deriving eqn. (39) we used the second boundary condition (37).

The connection between the ion concentrations on both sides of the outer
membrane surface is again determined by the ion exchange equilibrium con-
stant K, (see eqn. (20)). In this case it yields:

Mo+ =m3+ atz=H (40)

Expressions for the above concentrations are obtained by setting z=H in eqns.
(15), (26), (38) and (39). By substituting them into eqn. (40) one obtains a
transcendental equation for the only unknown quantity j,:

Dy U
] 1— d 1+ 2)
= 41
e T FN L (41)
where
_2Hj1K _53.]’1}{ %D
= P’ U= Dym’ )L_QDm_l (42)

The numerical solution of eqn. (41), for suitable values fo the parameters (see
below) is shown in Fig. 2. One sees that depending on the acid concentration

w
<

Mo
[

Jus3e 10° (mmol feec.cm? )
S

! L 1 1 0 1 1 1 !
O 2 4 6 8 102 40 60 80 10
m = 10% ( rmolA)

Fig. 2. The dependence of the flux Jix on the outer concentration m.
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m, one can distinguish two regimes: (i) initial steady increases of the flux Jik
with m, and (ii) a plateau region, where the flux j,x is independent of m. This
shape of the curve follows also from physical considerations. At low acid con-
centrations m, the flux jx should be proportional to m, so that in the limit
m—0, one must have j;, -0 and @—0, while J will remain finite. Then by
setting =0 in eqn. (41) and solving the ensuing algebraic equation for U,

2d

U+2U—Z-=0 (43)
one obtains (cf. eqns. (25), (35) and (42) for notation):

) Dd

K =m( 1Y d/D"—l)m (44)

Thus the pipe length, necessary for complete neutralization is (cf. eqn. (7)):
- VRp53 Cen(d“'"D)

L—QdD(\/d/D—l)m

(45)

This limiting case corresponds to the initial (rising) portion of the curve in
Fig. 1. Note that neither j,x, nor L depend on the membrane properties. One
sees also that increasing the acid concentration m will allow using a shorter
pipe. The role of the other parameters on the occurrence of the process is also
clear from eqns. (44) and (45).

In the other extreme case, very high acid concentration m, the ion transport
is controlled by the diffusivity of the ions K* and H* in the membrane. There-
fore, j.x should reach saturation (constant value, independent of m), Q should
remain also constant, whereas U should become small. If U <« 1, we can neglect
all terms, proportional to U in the right hand side of eqn. (41) to obtain:

e?=1+ (1/4) (46)
or (cf. eqns. (25) and (42)):

. pD..d., d 47
e=ptsp(5) )

The necessary pipe length in this case is given by the equation (substitute j x
from (47) in (7)):

VR, C..H(d,, —D.)
"~ 2pD dnIn(dy/Diy)
This regime corresponds to the plateau in Fig. 2. The acid concentration m*,

at which the transition between the two regimes will take place can be esti-
mated by equating the fluxes from eqns. (44) and {47):

L (48)
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. podm(d——D)JBIIl(dm/Dm) (49)
" = Dd(d,, —Dw)H(/(d/D)—1)

One sees that the lower the ion diffusivities D, and d,, in the membrane, the
lower the acid concentration at which the transition between the two regimes
will take place. It is noteworthy that m* depends mainly on the membrane and
jon properties but not on the base concentration C,,. It is also clear that when
the membrane charge density p becomes higher the values of m* and the flux
Jik in the plateau region (cf. eqn. (47) ) will increase, which will result in more
intensive neutralization and hence smaller pipe length. The permeability of
the membrane affects D, and d,, and in the limit D, =d,,=0, one has from
eqn. (47) j,x=0, i.e. no neutralization is possible. It is obvious that from tech-
nological viewpoint it is meaningless to increase m above m*.

For the sake of illustration we have taken the following specific values for
the system parameters: p=10"2 mol/L, D=10"° cm?/sec, d=10"* cm?/sec,
D,=10""cm®/sec, d,,=10"% cm?/sec, H=10"'em, d;=10"'cm, V=40 cm/
sec, R,=56x10"", C,,=10~* mol/L. With these values m*=1.06 x10~* mol/
L and eqns. (44 ) and (45) become:

Jik=2.40x10"*xXm (50)
L=4.16/m (51)

The pipe length for m=m?* turns out to be around 400 m.

