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The stratification of thin liquid films formed from micellar solutions or latex suspensions can be 
explained by layer-by-layer destruction of a colloid crystal structure inside the film. The stepwise decrease 
of the film thickness is due to appearance and growth of dark spots (of less thickness) in the film. This 
phenomenon is analyzed in the present paper, and an explanation is proposed. The driving force for 
the stepwise thinning of the film is attributed to the gradient of the chemical potential of micelles at 
the film periphery. Therefore, the appearance and expansion of spots in the film are controlled by the 
micellar self-diffusion, rather than by normal instabilities. The spots are considered as condensed states 
of vacancies in the micellar structure inside the film, and the appearance of dark spots is interpreted as 
a phase transition. This explanation of the mechanism of stratification phenomenon is supported by 
the data for formation and expansion of spots. 

Introduction 
In the beginning of this century, Johnnott' and Perrin2 

experimentally observed and described a phenomenon 
of stepwise thinning of liquid foam films. This phenom- 
enon, called stratification, was later investigated by many 
authors, both with foam films= and with emulsion f i lm~.~3 
Several  researcher^,^.^ hypothesized that the phenome- 
non is connected with the formation of liquid crystal struc- 
ture. Some recent experimental datagJO suggest another 
explanation of the stepwise thinning. Nikolov and Wasang 
observed stratification with films, formed from a poly- 
styrene latex suspension in water. I t  is known that the 
spherical latex particles, bearing a high surface charge, 
do not form liquid crystal structures. However, they form 
three-dimensionall1J2 and two-dimensional13J4 colloid crys- 
tals. In addition, the experiments with micellar solu- 
tions of anionic surfactants (at concentrations much lower 
than needed for formation of liquid crystals) showed that 
the height of the step during the stratification is approx- 
imately equal to the mean distance between the micelles 
in the solution. Stratification was also observed'O with 
micellar solutions of nonionic surfactants. All these data 
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lead to the conclusion that the stratification is observed 
with thinning liquid films formed from colloidal solu- 
tions containing monodisperse particles of submicron size. 
Then the stepwise thinning can be explained9 by a layer 
by layer destruction of a colloid crystal structure formed 
by these particles in the restricted volume of the film. 

To support this idea quantitatively, a model of the micel- 
lar structure inside the film was de~eloped , '~J~  and the 
disjoining pressure of the film was calculated. The con- 
tribution of the micellar interactions to the disjoining 
pressure led to a series of metastable states of the film. 
The calculated thicknesses of the metastable states turned 
out to be in good agreement with the experimental data. 

Our aim in the present paper is to explain the mecha- 
nism of the transition from one metastable state to the 
next one. The occurrence of this process is the follow- 
ing. 

We form a horizontal circular foam film by using a 
version of the known method of Scheludko.16 The con- 
ditions of the experiment, the materials, and all details 
of the experimental setup are described in ref 9. 

The film is created in a cylindrical capillary by suck- 
ing out the solution from a biconcave drop through an 
orifice in the capillary wall. The resulting horizontal flat 
film is encircled by a bioconcave liquid meniscus. After 
the film is formed, it starts to decrease its thickness. When 
it becomes sufficiently thin, stepwise changes in the film 
thickness are observed. Each metastable state with uni- 
form thickness exists several seconds or several hundred 
seconds, depending on its thickness and on the other con- 
ditions of the experiment. Then suddenly, one or sev- 
eral dark spots appear amidst the uniform film and start 
to increase gradually their area-Figure 1. The spots seem 
darker in reflected light, because they have smaller thick- 
ness than the remaining part of the film. After the spots 
have covered the whole area of the film, it stays for some 
time in the new metastable state. Then darker spots 
appear, and after their expansion a subsequent metasta- 
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Figure I. Single dark spot (a) and a couple of spots (h) in a 
horizontal thin liquid film formed from a 0.1 mol/L solution of 
NaDS. The circular shape of the spots is due to the action of 
positive line tension. 

ble state is reached. This process is repeated until a final 
stable state is attained. 

There are two traditional mechanisms for explaining 
instabilities in thin liquid films. The first one is con- 
nected with the appearance and spontaneous growth of 
capillary waves at the film  surface^.^'-^^ The applicabil- 
ity of this mechanism to dark spot formation in stratify- 
ing films is discussed in the next section. The second 
mechanism is based on nucleative formation of holes (in 
our case spots) inside a thin film.23-2s However, it turns 
out that neither the first nor the second mechanism can 
explain the experimental data on spot formation and 
expansion. That is why we propose below a new diffu- 
siveosmotic mechanism, which explains the stepwise tran- 
sition by the presence of two types of entities, oacancies 
and spots, in the initially uniform film. This mecha- 
nism is compared with the available experimental data 
in the last section of the paper, where the results of this 
study are discussed. 

Surface Waves in  a Film Stabilized by 
Intermicellar Repulsion 

In principle, the presence of symmetrical surface waves 
(Figure 2) can lead to local decreases of the film thick- 
ness and hence to formation of dark spots. Let us denote 
the local deviation from the flat surface by f (Figure 2). 
For surface waves, can be presented in the form17-22 

f = A(xl,x2)ed (2.1) 
where t is time and w is a complex frequency. As 

when the derivative of the disjoining pres- 
sure n = d n / d h  (with h being the film thickness) is pos- 
itive, o has real positive value. Such is the case when 
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Figure 2. Capillary waves in a thin liquid film of mean thick- 
ness h. { is the local deviation due to the surface waves. 

the van der Waals attractive forces prevail in the film. 
According to eq 2.1, w > 0 leads to unbounded increase 
of the surface corrugations with time and to rupture of 
the film.17-21 However, this is not the case of a thin liq- 
uid film with micellar structure inside, due to the strong 
repulsion between the micelles (n < 0 around each meta- 
stable state (n = PJ, see Figure 5 in ref 15). The ampli- 
tude of surface waves cannot increase whenever Il is neg- 
ative. To estimate the amplitude of the film thickness 
fluctuations in this case, one can use the expression33 

(2.2) 

where ? is the amplitude {averaged over a circular par- 
cel of radius, R, u is surface tension, Tis temperature, 
and k is the Boltzmann constant. For u = 38.3 mN/m 
and T = 298 K, one obtains 

d - 
(2.3) 

Using microscope and movie camera, one can record 
the process of dark spot formation. The radius of the 
smallest recorded dark spots in our experiments (with 
micellar solutions of NaDS) is in the range 5-8 pm. The 
thickness, h, of the studied films is smaller than 0.08 pm. 
Then one finds from eq 2.3 that the thermal fluctua- 
tions of the film thickness cannot exceed 8.5 X lo-" cm 
(for R = 5 pm). C can be of the order of the magnitude 
Ah of the stepwise transitions of the film thickness (usu- 
ally LVI = lod cm) only if R << h. One sees that the cap- 
illary wave mechanism can hardly explain the formation 
of macroscopic dark spots in the stratifying films. Another 
possible mechanism is considered below. 

