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ON THE STATISTICAL THERMODYNAMICS OF THIN FLUID FILMS
Chr.St.Vassilieff, B.Y.Toshev and 1.B.lvanoy

Bulgaria

Owing to intermolecular forces a thin plane-parallel film with thicke
ness h is nonhomogeneous in direction perpendicular to its surfaces,
Its mechanical equilibrium is described by the pressure tensor which has
two components Py and Py. The film tension A(h) is due to the difference
between PN=P and Py.If the film is in equilibrium with a bulk phase with
pressure P° a difference #(h)=P-P° called by Derjaguin disjoining pressure
(1] may exist. | ' '

In thepresent paper virial expansions are obtained for the disjoining
pressure, the film tension ond the adsorption of onc-and two-component
films by means of the formalism of the grand cannonical ensemble. The
film is bounded by two rigid plates with area.A creating an adsorption
field immerged in a great thermostat containing gas with pressure P°
(fig. 1)*. The first and the second virial coefficients of the disjoining

" pressure are calculated approximately using Sutherland’s intermolecular
potential. A possibility of simple_calcdlotion of 7 with more complicated
intermolecular potentials is demonstrated.
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The system shown in fig. 1is o suitable model of adsorption in pores
(3, 4]. On the other hanc_! the method of the grand cannonical ensemble may
prove to be useful in the statistical thermodynamics of multicomponent

liquid films. Russanov and Kuni, using functional expansions, were the
first who treated this system (5, 6].

*) Derjaguin ond Martynov (2] hu\fe taken into account the film nonhomo-
© genity in the case when the gas is ideal.
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Swice the film is on open isothermal, sysiorﬁ its thermodynamic state is
suitobly described by the Q-potential. In that case the Gibbs’ fundamental
equation will read:

dQ=5dt PAV-AdA+E Nidu;. (M

We choose as reference system (denoted by superscript zero) the same -
volume V=A.h situated in the bulk phase, Then
d°=S°d T+PdV+E N{dyp (2)

In (1) and (2) T is temperoture, S — entropy, N; and y; are the number of
molecules and the chemical potential of the l-tL component.

Since at equilibrium

#i=py (3)
and

P-P°=r (4)
from (1) ond (2) it follows:

dQ:SdT+nAdh-AdA+?:I, Ady; (5)

‘wher (1 and S are Gibbs’ excess functions of the ﬂ-potentiol_ and the ent-
ropy respectively; I;=N;/A=(N;=Ni)/A is the adsorption of ' the i-th

component with respect to the film as a whole,
By means of Euler’s theorem from (5) we obtain

Q=nV-AA (6)
so that 5 :
Asrh- - )

According to (5)

vﬁ) =(22 /A ) : (8)
Tc Ac }li 6 h Tr At nl
and

-‘-J 'ﬂ A .
- li=l(~*—-‘m) -(m/) _ 9)

o

The Q- pofenhul ccm be expressed by the grond partition function-;

| T B
It the gas is one-component (7]

. l.l Zy N Z:‘ ' N :
Q=kT In = -,j-,: kT In 3 zﬁ ~kT Inf—2° (10)°
Nt . Nt
- N30 N30

where Z_ gre classical configuration mlegrols, z - activity and k -
Boltzmann’s constant.
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Eqddiion (10) can be rewritten in the form 7

Q=kTV 2 (bj-b7) zi (an
-l
U\'bere-
0 b|=21/V (120)
b=(z,-23)/2V (12b)

and in b‘l’ the respective Z° stay for Z,
_ The activity z con be represented as power series of the number densify
Pg in the bulk phase [7]

_ raL.0% ot | '
z—po--2b;P%+(abz ~3b3)p . ... (13)

By means of (11) and (13) the virial cxpans.ion of the Q-potential li.-.
derived:

n .
AL BpPl, (14)
i>1
where the virial coefficients have the form
o
By=hkT (by-by) (15a)
Bo=hk Tl{(by-b3)~2b3:(by -b3) ] (15b)

LN I I T I I B I T I I LR B

"Combining (14) with (8), (7) and (9) we obtain

n:EpI_?EL (16)
o dh

>

, aB;

A= -3 ssad, Yol

A= Z(h > 2P, (17)
> _
a.

2w B, ' (18)
el (2 P

The last three equations yield the virial expansions for the disjoining
pressure, the film tension and the adsorption in dn one component film.
Now we shall calculate the first and the socond virial coefficionts of

the disjoining pressure 9By /ch and 9B2/0h making use of Sutherland’s

intermolecular potential
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U'|;;-“-mrs 0<r<S
AA
d<reo, (19)
rb
For the interaction potential of one molecule of the film with both plates”

Vy2=

we con write [8]
70 Bas (1 1 )
u({)== p—
6 ¢33 h-¢)3 20

(¢ is the coordinate normal to the plates surfaces).
For the system considered here the first and the second configurational

integrals have the form

S v _
Z= g e:itp(".k—_llj dR; (21)
V)
~ rugtu,tu _
22_'—‘-_ SS exp(—_;.}g—-—-!—%-) dR]dRz (22)
(%

Assuming_lu/1(|T|<<'l and lu'u/kTI{(l, expanding the integrands in (21)
ond (22) in power series and retaining linear and square terms from (12),

“({15), (1§), (19) qnd (20) we obtain*

2Kps~Kaa 7 K ¢ -1
p= = t g — (B, P =B P 5) (23)
h3 2 kT52 h4

where P p=p, , K=z p; P Bij/6 (the approximation h>>25 has been used
.iand the terms of higher order than h=4 have been neglected). The first term
n the right hand side of eq. (23) exactly coincides with the result of the
microscopic theory for a homogeneous film with number density ©," [9]. It
takes into account the interactions of the gas molecules botween themselvas
and that with both rigid plates. The second term is temperature dependent

*) The plotes are considered as Being semiinfiniie with density p; BAa

~and Bpg are the constants in London’s intermolecular potential for gas-
gas ond gas-plate interactions respectively,

" *) In " order to calculate the whole force acting on unit area of the plates
we have to add to (24) a term — Kgg/h3 which allows for the attraction
bctween the plates [9].
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ang is connected with the density changes in the film with respect 1o e
bulk phase.