We will discuss in conclusion some limitations of our theory. Strictly speak-
ing our assumption (e) for electroneutrality will not be valid when diffuse
electric layers are present. It will hold if the boundary layers §, and J; and the
membrane H are much thicker than the diffuse layers. Since, even at 10—% mol/
L electrolyte the latter is ca. 0.3 um, this condition seems to be always fulfilled.
The requirement m,, <«<m,_ (see assumption (g)) will not be fulfilled at
pH < 8. This may happen only at the pipe exit, if complete neutralization is
achieved.

We estimated the applicability of assumption (b) a posteriori, by using our
final equations. The relative rejection of the ions Cl~ at the phase boundary
z2=H is determined by the equation:

Co  mag,

Ca may

at z=H (52)

The values of m;,. and m,, were calculated by means of eqns. (15), (26) and
(39) with z=H. We used two membrane charge densities: p=10"2mol/L and
10~" mol/L. The respective values of m* from eqn. (48) are 10~—* mol/L and
10~% mol/L respectively. Since m*~p, both @ and U/ in eqn. (42) will depend
only on the ratio j;x/p, i.e. the value of this ratio, determined from eqn. (41),
will not depend on p. Indeed, in both cases the numerical solutions of (41)
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yielded j,x/m*=1.44X10~* cm/sec. This in turns means that the relative re-
jection C,_/Cs_ at z=H and m=m*, which also depends on Jix/p, will be
independent of the charge density p. We obtained, for the relative rejection,
the value 2.7%, which confirms the validity of our hypothesis for the regime
(1),i.e. for m<m*. At m > m*, the presence of a large quantity of positive ions
in the membrane will effectively decrease its negative charge and will facilitate
the penetration of the negative ions. Indeed, for m=10m*=10"" mol/L and
p=10"?mol/L we obtained C,_/C,_=11% at z=H. This is, however, imma-
terial for our theory, because m > m* corresponds to regime (ii), which is far
from being optimal from technological viewpoint (see above).

We obtained similar results for the ions OH™ at z=0: with p=10"% mol/L
and C,,=10""mol/L we found m,_/m,_ <1%.

Conclusion

We have formulated a theory for the neutralization of alkaline or acid solu-
tions by Donnan dialysis through an ion exchange pipe. The main assumptions
used in the theory are the electroneutrality of all phases and absence of electric
currents. The ion flux expressions are used to eliminate the electric potentials
and to obtain in this way the ion distribution. The final eqn. (41) relates the
hydrogen ion concentrations m in the outer rinsing solution, the potassium ion
flux j,x and the other system parameters. The process has two regimes: (i) at
low acid concentration m the ion flux is proportional to the acid concentration
and (ii) at high acid concentration m a saturation is reached and the ion flux
does not depend on m. Equations (45) and (48) allow calculating the pipe
length L, necessary for complete neutralization for the two regimes respec-
tively. In regime (i) L decreases with increasing m. The transition between the
two regimes occurs at a concentration m*, defined by eqn. (49). The increase
of m above m* does not improve the efficiency of the neutralization process.
Equations (44) and (47) can be used to optimize the process with respect to
the other system parameters.
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List of symbols

Ag integration constant

Con concentration of the solution at the pipe entrance
Ci+ concentration of ions K* (i=0,1,2,3,4)

C;_ concentration of ions Cl~ (i=0,1,2,3,4)



D diffusion coefficient of K in the solution
d diffusion coefficient of H™ in the solution

D diffusion coefficient of K* in the membrane
A diffusion coefficient of H* in the membrane
7 see eqn, (14)

Do see eqn. (25)

Dy see eqn. (35)

H membrane thickness

jix flux of ions K" (i=1,2,3)

Jic flux of ions Cl~ (i=1,2,3)

JiH flux of ions H* (i=1,2,3)

Jiou  fluxofions OH™ (i=1,2,3)

K, ion exchange equilibrium constant

L pipe length

m;,  concentration ofions H* (1=0,1,2,3,4)

m;_  concentration of ions OH~ (:=0,1,2,3,4)
m outer concentration of acid
m* optimal outer concentration of acid

2H],
Q. o

P2y
R, pipe radius
U O3 j i+

YDym
Vv flow velocity
x longitudinal coordinate
P transversal coordinate
Greek letters
o; laminar boundary layers near the membrane surface (i=1,3)
A Z 4

2D,
P membrane charge density
o; electric potentials expressed in RT/F units (i=1,2,3)
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