Nucleation Mechanism (Constant Chemical 
Potentials) 

Derjaguin and GutopZ3 and Derjaguin and Prok- 
horovZ4 proposed a nucleation theory of rupture of very 
thin (practically bimolecular) films. By analogy with the 
theory of cavitation in liquids, they suggested that fluc- 
tuations can lead to the formation of very small (of molec- 
ular size) holes in the film. Their further growth in lat- 
eral direction can lead to film rupture. A similar nucle- 
ation mechanism was proposed by Kashchiev and 
Exerowa,26 who adapted the molecular theory of adsorp- 
tion by considering the two layers of a bimolecular film 
as being mutually adsorbed on each other. Recently, 
Prokhorov and DerjaguiP developed a generalized the- 
ory of bilayer film rupture combining both concepts: the 
m e ~ h a n i c a l ~ ~ - * ~  and the ~ a c a n c i a l . ~ ~ . ~ '  

In both theories, it is presumed that the phases, sur- 
rounding the film, can serve as reservoirs of heat and 
matter, and therefore the temperature and the chemical 
potentials are constant during the nucleation process. 
Under these conditions. the reversible work of forma- 
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tion of a circular hole of radius r is given by the incre- 
ment of the grand thermodynamic p ~ t e n t i a l : ~ ~ - ~ ~  

AQ = -irr2y + 2TrK (3.1) 
The first term in the right-hand side corresponds to the 
work done by the film tension, y, and the second term is 
the work for formation of the perimeter of the hole with 
K being the line tension of the two-dimensional nucleus. 
AQ has a maximum a t  hole radius 

r* =KIT (3.2) 
which must be the radius of the critical hole. 

On the basis of eqs 3.1 and 3.2 and the nucleation the- 
ory, Derjaguin and P r o k h ~ r o v ~ ~  derived the following 
expression for the lifetime T of a film of radius r,: 

Kralchevsky et al. 

Table I. Measured Values of the Film Thickness h,,, 

AT, X IO8, T,, s rn*, m 
Contact Angle e,,, and Lifetime r,, at a Metastable State. 

n h,, nm e,, deg mN/m (exptl) (from eq 3.6) 

0 16.2 1.26 
1 26.1 0.906 9.05 600 42 
2 35.9 0.790 2.69 108 142 
3 47.0 0.685 2.29 36 166 
4 57.9 0.665 0.85 24 447 

,,With n micellar layers inside the film (0.1 mol/L NaDS). 
r,* and AT, are calculated from eqs 3.6 and 3.9. 

to or smaller than 4-8 pm. The estimate 
K = U6, (3.10) 

( 6 l  z Ah is the height of the border around the dark spot) 
yields K = 3.8 X lod5 dyn for NaDS of concentration 0.1 
mol/L. Using this value of K and the values of Ay, from 
Table I, one can calculate r,* from eq 3.6. The values 
of r,* thus obtained are much larger than the values mea- 
sured experimentally (see Table I). 

Thus one reaches the conclusion that the nucleation 
mechanism of Derjaguin et  al.,23-25 in its present form, 
cannot be applied to the interpretation of the experimen- 
tal data for the appearance of spots in stratifying films. 
We believe that this is due to the fact that the chemical 
potential of the micelles in the restricted area of the film 
varies during the nucleation process, and thus one of the 
basic premises of the theory of Derjaguin et al. is vio- 
lated. That is why we propose below another mecha- 
nism of dark spot formation. Since the chemical poten- 
tial is supposedly not constant, we will use the variation 
of the free energy, AF, instead of the variation, AQ, of 
the grand thermodynamic potential. 

Diffusive-Osmotic Mechanism 
Spots and Vacancies. In ref 15, the disjoining pres- 

sure II, of a thin film with n micellar layers inside was 
calculated by means of a model in which the micellar 
interactions were accounted for. The calculations showed 
that as large as the capillary pressure P, might be, it can 
be counterbalanced by the disjoining pressure, II,, which 
is due predominantly to the intermicellar repulsion. This 
balance corresponds to a metastable state of the film. 
More precisely, II, = P, is the condition for equilibrium 
with respect to the forces acting normally to the film sur- 
faces. 

The metastable states of the film have a compara- 
tively short lifetime: due to the motion of micelles from 
the film to the bulk solution, dark spots are formed in 
the film. The experimental data for expansion of spots, 
discussed in detail in the next section, show that the chem- 
ical potential of the micelles in the film is uniform along 
the film. Hence, a non-zero gradient of the chemical poten- 
tial of the micelles must exist in the transition region 
between the film and the meniscus. This gradient gives 
rise to a force which is parallel to the film surfaces and 
which in fact is the driving force of the layer-by-layer 
thinning of a stratifying film. In other words, the nor- 
mal stability of the film is accompanied by a lateral insta- 
bility. 

A vacancy appears in place of a micelle, which has left 
the film. Such a vacancy is shown schematically in Fig- 
ure 3a. Due to the strong anisometry of the system, the 
relaxation in direction normal to the film surfaces is much 
faster than the relaxation in lateral direction. There- 
fore, it can be expected that due to the intermicellar repul- 
sion the space left by a missing micelle is divided between 
the other micelles, which are situated along the normal 

Here 7 (kg/s) is the two-dimensional viscosity of the film 
and r is the number of molecules per unit area of the 
film. 

A straightforward application of the theory of Derjag- 
uin et a1.23-25 can be made for interpretation of the data 
for dark spot appearance in stratifying films. I t  is suffi- 
cient to consider nuclei of dark spots instead of nuclei 
of holes and to replace y by 

AYn = Yn - Yn-1 (3.4) 
where ~ , - 1  is the film tension of the spot and y, the ten- 
sion of the surrounding film with n micellar layers inside. 
Then instead of eqs 3.1-3.3, one can write 

(3.5) AQ, = -rr2Ay, + 2 i V K  

(3.6) 

where r is the number of micelles per unit area of the 
film. T, is the time needed for appearance of a spot of 
thickness h,-1 in a uniform film of thickness h,. 