Fq.(23) would coincide with the asymptotic expression of the disjoining
pressur: of Kuni, Russar.ov and Brodskaja [4, 6] for the present modol if there

[~ [(h-es) is replaced by Ka 5/‘(T32

This value of | = is derived from (18) if P << Py and | poo (5)/|JT| <<
(u(8) is the value of u at h -+ and {=5).

Fq (23) could be obtained in a simpler manner by means of the virial
expansion used in the present work if the virial coefficients B;,| are put
equal to zero and when calculating By “from (15a), (12a) and (21) the
potential uy is represented as a sum of the external potential (2() due to
the plates and the potential of an effective molecular field

og="rAabanll i 1 (24)
12 ¢ -

It takes into account the change of the energy of one molecule owing to its
'inic}roctioﬁs with all other molecules in a hypothetical film with number
density pa=p, (a uniform distribution of the molccules throughout the film
" volume is assumed). In that case #=(dB;/oh)Py and the same result is
obtained again under the condition pg << p,, ' |

The gencralization of the theory for a film consisting of two components
A ond B is straightforward [7]. Now instead of (11) we must write

Q=kTV((byo-brp) A +(boy ~bg) za+ (b20-b20) ZA +

2 . ;
and istead of (13) '

—p"be 020 o o

A 20pA blpAp +. (260)
- °2 o o '
‘zg=py 2!:02 8 =Dy P APt s (26b)

i
In these formulae b, (and Bkm - see (27)) refers to k molemles of 1ype A

ond m molecules of type B,
Hence

.‘"_'. o . e : 02. 02' X o ©°
?"Bm” "Po1PatByoPa tByypg +By 0 pept - @

‘where B0, Boy coincido with the virial coefficient By and B2o, BO! a
with B, (see (15a) and (15b)) and
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Byq=hkT (b .‘f'brr)‘bi’ﬁl‘t‘;“bl%);‘brl (bg1 ~bo1)] (28)

The new cocfficient By, due #3 the intcraction of one molecule of type A
“with one molecule of type B, is calculated by the procedure described
above. The corresponding formula for the disjoining pressure (16) reads
(see fooinote on p.5):

dBiai - aB 02 aB 2 dB o o_
7 =- 1°p2+(?80]p o 20 —22 Po +-—-l-p p
o dh B dh A ‘gh B dh 2’8"

s (Kast2Kps~Kap~Kpg=2Kpg )t (29)

* 11 PN o
2 kT32 h4 KAs(BAApA BABPB-B-AS"'H-

asmaap +BAB A ~Bgs P, )]

Eq. (29) comcndes with the result of Russanov, Kuni and Brodskaja [6]
when p >‘~PA and P, >>P

Again, as in the case of one componcnf hlm, the same ‘tesult for 7 could

be obtained in a simpler manner. if in determining Byg and Bgy the inte-
ractions between the gas molecules ore accounled for fhrougl'l polcnhals of

cffectwe moleocular ficlds and n=(dB1o /Jh)p,ﬁ- ( 6801/011);) g. In that
case the configurational mtegruls Zy1o and Zo] are given by

. , ‘XI; P
Z, = ex i 1 e AN )
K g ’ (kT [c=+(;.-:c)3-]} . =

V)

o - o
where x“? =_i"5 (BapPatBrprg=8,57,)

o
Xon =3 L (Bgg 5D asPaB8g50,)

- The possibility of obtaining a comrect result for 7 by calculating only
first virial coefficients demonstrated above allows to make use of more
realistic intermolecular potentials. This possibility will be illustrated -
with the following additive intermolecular potential [10]
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whe're fhe constants B;;, d and D can be determined from avaijable spectral

date [Ll] Eq. (31) has been derived from the macroscopic Lifshitz theory

and takes into account the electromagnetic retardation in a dense medium.
So making use of (31) we have to write

JhilaDs 3'+ LIS sh-p¢ 3
{3 {al +4;+0¢, h-¢)3 d; +d;+Dh-D¢
~insteat of 1/¢3 +1/(h-£)3 in eq.(30). The expression for # finally obtained

in the same manner is given by eq. (29), where in the terms proportional to
h=3 the Kij's (KAS Kgs ....)are replaced by

A 3
Kij|1- --Dh— and in the terms
: d; +d, +Dh

proportional to h—4

Dh - \. , Dh .
KiiBie] 1- ( d; +d; +Dh) ~ +dk+Dh)

stay for Kij ﬂ.k.

In the cases considered here the contribution from gus-gas and gas-solid |
inferactions as well as the temperature dependent term are immaterial with
reﬁpect to the solid-solid attraction (sce eq. (23)). The formalism of virial
expansion limits the quantitative application of the rcsults to films of dense
fluids. The qualitative features however shOulJ be the soame also in
liquid films where the con!rlbuhon from the temperature dependent absortive
term could be sianificant..

Summary

'The formalism of the grand cannonical ensemble is applied to thin gas
film. Virial expansions for disjoining pressure, film tension and adsorption
are derived. The first.and the second virial coefficients for the disjoining
pressure ore calculated with Sutherland’s intermoleculor potential, A
possibility of simple calculation of.the disjoining pressure including
adsorptive effects is demonstratod with a more realistic intermolecular
potential \accounitna for the electromaanedic retardation in dense medium,
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