It  is known29*30 that 

yn = 20: + Pch,; u,f = a COS 8, (3.8) 
where Q and P ,  are the surface tension and the capillary 
pressure of the meniscus, h, and unf are the thickness 
and the surface tension of the film at  its nth metastable 
state, and 8, is the contact angle between the film and 
the meniscus. Both h ,  and 0, can be measured by inter- 
ferometry in reflected light using the experimental setup 
described in ref 9. Then in view of eqs 3.4 and 3.8, AYn 
can be calculated from the equation 

A?, = ~ U ( C O S  8, - COS 8,-1) + Pc(hn - hn-l) (3.9) 
Experimental data for h ,  and 8, are presented in Table 
I for a 0.1 mol/L solution of NaDS (a = 36.6 mN/m, P, 
= 50.5 Pa). Since the values of Ay,, calculated from eq 
3.9, decrease with the increase of n (Table I), according 
to eq 3.7 the metastable states with higher values of n 
should have greater lifetimes. However, the experimen- 
tal values of T,, also shown in Table I, exhibit the oppo- 
site trend. 

The experimental observations show also that the small- 
est detected dark spots have radii in the range 5-8 pm 
and grow steadily (without any indication of cirtical behav- 
ior) until they cover the whole film area. Then one can 
assume that the radius of the critical spot, r,*, is equal 
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Figure 3. Sketch of a vacancy (a) and of a spot of radius r (b) 
in a flat thin film. 61 is the distance between the micelles in 
lateral direction, and hs (h.J is the equilibrium thickness of film 
containing three (four) micellar layers. 

to the film (cf. Figure 3a). Then the thickness of the 
film in a place with a vacancy will be the same as the 
thickness of the remaining part of the film. An area 6i2 
of the film surface corresponds to each vacancy (61 is the 
distance between the micelles in the film in lateral direc- 
tion; 61 is supposed to be equal to the mean distance 
between the micelles in the bulk solution-see ref 15). 

Due to the self-diffusion of the micelles, the vacancies 
can move throughout the film. A vacancy will travel a 
distance 61 for time t = 612/(4D) with velocity u = 6 l / t  = 
40/61, where D is the coefficient of self-diffusion of the 
micelles. For a 0.03 mol/L aqueous solution of NaDS, 
61 = 1.66 X lo+ cm (ref 15), D = 1.2 X lo4 cm2/s (ref 
31), and we find u = 2.9 cm/s. This high value of u, cou- 
pled with the small size of the film (the film radius in 
our experiments was usually 0.02-0.03 cm), means that 
it takes only s for a micelle to go from the meniscus 
to the film center. 

As explained above, we call a vacancy a place in a film 
containing n micellar layers, where there are n - 1 micelles 
per area 6i2 of the film surface, but the film thickness is 
the same (Figure 3a). In contrast, the film thickness is 
smaller in the place of a spot-Figure 3b. More pre- 
cisely, the thickness of the spot is L-1, whereas the thick- 
ness of the remaining part of the film is hn (hn and hn-1 
are the equilibrium thicknesses of a film containing n 
and n - 1 micellar layers, respectively (see ref 15 for 
details)). According to eq 3.10, the excess energy per unit 
length of the contact line, encircling a spot, can be inter- 
preted as line tension, K .  

Considering a spot as a result of aggregation of vacan- 
cies, one can regard the quantity 

N = ar2/6? (4.1) 
as the aggregation number of a spot of radius r. The 
formation of a spot by aggregation of vacancies and the 
equilibrium between a spot and the single vacancies mov- 
ing throughout the area of the remaining part of the film 
can be described by means of a two-dimensional lattice 
model. 

Work of Spot Formation. Let us consider a strati- 
fying film of area mC2, where rc is the radius of the con- 
tact line between the film and the liquid meniscus sur- 
rounding it. A film of uniform thickness, containing vacan- 
cies, can be regarded as a two-dimensional solution, which 
consists of the components A and B-Figure 4. A cell 
A, as well as a cell B, has a base with area 6r2 and height 
hn (n is the number of the micellar layers inside the film). 
Cell A contains n micelles (one micelle in each layer), 
whereas there are n - 1 micelles in cell B; i.e., cell B con- 
tains one vacancy. For the sake of brevity, we will some- 
times call the cells of type B "vacancies". (We will not 
consider cells containing two or more vacancies, because 
the appearance of such cells has low probability due to 
the repulsion between the micelles.) The total number 

I l l  I I  l o l o , o l o ~ o  l o ~ o ; o , o , o l  j h  
!010! l o l o l o ! o ~ o !  !01 
I 1  I I I ' I 1  I 1 ' 1  

A a 0 a  A R L I C )  B A  
Figure 4. Model of a film of thickness h, containing two lay- 
ers of colloid particles (micelles). The cells A and B can be 
considered as the two components of a two-dimensional solu- 
tion, representing the film. In particular, each cell B contains 
a vacancy. 

of cells of both types in the film is 

M = ar:/6? (4.2) 
The diffusive motion of the vacancies in the film can 

be identified with the motion of the component B through- 
out the two-dimensional solution. Since the equilib- 
rium along the normal to the film is established much 
faster than the lateral equilibrium, we will suppose that 
the positions of the micelles in the cell type A or B are 
determined by the electrostatic repulsive forces. Then 
the lateral  equilibrium will be attained by two- 
dimensional motion of the cells A and B throughout the 
film area. 

The experimental data for expansion of spots (see the 
next section) show that the velocity of formation of vacan- 
cies a t  the film periphery is much smaller than the veloc- 
ity of diffusion of the vacancies in the film. That is why 
one can consider the two-dimensional solution AB as uni- 
form. In accordance with the lattice theory of the solu- 
tions, in the Bragg-Williams approximation,32 the free 
energy, F ,  of the solution can be written in the form 

where k is the Boltzmann constant, NA and N B  are the 
numbers of the cells A and B (NA + N B  = M) 

XA = NA/M X B  = NB/M (4.4) 
UU, UBB, and u are connected with the interaction ener- 
gies WU, WBB, and WAB between the respective compo- 
nents as follows: 

(4.5) 

Here c is the number of the nearest neighbors; in our 
model, c = 4 because the cells A and B are supposed to 
fill a two-dimensional square lattice. gAo and gBo in eq 
4.3 are the standard Gibbs free energies of a cell A or B, 
respectively. In the Bragg-Williams approximation, this 
free energy is proportional to the logarithm of the inter- 
nal statistical partition function of the corresponding cell.32 
From eqs 4.3 and 4.4, one obtains 

C u = -(wU + WBB - 2 w u )  2kT 

Let us now consider a film in which a spot of radius r 
has been formed. The aggregation number, N ,  of the 
spot is defined by eq 4.1. The free energy, F I ,  of such a 
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film can be written in the form 

Kralcheusky et al. 

The solution of eq 4.16 for x determines the radius 

r = rCx1I2 (4.18) 
(cf. eqs 4.2, 4.8, and 4.9) of the spot, which is in equilib- 
rium with the single vacancies in the surrounding film 
of radius r,. The equilibrium spot is stable, when it cor- 
responds to a minimum value of aF; if AF has a maxi- 
mum, the spot is unstable. The equilibrium size of the 
spot, determined from eq 4.16, will obviously depend on 
the total concentration of the vacancies in the film, 6. 

Equation 4.16 can be interpreted as a two-dimen- 
sional analogue of the Gibbs-Thomson equation. Indeed, 
by using eqs 4.9, 4.10, and 4.17, one can transform eq 
4.16 to read 

(4.7) 
Here K is the line tension of the line, which encircles the 
spot. We have supposed in eq 4.7 that there are no vacan- 
cies in the spot. (It can be shown33 that the concentra- 
tion of vacancies in a spot should be extremly low and 
should not affect the process of spot formation.) From 
eq 4.1, one finds 

r = 61(N/.rr)'/2 (4.8) 

I t  is convenient to introduce the dimensionless param- 
eters 

where Nt is the total number of the micelles which have 
left the film. The molar fractions of the components A 
and B in the two-dimensional solution, surrounding the 
spot, can be expressed as 

6 - x  x * = l - x g = -  1 - 6  (4.10) XB = -* 1 - x '  1 - x  
Then eq 4.7 can be transformed into 

.[ gw + ~,(h,-,)] + pxl/z (4.11) 

The work of formation of a spot with aggregation num- 
ber N = xM in a film containing initially Nt = OM vacan- 
cies is 

W ~ J )  = Fi(8,x) - Fi(6,O) (4.12) 
Then from eqs 4.11 and 4.12 one derives 

6 - x  
MkT 1 - x  

A F ( 6 , x )  = - AF - - -(I - 6 )  In (1 - x )  + (8 - x )  In - - 
0 In 6 - xQ + ~ ( h , , ) ~ ( l  - 6)' (4.13) 1 - x  

where the quantity 

8 = [gBo(hn) -gAo(hn-l)l/(kT) + UBB(hn) - UAA(hn-1) 

(4.14) 
depends neither on 6 nor on x .  

Equilibrium Spot. A necessary condition for a spot 
(or a nucleus of a spot) to be in equilibrium with the 
surrounding part of the system is for AF to have an extreme 
value.% Hence, the equilibrium value of x at  given 0 must 
satisfy the equation 

(y) R = o  (4.15) 

The substitution of A F  from eq 4.13 into eq 4.15 yields 
the equation 

G(O,x) = 8 (4.16) 
where the function G is defined by the expression 

(4.19) 

where XB is the equilibrium value of the molar fraction 
of the vacancies in the film surrounding the spot. The 
comparison of eq 4.19 with the Gibbs-Thomson equa- 
tion for the vapor pressure 

of a spherical drop of radius r and surface tension a shows 
that 612 is a counterpart of the molar volume, UI, of the 
liquid in the drop, and K/r of the capillary pressure 2alr.  

Numerical Results and Discussion. A closer inspec- 
tion of eq 4.16 shows that a t  sufficiently large values of 
6 it has two different roots, x = xcr and x = xst, which 
correspond to a maximum and a minimum of AF, respec- 
tively. The parameters in eqs 4.16 and 4.17 are esti- 
mated in the Appendix of this paper by using some data 
and model results from ref 15. For the last transition (1 - 0) of a stratifying film, formed from 0.1 mol/L aque- 
ous solution of NaDS, we thus calculated u = 0.059 and 
Q = 15.1. The respective dependences of AF and G on 
x l 6 ,  calculated from eqs 4.13 and 4.17 for three differ- 
ent values of 6, are shown in Figure 5. We have used the 
experimental values r, = 170 gm, u = 36.6 mN/m, and 61 
= 10.4 nm, and we calculated from eqs 3.10 and 4.9 K = 
0.38 nN and 0 = 0.118. These values of the model param- 
eters, corresponding to a real experimental situation, are 
used below to illustrate quantitatively the theoretical 
results. 

eq 4.16 has no roots, and AF is 
an increasing function of x .  For 8 > 1.77 X AP has 
a maximum and a minimum (see Figure 5) .  They are 
connected with the first and the second term in the right- 
hand side of eq 4.17. In other words, the maximum is 
related to the line tension, and the minimum to the equi- 
librium concentration of the vacancies in the film encir- 
cling the spot, i.e., to the "vapor pressure" of the spot. 

The maximum at  x = xcr corresponds to a spot of crit- 
ical size. I t  can grow spontaneously until it reaches size 
x = xst, which corresponds to a spot in stable equilib- 
rium with the remaining part of the film. Once formed, 
the stable spot can grow futher only due to the conden- 
sation of newly created vacancies, which can approach 
the spot periphery by self-diffusion (increase of 6 at  x = 
x d .  

The presence of a minimum of the excess free energy 
at x = xst does not guarantee the existence of a stable 
spot. If AP(x,t) > 0, the formation of the spot will not 
be thermodynamically favorable. This is the region with 

When 6 < 1.77 X 
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Figure 5. Dependences of A.F and G on x f8 ,  calculated from 
eqs 4.13 and 4.17 for three different values of 9. The intersec- 
tion points G = Q determine the extrema of AF (0.1 mol/L 
NaDS, transition 1 - 0). 

1.77 X 10-4 < 8 < 3.59 X in Figure 5. The existence 
of a stable spot is thermodynamically advantageous for 
A.F(x.t) < 0, Le., a t  8 > 3.59 X for the example in 
Figure 5. The value 8 = BCr, corresponding to zero excess 
energy at the minimum, i.e. 

@(8c1,x8t) = 0 (4.20) 
can be considered as the commencement of stable spot 
formation. Then xst  = ~ S t ( 8 c r ) y  determined from eq 4.16 
at  8 = BCr, gives the size of the smallest possible stable 
spot. 

8,, = 3.59 X 10”’ for the illustrative example in Figure 
5. The height of the barrier in this case is h F ( 8 c r ~ c r )  = 
4.1 X 106kT. Then the excess energy per one vacancy 
aggregated in the critical spot is hF(f?,,x,)/(x,M) = 1.4kT 
(cf. eq 4.9). 

For 8 > 8,, the height of barrier a t  x = Xcr decreases 
and the depth of the minimum at  x = xst increases when 
increasing 8. In other words, the formation of spots 
becomes more and more favorable. 

The parameter 

P = a / r c  ( a = $ )  (4.21) 

defined in eq 4.9 decreases with the increase of the film 
radius r,. This leads to a dependence of 8cr on r,, i.e., on 
the size of the film. The dependence 8&,) can be deter- 
mined by elimination of xSt between eq 4.20 and the equa- 
tion 

G(dcr,xst) = Q (4.22) 
and by using eq 4.21 for (3. 
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Figure 6. Dependences of 8,, and rmin on the film radius rc. 
8,, is the concentration of the vacancies, which corresponds to 
the beginning of their aggregation in spots, and rmin is the radius 
of the smallest stable spot. 
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The result is shown in Figure 6; the same values of the 
parameters are used as in Figure 5 (in particular Q = 
15.1, u = 0.059, and a = 20.05 pm). The dependence of 
the radius of the smallest stable spot, Tmin, on the film 
radius rc calculated from eqs 4.20, 4.22, and 

rmin = rc[xst(8cr)1”~ (4.23) 

is also shown in Figure 6. (In fact, eq 4.23 is a special 
case of eq 4.18.) One sees from Figure 6 that 8, decreases 
and rmin increases with increasing r,. 

In our experiments, we recorded the process of forma- 
tion of spots by means of a movie camera at  a velocity 
of 0.125 s/frame. The inspection of the movie film showed 
that the smallest spots appear suddenly with an initial 
radius between 4.5 and 8 pm. These values are slightly 
greater than the respective theoretical value rmin = 3.2 
pm (at rc = 170 pm and 0.1 mol/L NaDS)-see Figure 6. 
It  is possible that the exposure time of 0.125 s/frame 
has been too large for the fast expansion of the appear- 
ing spot to be registered in details. 

The experiment also shows the stratification (step- 
wise thinning) is observed only with foam films, whose 
radius r ,  is greater than a certain threshold value rcth. 
This fact can be interpreted in the following way. 

In principle, it is possible for the film to reach diffu- 
sive equilibrium with the liquid meniscus at  some con- 
centration, Beq, of the vacancies in the film. Let us then 
consider the following two possibilities: 

(i) tIeq > 8cr. In this case, the thin film will reach equi- 
librium with the bulk solution in the meniscus at  con- 
centration of the vacancies lower than 8 c p  Hence, spots 
of smaller thickness will not appear in the film and strat- 
ification will not occur. 

(ii) Beq > BCr. The continuous formation of vacancies 
at the film periphery will cause gradual increase of their 
concentration, 8, in the film. Hence, a t  a certain moment 
8 will become equal to BCr. The spots with smaller thick- 
ness will appear in the initially uniform film. In this way, 
a stepwise transition will occur before the equilibrium 
concentration 8 = 8yq ( ~ 9 ~ ~  < 8cr) is reached, Le., before 
the influx of vacancies has stopped. 

These considerations lead to the conclusion that the 
threshold value, rcth, of the film radius needed for occur- 
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rence of stratification can be determined from the equa- 
tion 

Kralchevsky et al. 

In other words, the dependence OCr = at  rc < rcth 
in Figure 6 must terminate a t  rc = rcth, because stepwise 
thinning cannot be observed for smaller rc. The precise 
measurement of rcth and Oes for different solutions at  dif- 
ferent concentrations needs additional experiments. The 
fact that under certain conditions formation of spots will 
not occur and the film will be stable even when it con- 
tains several layers of micelles has a simple physical expla- 
nation. When the stable spot forms, almost all vacan- 
cies present in the film are condensed in the spot (xet/6 
”= 1 in Figure 5). Suppose now that the concentration of 
vacancies is so small that below a given film radius, rc, 
their total number in the film becomes smaller than the 
number of vacancies needed for the formation of the min- 
imum stable spot. Obviously, formation of stable spot 
will be then impossible, stratification will not occur, and 
the film will be in a stable equilibrium although it con- 
tains one or several layers of micelles. 

Expansion of Spots 
After a spot has formed, it starts increasing its area. 

The expansion of such a spot in a horizontal film can be 
explained in the following way. 

A newly formed stable spot has minimum excess free 
energy, AF, corresponding to x = xst at  given 6-see Fig- 
ure 5. The equilibrium molar fraction, XB, of the vacan- 
cies (the component B) in the film, encircling the stable 
spot, is very low 

see eq 4.10 and Figure 5. Then xat = 6, and the new 
vacancies, formed at  the film periphery, will increase 6 
and simultaneously will increase the size of the stable 
spot xst. Physically, this means that the new vacancies 
approach the spot and “condense” on it, thus increasing 
its area. As illustrated in Figure 5, the minimum excess 
free energy AF(6,xSt) will decrease during this process. 

As mentioned above, in the absence of chemical equi- 
librium the diffusive outflux of micelles from the film to 
the meniscus will cause an effective influx of vacancies 
(component B) in the film. Let us denote by J the total 
value of this influx. It leads to expansion of the spot 
and therefore 

d -(a?) = 6125 dt (5.1) 

Here as usual 612 is the area of a vacancy and 1rr2 is the 
area of the spot. During the expansion of the spot, the 
physical conditions at  the film periphery are not changed, 
and one can expect that the total influx of vacancies, J ,  
will remain constant. Then eq 5.1 can be easily integrat- 
ed: 

r2 = 6;Jt/a + const (5.2) 
i.e., r2 should be a linear function of time. 

Curve 1 in Figure 7 represents experimental data for 
expansion of a dark spot in the film with one micellar 
layer (n = 1) inside it a t  0.1 mol/L NaDS (61 = 10.4 nm) 
and film radius rc = 170 pm. The process was recorded 
by movie camera at  a velocity of 0.125 s/frame. Curve 2 
in Figure 7 corresponds to  two spots of approximately 
equal size in the film with n = 2 micellar layers inside 
and radius rc z 180 pm (all other conditions are the same 
as for curve 1). In both cases, the data can be fitted well 

t ime ,  t ,  s 

Figure 7. Data for expansion of spots: (1) a single spot at n = 
1 and r, = 170 wm; (2) two spots (of approximately equal size) 
at n = 2 and rc = 180 pm (surfactant concentration 0.1 mol/L 
in both cases). 

with a straight line. From the slope of the lines in Fig- 
ure 7 and from eq 5.2, one determines 41) = 3.6 X lo6 
s-l for curve 1 and J(2) = 8.8 X lo6 s-l for curve 2. The 
difference between the two fluxes can be explained in 
the following way. 

There are 21rrcn/61 micellar sites along the periphery 
of a film with n micellar layers inside. Then 

J (n)  = (21rrC,/6Jj; n = 1, 2, 3, ... (5.3) 
where j is the flux per micellar site. From the above 
values of J(1) and J(2), we calculated j E 100 s-l. The 
decrease of the lifetime of the metastable states when 
increasing the value of n can be explained with the fact 
that J (n)  in eq 5.3 is proportional to n. The process of 
stepwise thinning is accelerated by another factor, which 
is not accounted for in eq 5.3. Usually the spot (or spots) 
is not centered at the middle of the film. Then the expand- 
ing spot will reach the film periphery before the thicker 
part of the film is entirely replaced by the spot. In this 
way, two transitions (n  - n - 1 and n - 1 - n - 2) will 
take part simultaneously. 

The influx j = 100 s-l can be compared with the flux 
jad = 2D/6l2 due to the self-diffusion of the micelles. With 
61 = 10.4 nm and diffusion coefficient D = 6.9 X lo-’ 
cm2/s for 0.1 mol/L NaDS (ref 31), one findSj,d = 1.2 X 
106 s-l. Hence, really j << j a d  and the velocity of the “con- 
densing” and “evaporating” vacancies a t  the spot border 
is much greater than the velocity of formation of new 
vacancies a t  the film periphery; i.e., there is dynamic equi- 
librium between the spot and its “vapors”. In other words, 
at every moment the spot can be considered as being an 
equilibrium one, as supposed in the previous section. 

A problem for further investigation is the dependence 
of the elementary flux, j (see eq 5.3), on n. The differ- 
ence between the chemical potentials of a micelle in the 
film and in the bulk solution (the driving force of the 
film thinning) in principle can depend on the film thick- 
ness. To calculate this difference, one needs more infor- 
mation about the state of the micelles in the bulk solu- 
tion. However, the available data are too scant. There- 
fore, additional research, both experimental and theoretical, 
is needed to solve the problem. 

Concluding Remarks 
Our analysis showed that the formation of spots in a 

stratifying thin liquid film can be explained neither by 
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capillary waves in the film nor by the available nucle- 
ation t h e ~ r i e s . ~ ~ - ~ ~  The derived expression for the ampli- 
tude of the fluctuative capillary waves, eq 2.22, implies 
the conclusion that the smallest detected dark spots are 
too large to be formed directly by capillary waves. The 
alternative nucleation mechanism of Derjaguin et al.?3-25 
applied for nuclei of spots in stratifying films (instead of 
nuclei of holes in equilibrium bimolecular films), leads 
to contradictions with the experimental data. 

The analysis of the experimental observations led us 
to another mechanism of the stepwise film thinning. This 
diffusive-osmotic mechanism can be applied both to films 
containing micelles and to films containing latex or other 
colloid particles. I t  provides the following picture of the 
stratification phenomenon. 

During the process of thinning, micellar structure is 
formed inside the film. The intermicellar repulsion coun- 
terbalances all other forces acting normally to the film 
surfaces. The thinning stops and the film reaches a meta- 
stable state with uniform thickness. However, the equi- 
librium with respect to the normal forces is not accom- 
panied with lateral equilibrium. The radius of the film 
is much larger than its thickness, and relatively long time 
is needed for the diffusive equilibrium between the film 
and the bulk liquid in the meniscus to be reached. Before 
that, the chemical potentials of the particles (micelles) 
in the film are higher than their chemical potentials in 
the bulk solution. The experimental data show that the 
outflux of micelles from the film is much smaller than 
their self-diffusive flux. That is why one can suppose 
that the chemical potential is uniform throughout the 
film, but it changes sharply across the film periphery. 
The gradient of the chemical potential a t  the film periph- 
ery is the driving force of the process of stratification. 
Under the action of this gradient, the micelles leave the 
film. This leads to appearance of vacancies in the micel- 
lar structure inside the film. The concentration of the 
vacancies, 8, increases with time. At  a given concentra- 
tion, 8 = deq, equilibrium between the film and the solu- 
tion in the meniscus can be reached, which leads to the 
arrest of the stepwise thinning. 

To explain the mechanism of stratification, we pro- 
pose a model which treats the film as a two-dimensional 
solution composed of two components: A and B (see Fig- 
ure 4). A cell “A” contains n micelles (one micelle in 
each layer of the micellar structure inside the film), whereas 
a cell “B” has the same volume but contains n - 1 micelles; 
Le., cell “B” contains a vacancy. Both the interaction 
between the components A and B (in the framework of 
the lattice theory of Bragg and Williams) and the line 
energy of the spot perimeter are taken into account in 
the model. 

The model predicts the appearance of spots in an ini- 
tially uniform film above a given critical concentration, 
Ocr, of the vacancies. This can happen, however, only if 
Ocr < Oeq. In the opposite case (Ocr > Beq), spots will not 
appear in the film, and stratification will not be observed. 
Besides, the model predicts a pronounced increase of OCr 
with the decrease of the film area. In this way, an inter- 
pretation is given to the experimental fact that a film 
with given thickness exhibits stepwise thinning when its 
area is large but stays in equilibrium when its area is 
small enough. (In the latter case, B,, > OeqJ 

Another result of our model treatment is that an ener- 
getic barrier must be overcome for a spot to be formed 
by aggregation of vacancies in the film. The height of 
the barrier is determined by an effective osmotic pres- 
sure. This effective osmotic pressure exhibits a ten- 
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A A  b 0  A B  
Figure 8. Calculation of the interaction energy between 
neighboring cells AA, BB, and AB-see the text. 

two 

dency to suck out the excess solvent from the place of a 
vacancy and to reduce the film thickness-see the Appen- 
dix. 

Having overcome the barrier, a nucleus of a spot starts 
to grow spontaneously until it reaches an equilibrium size, 
i.e., a size corresponding to a stable equilibrium between 
the spot and the “solution” of single vacancies in its envi- 
ronment. The calculated concentration of the latter tends 
to be very low at  equilibrium; practically all the vacan- 
cies are aggregated in the spot. As a result of that, (i) a 
constant and sufficiently intensive influx of new vacan- 
cies is created at the film periphery and (ii) the newly 
created vacancies “condense” at  the spot perimeter, thus 
increasing its area. In this way, the model predicts that 
the area of a spot must increase linearly with time, which 
is in accordance with the experimental data. Besides, 
the calculated size of the smallest stable spot is in good 
agreement with the experimental observations. 

In conclusion, the model proposed here is able to explain 
the available experimental data for appearance and expan- 
sion of spots in stratifying films. Of course, we are aware 
of the fact, that the resulting explanation of the step- 
wise thinning is based on some assumptions, which are 
liable to additional verifications, correction, or specify- 
ing. We believe that a further extension of this theory 
will provide a quantitative explanation of the micellar 
outflux from the film and of the total lifetime of the strat- 
ifying films. 
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Appendix 
Estimation of the Model Parameters. Calculation 

of UM, UBB, and u. It  is natural to suppose that the 
interaction energy W M ,  WBB, or WAB of two neighboring 
cells (AA, BB, or AB; see Figure 4) is determined by the 
interactions of the micelles contained in these cells. The 
effective interaction energy of two micelles can be writ- 
ten in the form34 

wh?re 6 is the distance between the centers of the micelles, 
1 / ~  is the Debye thickness of the ionic atmosphere around 
a micelle, and U,-, is a constant, whose values are given 
in Table I of ref 15 for different concentrations of NaDS. 

One can easily realize from Figure 8 that 

wAB(hn) = 2(n - 1)Ueff(611.251/2) (A.2) 
where n is the number of micelles contained in cell type 
A (in accordance with the Bragg-Williams approx- 

wM(hn) = nUeff(6J wBB(hn) = (n - 1) vff(bl) 

(34) Beresford-Smith, B.; Chan, D. Y. S.; Mitchell, D. I. J. Colloid 
Interface Sci. 1985, 105,216. 
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Table  11. Values of t h e  Pa rame te r s  of the Model* 

Kralchevsky et al. 

n h,, nm (exptl) u(h,) (c l  + t2)812/kT Q 
1 26.1 0.059 0.157 15.13 
2 35.9 0.048 0.145 15.40 
3 47.0 0.037 0.110 15.52 
4 57.9 0.027 0.088 15.58 

Calculated as explained in the text for 0.1 mol/L aqueous solu- 
tion of NaDS at  25 "C. 

imationF2 we have accounted only for interactions between 
nearest neighbors). From eqs 4.5 and A.2, one derives 

u(hn) = -[(2n - 1)Ueff(6,) - 4(n - 1)Ueff(611.251/2)] 
64.3) 

For a concentration of 0.1 mol/L NaDS, values of 61 = 
10.4 nm and UO = 1.99kT61 are determined.ls The val- 
ues of u(hJ for different n are calculated from eq A.3 
and listed in Table 11. The positive values of u(hn) mean 
that the intermicellar interactions lead to an effective 
repulsion between the vacancies (the component B) in 
the two-dimensional solution. The reason why they can 
still aggregate and form spots is connected with some 
osmotic effects considered below. 

Calculation of the Parameter Q. I t  follows from eqs 
4.5 and A.2 that the last two terms in eq 4.14 cancel each 
other. Then 

Q = [gB ( hn) -gA'(hn-l)l/(kT) (A.4) 
A cell B of thickness h, and a cell A of thickness h,-1 
differ mainly in two respects: (I) in the composition of 
the solution in these cells and (11) in the interaction ener- 
gies of the micelles and the parts of the film surfaces, 
contained in the cells. 

Therefore, we can separate the contributions of these 
effects: 

2 
kT 

I1 QkT = [gBo(hn)ll- [gA0(hn-1)lr + [gBo(hn)l" - [gAo(hn-l)l 

(A.5) 
Effect I1 can be estimated by using the calculated15 

curves of the excess energy per unit area of the film sur- 
faces, w,(h). Two such curves are shown in Figure 9 (see 
Note Added in Proof). They correspond to films con- 
taining n and n - 1 micellar layers, respectively. I t  is 
important to note that the quantities w in eq A.2 account 
for the interaction of the micelles with their lateral neigh- 
bors, whereas the quantity wn accounts for the interac- 
tion energy, due to forces acting normally to the film sur- 
faces. 

An excess energy wn-l(hn-l) corresponds to a cell A with 
thickness h,-1 containing n - 1 micelles. On the other 
hand the excess energy, which corresponds to a cell B 
with thickness hn containing n - 1 micelles, is Wn-l(hn).  
Then using the notation in Figure 9, one can write 

[gB'(hn)]I1- [g~'(hn-l)III = (€1 + €2)6? (A.6) 
Data for (€1 + c2)612/(kT), calculated from the curves in 
Figure 7 of ref 15, are given in Table 11. It  turns out 
that effect I1 is responsible only for about 1 ?% of the value 
of Q, which is determined predominantly by effect I. To 
estimate the latter, we make some additional model con- 
siderations. 

In accordance with the electroneutrality condition, one 
can assume that the atmosphere of dissociated counteri- 
ons around a micelle is brought together with the micelle 
when it leaves the film. The space of the left micelle is 
filled with solution from the meniscus, containing bulk 
concentration of NaDS monomers. 

e 
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F i g u r e  9. Excess film energy per unit area of the film, con, vs 
film thickness, h, curves for film with n and n - 1 micellar lay- 
ers inside. 

In view of eq 4.3, [gBo(hn)]'  is the (standard) Gibbs 
free energy of a hypothetical film, containing only com- 
ponent B ( x g  = 1). Such a film is not observed experi- 
mentally, because it cannot exist in equilibrium with the 
liquid meniscus. The concentration of Na+ ions in such 
hypothetical film is obviously different from the respec- 
tive concentration in a film of the same thickness com- 
posed only of pure component A. Indeed, about 18 Na+ 
ions are dissociated from a micelle in the concentration 
interval of ~0nsideration.l~ Then a cell B contains less 
micelles than a cell A (of the same volume), and hence 
the concentration of the dissociated Na+ ions will be lower 
in cell B. 

As shown above in a real film, XB << 1; i.e., the two-di- 
mensional solution of B in A is very diluted. Then it 
can be expected that the substance, contained in cell B, 
is in chemical equilibrium with the surrounding film, com- 
posed mainly of cells of type A. In order for this equi- 
librium to be reached, some amount of dissociated NaDS 
monomers must be transported from the A cells to cell 
B. In this way, the initial differences between the chem- 
ical potentials in the two types of cells will be trans- 
formed in an effective osmotic pressure a t  the boundary 
between the cells A and B, cf. Figure 4. The condition 
for diffusive equilibrium with respect to the ions, which 
is analogous to the condition for Donnan (membrane) 
equilibrium, reads35 

(A.7) x +  x -  = x+  x -  
where x+ and x- are the molar fractions of Na+ and DS- 
in the respective cells. Besides, x + ~  and x - ~  can be 
expressed through the initial concentrations and L ~ :  

x + ~  = i?+B + Ax; x-B = LB + Ax (A.8) 
where Ax is the change in the concentration of the mono- 
mers in the cell B due to the transport of dissociated 
NaDS molecules across the boundaries of the cell. (The 
molar fractions x+A and x - ~  do not change during this 
process, because N A  >> NB.) 

In view of the above considerations, the initial compo- 

B B  A A  

(35) Moelwyn-Hughes, E. A. Physical Chemistry; Pergamon Press: 
London, 1961; Chapter XXI. 



Dark Spots in Stratifying Foam Films 

I I . I  . I  .I 
7 f-.r.t,+*-+ ~ l m ~ ~ l ~ i o ~ *  

s p o t  
film 

Figure 10. Both the spot and the film can be considered at 
equilibrium as being built up from identical cubes, each of them 
containing one micelle. 

sition of a cell B is 

3-B = p ;  z + B  = 3 - A  + X,B 64.9) 
where LA is the bulk molar fraction of DS- in the solu- 
tion and x c B  is the molar fraction of Na+ counterions, 
dissociated from the micelles in a cell B. Besides 

X A  = %_A; x + A  = %_A + x, A (A.lO) 

where xcA is the counterpart of xCB for a cell A. The 
substitution of eqs A.8-A.10 in eq A.7 yields 

Ax = [q2 + f ? ( X , A  - X , B ) ] " 2  - q (A.11) 

with 

q = LA + X,B/2 

In accordance with eq 60 in ref 35, the cells can be in 
equilibrium only if there is a pressure difference 
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cally in Figure 10, the film and the spot can be consid- 
ered as built up from identical cubes of side 61. (The 
normal deformation, discussed in ref 15, is not signifi- 
cant, and it is neglected here.) Hence, the concentra- 
tions of all ions are the same in the two cells A of differ- 
ent thickness, and osmotic effect will not arise. Then 
we can write [gAo(hn-l)]' - [ g A 0 ( h n ) ] I  = 0, and in view of 
eqs A.13 and A.14, we obtain 

[gBo(hn)]' - [gAo(hn-1)lJ = p(hn)(kT/uw)(x ,A - X , B  - 2Ax) 
(A.15) 

The substitution from eqs A.6 and A.15 into eq A.5 finally 
yields 

k T  x/ PA - P  = -In -;i 
uw x ,  

(A.12) 

between them. Here uw and xw are the volume per water 
molecule and the molar fraction of the water a t  excluded 
volume of the micelles. (The motion of the micelles and 
its contribution to the free energy of the film was already 
accounted for in section 4 through the entropy of mix- 
ing of the components A and B. For the sake of consis- 
tency, we will consider the micelles as being fixed at  their 
sites in the cells, the remaining volume being accessible 
for the thermal motion of the solution molecules.) Since 

B X w A  = 1 - X + A  - X-A;  X,B = 1 - X+B - x- 

and having in mind that the molar fractions of the ions 
are much smaller than 1, we find from eqs A.8-A.12 

(A.13) k T  
U W  

where we have expanded the logarithm in series. The 
respective contribution to the film free energy is 

PA - P  = -(x,A- x,B +   AX) 

k B o ( h n ) l '  - [gA"(hn)]' p ( h n ) ( p  - P )  (A.14) 
where P ( h n )  is the volume of a cell B excluding the vol- 
ume of the micelles. 

Let us consider now the equilibrium of a cell A from 
the spot (with thickness hn-d with a cell A from the encir- 
cling film (with thickness hn). As depicted schemati- 

where Ax is given by eq A.11. 

micelle and a, its radius, then 
Let v be the number of Na+ ions dissociated from a 

x," = (P+ + P- ) /P ,  

X,B = X,A - V/(VAPw) 

(A.17) 

where p is the bulk concentration (in molecules/cm3) of 
the respective component and P (VA)  is the free vol- 
ume of a cell B (A). For a 0.1 mol/L aqueous solution 
of NaDS, the values of the parameters are respectively v 
- 18 ,& = 10.4 nm, am, = 2.4 nm, uw - l / p w  = 3.0 X 
cm3, See Table 
I in ref 9 for the values of the ionic bulk concentrations. 

The calculated values of Q are given in Table 11. One 
sees that the values of Q (and hence of the extrema of 
AF in Figure 5) are determined mostly by the osmotic 
therm in eq A.15. It  follows from eq A.13 that PA C PB; 
Le., a sucking pressure PA - PB arises in a cell B. This 
effect favors the transformation of a vacancy into a spot. 
However, the excess energy of a single vacancy, QkT = 
15kT, is much smaller than the linear energy of the perim- 
eter of an imaginary single spot: 461% = 3860kT. That 
is why a single vacancy (a cell B) does not transform into 
a spot of area 6?. It  is possibile that only much larger 
spots appear by condensation of vacancies, as described 
above. The physical reason is that the excess energy of 
an assembly of vacancies increases proportionally to their 
number N ,  whereas the linear energy of the periphery of 
a spot with the same aggregation number grows propor- 
tionally to N1I2. 

Note Added in Proof: This oscillatory shape of the 
curves w,(h,) was anticipated by J. W. Keuskamp and 
J. Lyklema (ACS Symp.  Ser. 1975,8, 191). 

- 
= 3.43 X 10-6, and xcA = 4.79 X 


